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ON REGULAR SOLVABILITY OF A BOUNDARY

PROBLEM WITH OPERATOR BOUNDARY

CONDITION

Abstract

In this paper, regular solvability conditions of some boundary value problem
are indicated for a third order operator-differential equation whose boundary
condition contains some operator. These conditions are expressed by the prop-
erties of coefficients of the operator-differential equation and operator partici-
pating in one of boundary conditions.

In a separable Hilbert space H consider the boundary value problem

P (d/dt) u (t) = u′′′ (t)−A3u (t)+
2∑

j=0

A3−ju (j) (t) = f (t) , t ∈ R+ = (0; +∞) , (1)

u (0) = K0u, u′ (0) = 0, (2)

where the derivatives are understood in the sense of theory of distributions [1],
f (t) , u (t) are vector functions with values in H, A and Aj

(
j = 1, 3

)
are linear

operators in H.
Let A be a positive-definite self-adjoint operator. Denote by Hγ (γ ≥ 0) a scale of

Hilbert spaces generated by the operator A, i.e. Hγ = D (Aγ), (x, y)γ = (Aγx,Aγy),
x, y ∈ D (Aγ). For γ = 0 we assume H0 = H.

Determine the following Hilbert spaces

L2 (R+;H) =





f : ‖f‖L2(R+;H) =




+∞∫

0

‖f (t)‖2 dt




1/2

< ∞





,

W 3
2 (R+; H) =

{
u : u′′′, A3u ∈ L2 (R+; H) , ‖u‖W 3

2 (R+;H) =

=
(∥∥u′′′

∥∥2

L2(R+;H)
+

∥∥A3u
∥∥2

L2(R+;H)

)1/2
}

.

◦
W 3

2 (R+; H; K0) =
{
u : u ∈ W 3

2 (R+; H) , u (0) = K0u, u′ (0) = 0
}

.

In the sequel, we’ll assume that the operators in the problem (1), (2) satisfy the
following conditions:

1) Bj = AjA
−j

(
j = 1, 3

)
are bounded operators in H;

2) the operator K0 : W 3
2 (R+;H) → H5/2 is bounded and has the norm k0, i.e.

K0 ∈ L
(
W 3

2 (R+; H) ,H5/2

)
and ‖K0‖W 3

2 (R+;H)→H5/2
= k0.




