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Abstract

The main purpose of this paper is to prove the boundedness of multidimen-
sional Hardy type operator in variable Lebesgue spaces with measures.

It is well known that the variable exponent Lebesgue space in the literature for
the first time already in a 1931 was studied by Orlicz [24]. In [24] the Hölder’s
inequality for variable exponent discrete Lebesgue space was proved. Orlicz also
considered the variable exponent Lebesgue space on the real line, and proved the
Hölder inequality in this setting.

However, after this one paper, Orlicz abandoned the study of variable exponent
Lebesgue spaces, to concentrate on the theory of the Orlicz spaces (see also [21]).
Further development of this theory was connection with theory of modular function
spaces. The first systematic study of modular spaces is due to Nakano [22]. In
the appendix, Nakano mentions explicitly variable exponent Lebesgue spaces as an
example of the more general spaces he considers. Somewhat later, a more explicit
version of these spaces, namely modular function spaces, were investigated by many
mathematicians (see. Musielak [20]).

The next step in the investigation of variable exponent spaces was the paper by
Sharapu-dinov [27],[28] and Kováčik and Rǎkosńık in [14]. This paper established
many basic properties of variable exponent Lebesgue and Sobolev spaces. The study
of these spaces has been stimulated by problems of elasticity, fluid dynamics, calculus
of variations and differential equations with non-standard growth conditions (see [2],
[30], [25]).

In this paper a necessary and sufficient condition for the pair of measures ensuring
the validity of inequality of strong type for Hardy type operator are found. We also
investigated the corresponding problem for the dual operator.

Let Rn be the n-dimensional Euclidean spaces of points x = (x1, . . . , xn) , |x| =(
n∑

i=1
x2

i

)1/2

and (Rn, Σ, µ) be a σ-finite, complete measure spaces. By P (Rn) we

define the set of µ-measurable functions such that p : Rn 7→ [1,∞). The functions
p ∈ P (Rn) are called exponents on Rn. Let p = ess inf

x∈Rn
p(x) and p = ess sup

x∈Rn
p(x).

By Q (Rm) we define the set of ν-measurable functions such that r : Rm 7→ [1,∞).

Let p′(x) is the conjugate exponent function defined by
1

p(x)
+

1
p′(x)

= 1 and x ∈

Rn. Obviously, ess sup
x∈Rn

p′(x) = p′ =
p

p− 1
and ess inf

x∈Rn
p′(x) = p′ =

p

p− 1
.

Definition. Let p ∈ P (Rn) . By Lp(x), µ (Rn) we denote the space of µ-measurable




