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ON JOST SOLUTIONS OF STURM-LIOUVILLE
EQUATIONS WITH SPECTRAL PARAMETER IN

DISCONTINUITY CONDITION

Abstract

Integral representations for the Jost solutions are obtained for one-dimensional
Sturm-Liouville equation with discontinuity conditions at some point.

Consider the differential equation

−y′′ + q (x) y = λ2y, x ∈ (−∞, +∞) , (1)

with the conditions
y (a + 0) = y (a− 0) , (2)

y′ (a + 0)− y′ (a− 0) = λβy (a) , (3)

where β, a ∈ (−∞, +∞) , β 6= 0, λ is a complex parameter, q (x) is a real-valued

function and satisfies the condition

+∞∫

−∞
(1 + |x|) |q (x)| dx < +∞. (4)

We can understand problem (1)-(3) as one of the treatments of the equation

−y′′ + λp (x) y + q (x) y = λ2y, −∞ < x < +∞, (5)

when p (x) = βδ (x− a). When the function p (x) is sufficiently smooth, the func-
tions p (x) and q (x) are real-valued and decrease quite rapidly, the inverse scattering
problem for equation (5) is completely solved in the papers [1]-[4].

In order to solve such a problem in the case p (x) = βδ (x− a), in the present re-
port we prove the existence of Jost type solutions for problem (1)-(3) and investigate
their properties.

The functions e± (x, λ) satisfying equation (1), conditions (1)-(3) and the condi-
tion at infinity

lim
x→±∞e± (x, λ) · e∓iλx = 1, (6±)

are called the Jost solutions.
It is easy to show that if q (x) ≡ 0, the functions

e±0 (x, λ) =





e±iλx, ±x > ±a,

(
1 + iβ

2

)
e±iλx − iβ

2 e±iλ(2a−x), ±x < ±a.




