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OPTIMAL CONTROL PROBLEM WITH CONTROL
AT THE HIGH COEFFICIENTS FOR THE
NONLINEAR HYPERBOLIC EQUATION WITHOUT
UNIQUENESS THEOREM OF SOLUTION OF
INITIAL-BOUNDARY VALUE PROBLEM

Abstract

An optimal control problem with a control in coeffiicients for higher deriva-
tives is considered for one non-linear hyperbolic equation without a uniqueness
theorem on the solution of an initial-boundary value problem. Solvability of an
optimal control problem is proved, necessary conditions of optimality for appro-
priate approrimate solution of the problem is derived.

Optimal control problem for nonlinear hyperbolic equation leads to some dif-
ficulties, connected with boundedness, imposed by the theorems on single valued
solvability of boundary-value problem. Some forms of approximate solution of ex-
tremal problems for elliptic type singular equations are investigated in [1], [2].

In [3] this method is used for study the optimal problems for one nonlinear
equation of hyperbolic type without uniqueness theorem of solution of boundary-
value problem and boundedness on parameters.

In the present paper the method from [1]-[3] is used for solution of the opti-
mal control problem with control at the high coefficients for nonlinear hyperbolic
equation.

1.Problem statement
Let’s consider in the cylinder @ = Q x (0,7 the following problem
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with the initial and boundary conditions
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where (2 is an open bounded domain of the space R™ with the smooth boundary T,
T >0,5 =T x(0,7T) lateral surface of the cylinder @, v = wu (z,t) system state
function, v = v (x,t) control, f € L*(Q), ¢, € Hi () NLP(Q), ¢, € L*(Q) are
known functions, p = p+ 2, p > 0.

The control is chosen from the set
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where a,b, M;, M are given numbers.
As in [4] we can show that for any v € V problem (1), (2) is solvable in the space

Yy = {u|u€ L (0,T; Hg () N LP (), g? € L>(0,T; L? (Q))}

Note, that for each control from V' the solution of boundary-value problem (1),
(2) is taken in sense of integral identity.

Expressing from equality (1) the second derivative by ¢, let’s construct the in-
2

0 /
clusion 8—;‘ € Y;, where Vi = L2 (Q)+L® (O,T; H(Q)NLP (Q)> ,1/p+1/p = 1.
82
Thus, the solvability of the problem is showed in the space Y = ¢ u|u € Yy, a—tq; ey }

Let’s note, that the uniqueness of the solution of problem (1), (2) is guaranteed only
at small values of the exponent of nonlinearity p and dimension n (see [4]). We'll not
impose these limitations, admitting possible non-uniqueness of solution of problem
(1), (2).

Let’s give the set U, of admissible pairs of the system (1), (2), consisting of such
pairs y = (v,u) € V x Y, which satisfy to these equalities.

Let’s determine the functional

I (v,u) = ’;/ w2 (z,t) + <avéf’t)>2 +Zn; (%Zﬂ)j dxdt+
Q

1=
1 n
513
Q =1

where v > 0 is a given number, ug € L? (0, T; H} (Q)) is a given function.

Consider the following optimal control problem: to find an admissible pair, min-
imizing the functional I (v,u) on the set Uy. This problem we’ll call the problem
(1-(3).

Theorem 1. Problem (1)-(3) is solvable.

Proof. By virtue of boundedness from below of the functional I (v, u) for the
given problem there exists the minimizing sequence, i.e., such sequence {yx} =

(vg,ug) of the elements of the set Uy, that lim I (vg,ur) = inf I (v,u). By
k—oo (v,u)eUy

virtue of coercitivity of the functional in the space U = H' (Q) x L? (0, T; H} (Q))

0 (u — ug)

2
dxdt 3

0
Multiplying equality (1) at (v,u) = (vg,u) by the derivative % and integrating

the result on the domain 2 we obtain

1d 8uk 2 - 8uk 2 2 " p

el ZR ZR z <

5 a1 /((%) dx+/vk,z<8xi dx+p/Z]uk] de| <
Q Q =1 szl
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Hence, after the elementary transformations we have
dr <
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Hence, SubJect to Gronwall’s lemma we’ll show the boundedness of the sequence
{ux} in the space Yy. Then, after the choosing of subsequence, we’ll prove that
v — v is weak in H! (Q) and up — u * - weakly in Yy as k — oo. Considering that
the set V is convex and closed in H! (Q) we have v € V. Using the compactness of
the space embedding H' (Q) in L? (Q) and Yy in L? (Q), after choosing subsequence
we obtain that vy — v is strong in L? (Q) and uy — u is strong in L? (Q) and a.e.
on @, and so in the space |ug|” u, — |u|” u, Q is bounded in the space L' (Q). Then
by the lemma from [4, p.25], we conclude that |ug|” ur — |u|’ u weakly in L¥' (Q) as
k — oo.

Passing to the limit in the integral identity, corresponding to the equation

82uk auk
o2 Zax ( ) + |ug|” up = f

’L

dz+

auk

one may see that y = {v,u} satisfies (1), (2) and the inclusion y € Uy is true.

Considering for the properties of the norm we come to the inequality lim I (yx) >
k—o0

I (y), whence it follows that y = {v,u} is a solution of problem (1)-(3). Theorem is
proved.

Let’s note, that at proving on existence of optimal pair it is not important is the
solution of problem (1), (2) unique or not on this or that controls.

Note, that we don’t use any boundedness on the parameters p and n.

Usually, nonlinear optimal control problems are solved approximately. Under the
approximate solution of minimization problem of the functional I (v, ) on the set Uy
it is understood the element of this set, sufficiently close to the minimum point ¥y of
the functional on this set. Along with this applies a weaker form of the approximate
solution, when is guaranteed only proximity value of the functional to the point Iy—
it’s minimum on the set Uy. Thus, strong approximate solution of the problem is
close near to the exact solution of the problem in sense of admissible pairs, and the
weak in the sense of functional. In both cases, an approximate solution is an element
of the set U,. Since the problem is solved approximately, we can admit the fulfillment
of given boundedness aren’t inexact, but with some error. Following to [1], [2] under
the weak approximate solution of minimization problem of the functional I (v, u) on
Uy we’ll understand such point gy, from the small neighbourhood £ > 0 of the set
|I (y«) — Io| < € that for the sufficient small number Uy the inequality is true. Thus,
the weak approximate solution is not obliged to be part of the set, but is sufficiently
close to any of its elements, while the value of the functional on it is sufficiently close
to it minimum on this set.
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2.Approximate solution of the problem
To solve the problem we’ll use the penalty function method [5]

Im(v,u):I(v,u)—i- ! /[8252 ZE) <

2
) + Jul|’u — f] dxdt,  (4)

where {&,,} is a such numerical sequence that €, > 0 and &, — 0 as m — oo.

The problem is: to find an admissible pair, minimizing the functional I,,, (v, u)
on the set Uy, v € V, u € Y at fulfillment of conditions (2). This problem we’ll
denote by P,,.

Theorem 2. The problem P, is solvable.

Proof. Let yx = {vk,uxr} be a minimazing sequence for the problem P,,. It is
clear that it is bounded in the space U = H' (Q) x L* (0, T; Hj (£2)), moreover there
exists bounded in L? (Q) sequence {q}, for which the equation

82uk "0 OQuy p
o2 ; o <Uk8:cl> + |ug|” up = gi (5)

is true, with the corresponding boundary conditions. As at proving of theorem
1, we’ll show the boundedness of the sequence {uy} in the space Y. Then after
the choosing of subsequence, we’ll construct the convergence vy — v weakly in
H'(Q),ur — u * - weakly in Y and g, — g weakly in L?(Q), moreover v €
V. Repeating the considerations from the proving of theorem 1, we conclude that
lup|? up, — |u|’u and weakly in LP' (Q) as k — oo. Then taking a limit, we’ll
construct the relation

) b= (6)

o (v

0
From equality (5) follows the inclusion aitu?k € Y1, that means, u; € Y. Then
multiplying equality (5) by sufficiently smooth function A (z,t), A(z,T) = 0,
oA (z,T
L) = 0 after integrating on the domain ) considering for the integrating

formula by parts and initial conditions for the functions u; we obtain

9%\ 0
/Wdexdt +/ ( Z o ( UI:) + g up — gk> Adrdt—
Q

—/A(x,0)<p1(x)dw—i—/m(x’o)goo(x)d:czo.

ot
Q Q

Passing here to the limit as k¥ — oo and again integrating by parts considering
equality (6), we have

/)\(33,0) [&L(gg’o)—gol(x)] d:r—i—/((»\gz’o)[cpo(a:)—u(x,O)]dxzo.
Q Q
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O\ (z,0
At first, choosing here A (z,0) = 0, 9A(x,0) # 0, we see u (z,0) = ¢y (x), further
A
assuming A (x,0) # 0, 8((;;70) = 0, we have EME;;,O) = ¢, (x). Thus, the function

u (x,t) satisfies the boundary conditions (2). Using the obtained above conditions,
we have the inequality lim I,,, (yx) > I, (y), whence it follows that y is a solution

k—o0
of the problem P,,. Theorem is proved.

Denote by ym = (U, um) the solution of the problem P,,, and by yo = (vo, up)
the solution of problem (1)-(3).
Theorem 3. As m — oo the convergence

W}LmOO I (Ym) = (v,ur)nei\l/lXY (v,u) =min 1 (Uy).
is valid.
Proof. The following relations

Iy (Ym) = min Iy, (Uy) < Iy (yo) = I (yo) = min I (Uy) . (7)

are true.
Then from the definition of functional (4) follows the boundedness of the sequence
{ym} in the space U. Besides, the equality

0%u "9 ou
m _ m P —
o012 ;:1 8262 (Um a.%'z > + |um| Um f + Emfm (8)

is true, with corresponding boundary conditions, where the sequence { f,, } is bounded
in L? (Q). Hence, it follows the boundedness of the sequence {u,,} in Y. Then by
choosing of subsequence we prove the convergence u,, — u *—weakly in Y, v,, — v
weakly in H' (Q), moreover v € V. As a result of the transition to the limit in equal-
ity (8) we obtain equality (1), whence it follows that the point y = (v, u) belongs to
Uy.

It is clear that the inequality I, (ym) > I (ym) is true. Then, considering def-

inition of the functional we have lim I, (y»,) > lim I (y,,) > I (y). Hence and
m—0o0 m—0o0
from condition (7) we obtain I (y) < lim I, (yp) < min/ (Uy), and it means
m—00

I (y) = minI (Uy). So, the inequalities

min I (Ug) < lim I (yp,) < lim I, (Yr) < lim Ly, (ymm) < minl (Uy),
m—o00 mM—00 m—o0
are true, whence the statements of theorems are concluded.

In the process of proving of theorems it was also shown that the subsequence
{ym} converges x— weakly to admissible pair of system (1), (2). If at determining
of weak approximate solution the neighbourhood understood in corresponding x—
weak topology, then we lead to the following statement.

Corollary. At sufficiently large values m the solution vy, of the problem P,, is
a weak approzimate solution of problem (1)-(3).

So, for finding the approximate solution of initial problem, it is enough to find
the solution of the problem F,,.
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The problem F,, is minimization problem for the smooth functional, that allows
one to obtain for corresponding optimality condition.
Theorem 4. The solution of problem P,, is determined by the relations

8Um aU'rn U - Um)
/{V [Um(v—vm)+ BT Zamz : —

Z

Q
_wmzzngai ((U — Up) 85;;:) } dxdt > 0,Yv €V, (9)
o Zf (628 ) + 04 ) 1 = z*”a‘) (0.0) €@, (10
Uy (2,1) =0, (z,t) €S, ¥, (x,T) =0, W:o, zeQ,  (11)
- (w2 st a0
U, (2,) =0, (z,t) € S, um (2,0) = ¢, (x),
W:cpl(a:), x €. (13)

Proof. In order to the point y, minimized the differentiable functional J on a
convex subset U of a Banach space it is necessary that the variational inequality

<‘], (y*) Y — y*> Z Oa Vy € U> (14)

is fulfilled, where by J' (y.) is denoted the derivative by the convex set of the func-
tional J (y) at the indicated point, and < F,y > is a value of linear continuous
functional F' at the point y. For the problem P,, the minimazing functional depends
on two arguments. Let’s find its partial derivatives at the point v, = (v, Uy,) from
the following relations

(Imv (Ym) , v — Um) = lim [Iy, (U + 0 (U — Um) s Um) — Iy (U, )] /o, Yo €V

c—0

(I, (Ym) 5 9) = im [Ty, (U, U + 09) — Ly (U, um)] Jo, Vg € Y.

o—0

Using the expression of the functional I,,, (v, u) we find that

<Imv (ym) U — Um> =

B OUm O (U — V) OUm 0 (U — V)
- / {” [“’" (0= om) + =57 5 +Z or;  om |
Q
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0%g "9 dg o
92 Zz;aﬂfz (Um(M) +(p+1) |um|”g| p dzdt,

+m

where
0% uy, .9 ou, o
Um = (8152_21,:1% (1) + o “m‘f> fem

Hence, it follows that equations (12) is true, and condition (13) it fulfilled, since
minimization I, given between all functions, satisfying conditions (2). Considering
the definition of the set Uy we conclude, that extremum condition (14) leads to
the variational inequality for the derivative of the functional by the control and
stationary condition for derivative by the function state. The first of the given
relations is condition (9), and the second takes the following form

: 8(um —uq) 0y

Q =1

+m

829 "0 dg
ot? ;63&' <U 8xi> (o4 1) fuml g]}dwdt 0, Vg€ (15)

Considering the for definition of the function ,, we’ll prove the inclution %,, €
Y1. Then relation (15) determines the weak (in sense of indicated inclusion) solution
of the boundary value problem (10), (11) ([5], pp.163-164).

Thus, for finding the solution of the problem F,, we obtain the system of opti-
mality conditions of (9)-(13). Theorem is proved.

According to theorem 3, at sufficiently large values m the corresponding pair
(U, ) becomes a weak approximate solution of the problem, i.e., the value of the
functional I on it will be enough close to its minimum on the set Uy, and relation
(1), (2) will be fulfilled with a sufficiently high degree of accuracy. In particular,
equality (12) at small &, we can understood as approximate form of the equation
of relation (1).
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