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Abstract

In this paper we consider a nondivergent elliptic equation of second order
whose leading coefficients are from some weight space. The sufficient condition
of removability of a compact with respect to this equation in the weight space of
Hélder functions was found.

Let D be a bounded domain situated in n-dimensional Euclidean space FE, of
the points = (21, ...,z,), n >3, D be its boundary. Consider in D the following
elliptic equation

ig=1"" I i=1 (1)
ulgpr\gp =0

in supposition that |la;; ()] is a real symmetric matrix, moreover

TP w (@) < Z (0) 6, <7 ()€ €€ B, we D, @)
P
aij (z) € CL(D); i,4,1,...,n, (3)
|b; (2)| < bg; —bg <c(z)<0; i=1,..,n; x €D. (4)
b, V)| < g ()0 () [V, 79 (1) du < 00, a < co. )
0 ou 9%u

Here g (z) is non-negative function from w, w; = ——, wj = —F%—; 4,j =

1,..,m; v € (0,1] and by > 0 are constants. Besides we’ll assume that the mi-
nor coefficients of the operator L are measurable in D. Let A € (0,1) be some
number.

The compact E C D is called removable with respect to the equation (1) in the
space C)) (D) if from

Lu=0, v € D\E; ulyp\p=0; u(z) € CA (D) (6)
it follows that w (x) =0 in D.

The aim of the given paper is finding sufficient condition of removability of a
compact with respect to the equation (1) in the space C)) (D). This problem have
been investigated by many researchers. For the Laplace equation the corresponding
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result was found by L. Carleson [1]. Concerning the second order elliptic equations of
divergent structure, we show in this direction the papers [2], [3]. For a class of non-
divergent elliptic equations of the second order with discontinuous coefficients the
removability condition for a compact in the space C* (D) was found in [4]. Mention
also papers [5-7] in which the conditions of removability for a compact in the space
of continuous functions have been obtained.The removable sets of solutions of the
second order elliptic and parabolic equations in nondivergent form were considered in
[10]-[12]. In [13], T. Kilpelainen and X. Zhong have studied the divergent quasilinear
equation without minor members, proved the removability of a compact. Removable
sets for pointwise solutions of elliptic partial differential equations were found by
J. Diederich [14]. Removable singularities of solutions of linear partial differential
equations were considered in R. Harvey, J. Polking paper [15]. Removable sets at
the boundary for subharmonic functions have been investigated by B. Dahlberg [16].
Also we mentioned the papers of A.V.Pokrovskii [17], [18].

Denote by Br (z) and Sg (2) the ball {z : |x — z| < R} and the sphere

{z : |z — z| = R} of radius R with the center at the point z € E,, respectively.
We’ll need the following generalization of mean value theorem belonging to E.M.
Landis and M.L. Gerver [8] in weight case.

Lemma. Let the domain D be situated between the spheres Sg (0) and Sar (0),
moreover the intersection 0D N{x : R < |x| < 2R} be a smooth surface. Further, let
in D the uniformly positive definite matriz ||a;; ()| ; 4,5 = 1,...,n and the function
u(z) € C?(D)NCL (D) be given. Then there exists the piece-wise smooth surface
Y dividing in G the spheres Sg (0) and Sag (0) such that

éw‘gz w (D)

R2
‘ . ‘ ou .
Here K > 0 is a constant depending only on the matriz ||a;; ()| and n, 5, B0
v

ds < Koscu -
D

derivative by a conormal determined by the equality

2D = 5 (0 25 cos 1,

o £
2,7=1
where cos (n,x;); j = 1,...,n are direction cosines of a unit external normal vector
to 2.

Theorem 1. Let D be a bounded domain in E,, E C D be a compact. If
with respect to the coefficients of the operator L the conditions (2)-(5) are fulfilled,
then for removability of the compact E with respect to the equation (1) in the space
C2 (D) it sufficies that

—24)
myy T (E) = 0. (7)

Proof. At first we show that without loss of generality we can suppose the
condition 9D € C! is fulfilled. Suppose, that the condition (7) provides the remov-
ability of the compact E for the domains, whose boundary is the surface of the class
C', but 0D € C' and by fulfilling (7) the compact E is not removable. Then the
problem (6) has non-trivial solution u (), moreover u|, = f (x) and f (z) # 0. We
always can suppose the lowest coefficients of the operator L are infinitely differen-
tiable in D. Moreover, without loss of generality, we’ll suppose that the coefficients
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of the operator L are extended to a ball B D D with saving the conditions (2)-(5).
Let f*(2) = max {f (z),0}, f~ (z) = min {f (x),0}, and u* (z) be generalized by
Wiener (see [8]) solutions of the boundary value problems

Lu* =0, z € D\E; ui‘aD\E:(); ui‘E:fi.

Evidently, by u (z) = u™ (z) +u~ (z). Further, let D" be such a domain, that
oD’ € C', D c D', D' C B, and 9* (z) be solutions of the problems

Lo+ =0, x € D'\E; 0%|,,, =0; 9%, = f5 05 (z) e C) (D).
By the maximum principle for z € D
0<u’ () <9 (x), 9 (z) <u (z) <0.

But according to our supposition 91 () = 9~ (z) = 0. Hence, it follows, that u (z) =
0. So, we’ll suppose that D € C'. Now, let u (z) be a solution of the problem (6),
and the condition (7) be fulfilled. Give an arbitrary € > 0. Then there exists a
sufficiently small positive number § and a system of the balls {BTk (mk)}, k =

oo
1,2,..., such that rp, < 4§, E C kL_JlBrk (xk) and

o
S e ®)

k=1

Consider a system of the spheres {Bg,,k (ack)}, and let Dy, = D N Ba,, (xk),
k=1,2,...,. Without loss of generality we can suppose that the cover {BQ,,,c (xk)}
has a finite multiplicity ag (n). By lemma for every k there exists a piece-wise smooth
surface ¥, dividing in D}, the spheres S, (wk) and S, (:zk), such that

/w‘au‘dsgl(oscuw(l;k). 9)
ov Dy, i
Xk

Since u (z) € C) (D), there exists a constant H; > 0 depending only on the function
u () such that

oscwu < Hy (2r) . (10)
Dy
Besides,
w (Dy) < mespBar, <xk> =02"r); k=1,2,.., (11)

where Q,, = mes, B (0). Using (10)-(11) in (9), we get

/w ‘gg’ ds < O™ b =1,2,..., (12)

Xk

where C, = KH 2",
Let Ds; be an open set situated in D\ E whose boundary consists of unification

of ¥ and I', where ¥ = kOLCJ)lEk, ' = 0D\ ;L?l D,j, DZ,F is a part of Dy remaining
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after the removing of points situated between ¥ and So,, (:ck) ; k=1,2,.... Denote
by D% the arbitrary connected component Ds;, and by M we denote the elliptic
operator of divergent structure

"0 o)
M= 2 g (w05 )

According to Green formula for any functions z (z) and W (z) belonging to the
intersection C? (D) N C* (ﬁg) , we have

/(zMB—BMz)dx: /(B—B ) (13)

DL, oDl

Since D € C!, then u(z) € C1 (DL)NCH (Di’z> (z) € C* (Dsy) (see [9]). From

2

(13) choosing the functions z = 1, f = wu® we have

/./\/l wu?) dz =2 / wug—ds—i— /wmlqus.
Dy, oD, Dy,
But |u(z)] < M < oo for € D. Let’s assume that the condition
We, < Cw. (%)
is fulfilled. By virtue of condition (*) and [ wu?ds < C3Me, subject to (12) and

0Dsx,
(8) we conclude

/M (wu?) dx<2MaOZ/ ‘

k=1
Ds, Xk >

ds + /quda: <

< 2Ma0012r" 2ta +eMCy < Cse, (14)
k=1
where C's = 2MayCh.
On the other hand
M ( ) = 6uwM (u) + 2 Z waijuiug + (2u+ 1) Z QijUg;Wa,+

,7=1 i,j=1

n
+ Z (?;;J 4 Z Qi UW g

,j=1 t,j=1

and besides,

Mu = Lu — Zdi ()u, +c(x)u—0b(x,u,Vu),
i=1
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where

6@1] .
Z 837] bi(xz), i=1,..,n.

It is evident that by virtue of Condltlons (3)-(4) |di (x)] < do < o0; i =1,..n. Thus,
from (13) we obtain

/ude ) uidx — 6/u c(x da:—|—2/ Zw x) aijuujde+

D/ i=1 Dl D/ 17‘7 1

+(2u+1) /ZCL%J“JW%‘M"’/Z oz,

Dy, 1,5=1 Dy, 3,j=1

dz + |Vu|* de+

+/ Z AijUWg,z;dT + b (2, u, Vu) < Cse.
Dy =1
Let’s estimate the nonlinear member on the right part applying the inequality
/b(m,u,Vu)de/ (z)w (z )]Vu|d9:</ d:c+/ 2 (z)|Vul* de.
D, D,

Hence, for any a > 0 applying Cauchy inequality we have

27/(0 \Vul|? de < 6d0/w |ul |u,| dz + 6/u2w () + (2u+1) /aijuijidx—i—

D4, D4, D4, DY,
2 do 2 doe [ 9 o 12
+do [ uwy, dr + [ ajjuwe,e; +Cse < 6— [ |u|”dw + 67 w® |Vu|” dz+
i : €
Dy, Dy, Dy, Dy,

d
+(2n+1) /ujwdx + do/uwd:c +7Ce < 6— Mmes, D+
€
Ds, Dy,

oM + 1
+(j)7mesnp + doMw (D) + vCyMw (D) + Cse. (15)

If we’ll take into account that
‘w%wj‘ < Cyw (),
then from here we have that
/w2 IVul? dz < Cs,
Dy,

C
where C5 = (6dg + (2M + 1)) Mmes, D+ (dgM + ~vCyM) w (D) + =3 Without loss
Y
of generality we assume that ¢ < 1. Hence we have

/w2 \Vul? de < Cs.
D
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Thus u (z) € Wzlyw (D). From the boundary condition and mes,_1 (0D N E) =0
we get u(x) € Wzlw (D). Now, let ¢ > 2 be a number which will be chosen later,

DY = {x:2 € D§,u(z) > 0}. Without loss of generality, we suppose that the set
D{ isn’t empty. Supposing in (13) z =1, 8 = wu’, we get

/ M (wu)dx =0 / (wyu" + nglgz> ds <
Ds;

oDy
o o—1 Ou
<M wds + oM W ds < Cs (ag, M,0,Ch)e.
v
oDy, oD%,

But, on the other hand

Jwu?®
28 ( ajj oz, )—i—b(a:,u,Vu)—

1,j=1

7 ; J

81‘]' :18:1:1-

) _, Ou "0 . Ou

*—E*i'ai-i-gfi‘a 5 )b V

iijIaxi (a JWou (%cj) ivFlaxi <G jou wxax]> (x,u, Vu) =
ou

0 0
_ o—1 ,0—1 o—1
=owu’ "M (u)+aw—axi (awu 8a:j> +ou oz,

<aww§%>+b(:r u, Vu)+3 =

= owu’ M (u) + owu’ !

0 ou _
oz, (aijaw]) + owaijug; (0 — 1) u” 2U:p¢+

o ou o1 O ou
+ou lwmi (aijaxj> + ou lwa—xi (aijaxj> +B8+b(x,u,Vu) =

= 3owu® ' M (u) + o (0 — 1) ajuziug, uw 2w+ Jua_lw%aijumj +B8+b(x,u,Vu) =

ZJ/QWMMMM—JM—D/MMWM@MM—

DY DY

(o —1) Z 2w x) ajjujujde+(2u + 1) / Z QijUjWe; u’ —I—b(m,u, Vu).

Hence, we conclude

o(loc—1) / w?ue2 | Vul* dz < dy / u’ Lwuide + b (z,u, Vu) <

+ +
DE DE

doe
Sdo/ T ouide + b (z,u, Vu) <;/u"daj+b(ac,u,Vu). (16)

+ +
DZ‘ DE
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Let D* = {z:2 € D,u(z) > 0}, D] be an arbitrary connected component of
D™. Subject to the arbitrariness of ¢ from (16) we get

(0 —1)y / wu® 2|\ Vul* de < dy / wu”ilz |ui| de.
D} D} '
Thus, for any p > 0

2
d . d
(a—l)’y/wua 2\ Vul? de < (;M wu’ 2 (Z|u2|) dx—l—ﬁ /wu"dwﬁ

—
Df Dy !

< do;n /wu"_2 |Vu|2dﬂs+ 2de /wu”daz. (17)

+ +
Dl Dl

But, on the other hand
= —UZ/xzwu Ludx = Z / ziw (u”), dr = n/wu”d:c,

and besides, for any 8 > 0

b /r wu’dz —I— — [ w20 | Vul? dx
1

Then
I< /7" wu’dx t33 w? |Vul? u"2dz,

where r = |z|. Denote by k(D) the quantity sup \x! Without loss of generality we’ll
zeD
suppose, that k(D) = 1. Then

I< %/wu"d:ﬂ%— 25 w?u? 2| Vu)? da.
DY DY

Thus,
(n - 02> /wu"dw + % w?u"? |Vul? de.
+

Now, choosing 8 = ﬁ, we finally obtain
o

2
/wu"dw < 02/w2u"2 IVu|? de. (18)
n
Df Df
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Subject to (18) in (17), we conclude

d doo?
(o0 — 1)7/w2u‘7_2 IVul® dz < ( Ozen + 22;) /w2u"_2 \Vul*de.  (19)

DY DY

Now choose p such that

dopn n doo?

— 1y > .
(0 =1y >—= 2y

(20)

Then from (18)-(20) it will follow that u (z) = 0 in Dj, and thus u(z) = 0 in

-1
W. Then (20) is equivalent to the condition
on

- () ()

n > <Cio>2 : (22)

Let’s choose and fix such a big o > 2 that by fulfilling (22) the inequality (21)
was true. Thus, the theorem is proved, if with respect to n the condition (22) is
fulfilled. Show that it is true for any n > 3. For that, at first, note that if k£ (D) # 1,
then condition (22) will take the form

(e

Now, let the condition (22) be not fulfilled. Denote by & the least natural number

for which
do\?

D. Suppose that u =

At first, suppose that

Consider (n + k)-dimensional semi-cylinder
D' =D x (—50,50) X ... X, X(—(S(),(s),

where the number §p > 0 will be chosen later. Since w(D) = 1, then w(D’) <
1 + 60vVk. Let’s choose and fix §p so small that along with the condition (23) the

condition )
D/
n+k><*@§>> (24)

was fulfilled too.
Let

Yy = (.1‘1, cees Ty Tp4-15 ...,xn+k),E’ =F x [—(50,50] X ... X [—(50,50}

k times
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Consider on the domain D’ the equation
n
Ly=>"ai(@ 19”+Z +Zb )i+ c(z) 9 = 0. (25)
ij=1 = Oz i=1
It is easy to see that the function ¥ (y) = u(z) is a solution of the equation

(25) in D'\ E'. Besides, m';™* 2t} (F') = (260)* m 13 (E) = 0, the function 9 (y)

%
vanishes on [ 9D x [—dg,d0] X .. X [=d0,d0] | \E' and g/ =0 at xp4 = £, 1 =

k times

0
1,...,k, where 2 is a derivative by the conormal generated by the operator £’.

Noting that v (L) = v (L) ,dp (L") = dp (L) and subject to the condition (24), from
the proved above we conclude that ¥ (y) =0, i.e. D’. The theorem is proved.
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