
Transactions of NAS of Azerbaijan, 2010, vol. XXX, No 4, pp. 171-176. 171

Vladimir Sh.YUSUFOV

SEMIGROUPS OF HOMEOMORPHISMS AND

DIMENSION

Abstract

In this paper connection between semigroups of homeomorphisms of some
topological spaces and dimension of these spaces is studied.

1.1. Let X be a topological space, H (X) be the semigroup of all homeomorphic
mappings of X into itself, H ′ (X) be a subsemigroup of the semigroup H (X), such
that if f, g ∈ H ′ (X) and gX ⊆ fX then f−1g ∈ H ′ (X). Obviously, H (X) itself is
such a semigroup.

Proposition 1.2. If there exists a homeomorphism b ∈ H ′ (X), such that
for each homeomorphism c ∈ H ′ (X) there exists a homeomorphism ac ∈ H ′ (X)
satisfying the condition bX ⊆ accX, then b belongs to the minimal ideal of the
semigroup H ′ (X).

Proof. We will show, that b belongs to each ideal of H ′ (X). Let I (X)
be an ideal of H ′ (X) and c ∈ I (X). As c ∈ I (X) so acc ∈ I (X). Thus
b = acc

(
(acc)

−1 b
)
∈ accH

′ ⊆ IH ′ ⊆ I. Therefore b belongs to each ideal of
H ′ (X). Hence, the intersection of all ideals of H ′ (X)is not empty and it is the
minimal ideal of H ′ (X).

1.3. Let X be a locally compact Hausdorf space having an open base {Bα}α∈A

under the condition that every element of this base is homeomorphic to X. Besides,
for each point ξ ∈ X there exists a neighbourhood Vξ, such that for every element
Bα of this base there exists an open homeomorphic mapping aα : X → X under the
condition that Vξ ⊆ aαBα. We will denote the class of all such spaces L. OH (X)
is the semigroup of all open homeomorphic mappings X into itself. OHk (X) is
the subsemigroup of OH (X) consisting of all such a ∈ OH (X) that there exists
compact Ka ⊆ X under the condition that aX ⊆ Ka. Obviously, OHk (X) is an
ideal of OH (X). From proposition 1.2 it follows that OH (X) has the minimal
ideal [1]. We will denote it Im (X). Let DX be such a subsemigroup of OH (X)
that Im (X) ⊆ DX ⊆ OH (X). In particular, open subsets of the finite dimensional
Euclidean spaces and the cube Dr, r ≥ ℵ0 [2], [3], [4] belong to the class L. Let R

be a right ideal of DX . We will denote sR the set
⋃

a∈R

aX.

Lemma 1.4. Let {Rk}n
k=1 be a finite system of right ideals of DX

n⋂

k=1

Rk 6= ∅↔
n⋂

k=1

sRk 6= ∅




