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ON FLOQUET SOLUTIONS FOR PERIODIC
“WEIGHT” EQUATION WITH DISTRIBUTIONS

Abstract

In the paper, stability or instability of the solution to periodic “weight” equa-
tion with distributions is investigated by means of the Floquet theory.

The problems on study of Sturm-Liouville operator and its multi-dimensional
analogies −∆ + q(x) with short interaction potential (of δ-function type) have ap-
peared in physical literature. Mathematical investigations of appropriate physical
models were initiated at the beginning of sixties in the papers [3,10]. This theme
intensively has developed in the last two decades. There is a monograph [1] where
one can be acquainted with details of Berezin-Minlos-Faddeev theory in its contem-
porary state and other new directions arising from this theory. In the same place,
one can find wide bibliography.

Another approach for studying the Sturm-Liouville operators with non-classic
potentials being the derivatives of the bounded variation (charge) functions was
undertaken in the papers [2,6,7] and others. In this direction, spectral properties of
such a class of higher order operators were studied in the papers [8,9].

It was proved in [11] that the Sturm-Liouville operator may be correctly deter-
mined for essentially wider class of potentials being the first order singular distribu-
tions.

In this paper we’ll state the Floquet theory for the equation

lρq [y] ≡ − 1
ρ(x)

d
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(ρ(x)
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) + q(x)y = λy, −∞ < x < ∞, (1)

that clarifies the structure of the space of solutions of this equation for each complex

value of the parameter λ. Notice that the “weight” function ρ(x) = 1 + α
∞∑

n=−∞
δ(x−Nn) and the coefficient q(x) is a real valued periodic continuous function with
a period equal N ; δ(x) is a Dirac function; α 6= 0 and N ≥ 1 are real and natural
numbers, respectively. Spectral analysis for equation (1) in the case α ≡ 0 was
stated in detail in [5,12]. For generalization for the case α 6= 0 as we’ll see we have
to overcome many difficulties.

Definition. For the given real value of the parameter λ, equation (1) is said to
be stable if all its solutions are bounded on the axis (−∞,∞), instable if all its
solutions are not bounded on the axis (−∞,∞), conditionally stable if it has at
least one non-trivial solution bounded on the whole of the axis (−∞,∞).

According to this definition, if for the given value if λ, equation (1) is stable,
then it will be conditionally stable as well. The vice versa, generally speaking, is
not true.

Here, the approach is based on the idea of approximation of the generalized
weight with smooth weights.

Consider the differential expression

lρq [y] ≡ − 1
ρε(x)
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