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ON JOST SOLUTIONS OF STURM-LIOUVILLE
EQUATIONS WITH SPECTRAL PARAMETER IN
DISCONTINUITY CONDITION

Abstract

Integral representations for the Jost solutions are obtained for one-dimensional
Sturm-Liouville equation with discontinuity conditions at some point.

Consider the differential equation

—y" +q(x)y =Ny, € (—o0,+00), (1)

with the conditions
y(a+0)=y(a—0), (2)
y' (a+0)—y (a—0) =3y (a), (3)

where #,a € (—o00,4+00), § # 0, A is a complex parameter, ¢ (x) is a real-valued

function and satisfies the condition

—+00

/ (14 [2)) 1q ()| dz < +o0. (@)

—0o0
We can understand problem (1)-(3) as one of the treatments of the equation
—y" + X (2)y+q(x)y = Ny, —oo <z < oo, (5)

when p (z) = 6 (x — a). When the function p (z) is sufficiently smooth, the func-
tions p (z) and ¢ (z) are real-valued and decrease quite rapidly, the inverse scattering
problem for equation (5) is completely solved in the papers [1]-[4].

In order to solve such a problem in the case p (z) = 3 (x — a), in the present re-
port we prove the existence of Jost type solutions for problem (1)-(3) and investigate
their properties.

The functions e* (z, \) satisfying equation (1), conditions (1)-(3) and the condi-
tion at infinity

xgglooei (l‘, >\) ST = L, (6i)

are called the Jost solutions.
It is easy to show that if ¢ (z) = 0, the functions

P R
eoi (x,\) = 4 .
<1 n g) pTidT _ %eiik(%%), +z < +a.
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are the Jost solutions.
Introduce the following denotation:

+oo
c=1+18], oF () == [ tla(o)at

The basic result of the paper is the following

Theorem. Let the real-valued function q (z) satisfy condition (4). Then for all
), there exist Jost solutions e* (z,\) of (1)-(3) from the upper half-plane, they are
unique and represented in the form

+o0
et (2,0) = e (2, \) + / K (2, 1) e2 My, (74)

where for each fized x # a the kernel K*(z,-) (K~ (x,-)) belongs to the space

Ly (z,+00) (L1 (—o0,x)) and the estimations

+oo
i/ |K* (z,t)| dt < et @ 1, (8+)
are fulfilled.
Furthermore,
1ioo
K* (o)==, [a(©ds, o> 2a,
+oo

I 1 i3

K (ZC,I‘) - ii 1+ ? q (§> d§7 tr < ia’a (9:|:)

K*(2,2a —x +0) — K* (2,20 — 2 — 0) =

. +OO
=28 [a@de- [a@dsp. o<

x

a

Remark. When no discontinuity condition exists, i.e. when in condition (3)
B = 0, the representation of the Jost solution for Sturm-Liouville equation is first
obtained in the paper [5] (see also [6]). Such a problem for the equation —y” +
q(z)y = Ap(z)y, when p(z) is a piecewise-constant real function, is solved in the
paper [7].

Theorem’s proof. Having rewritten equation (1) in the form 3”4+ Ay = ¢ (z) y
and assuming the right hand side to be known, for finding the solution et (z, \) of
this equation we can apply the arbitrary constants variation method. As a result,
we get the integral equation

+oo
et (z,\) =¢f (x,\) + /So (t,z,\) q(t) et (t, \)dt, (10)
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where
WM 4 >w>a ora>t>u,
S() (tava) = . (11)
sm)\g\t—r) - g . cos )‘(t_r)_C;SA(t_2a+m)7 t>a>x

It is easy to show that the solution e (z,\) of integral equation (10) is the Jost
solution of problem (1)-(3), (64). Well look for the solution of equation (10) in the
form (7). In order such kind function satisfy equation (10), the equality

+oo +oo
/ K+ (2, ) eMdt = / So(t, N) a (t) e (1, A) di+

“+oo “+oo
+/5’0 (t,z,\)q(t) /K+ (t,s) e dsdt, (12)
T t

should be fulfilled. And vice-versa, if K (z, t) satisfies this equality for all A (Im A > 0),
the function et (x, \) is the Jost solution of problem (1)-(3), (65).

Transform each term in the right side of (12) so that they have the form of the
Fourier transform of some functions.

At first we consider the first term. It z < a, we have

+o0
/SO (t,z,\) q(t) el (t,\)dt =

- [ Kl i if) ¢ _ igemw] i+

xT

“+o00

. B o _9 ‘
+/ sinA(t—x) B cosA(t—x)—cosA(t —2a+w) o (1) eMdt —
A 2 A
B a 12t7:1: B a 1 2a—x
_ P 1 iAE _w 1 i
(1—|— 2)/ 5 / e~dE | q(t)dt 5 5 / e'~d€ | q(t) dt+
T T T r—2t+2a
400 12t—x . too 1 2t—x
- / 3 / eNde | g (t) dt — g / 3 / eNde | g (t) dt+
a T a 2t—2a+x

a—x

_5-&-00 12
w 2 DY
+2/ 2/6 d¢ | q(t)dt.

Changing the integration order and then in the obtained equality changing the de-
notation for integration variables, we get (for x < a)

2a—x

7050 (t,z, \) q(t)ed (t,\)dt = % (1 + f) / 7q(§) de | eMdt—

x t+x

2
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. 2a—x a 2a—x /400
—? / q(€)de e“tdt—k% / ( / q(g)dg) eMdt+

x z+2a—t x a
2
+o0o +o0o 2a—x tﬂ%;z
1 ixt i3 ixt
3 a(§)ds | ear -7 a(€)dg | Mat-
2a—x Egﬂ T a
+00 t+2§ x 0
—§ / q(§)d¢ e”\tdt+w / ( / )df) eMdt =
2a—x L%z a
+oo [ +oo t+2§71
1 )
=3 / / eXedg | eMar 1 P / / §) dé — / q (&) dg | edt—
x i+2 t+x z+2a—t
2 2
+00 t+22afz
i3 i
- / q (€)de | eMat. (13)
2a—x tt+ax

For = > a we behave in the similar way and have

400

+00 .
/ So (t,a, A) q (£) e (£, \) dt = / Wq(t) Mgt —

T

+oo / 2t—z +oo [ +oo
:/ (;/ei)‘gdg) q(t) dt:;/ /q(g) de | eMdt. (14)

x x x  \ ztt
2

Now, transform the second term from the right hand side of relation (12). For z < a
we have

/So &x,\)q /K+ z,u) eMdu ds =

+oo +00
_ /smA()\{—x)q(g) /K+ (€, u) e dudé —
3

T

ﬁ+oocos)\(§—x) —cos A (£ —2a+x)
D) b\ q(

a

+oo
) / K+ (€u) eNdudé =

E—z+u

oo oo
:% / ¢ (€) / K* (£,u) / Mt b dudg—
@ ¢

rz—E+u
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. Hoo +00 E—x+u
L fa© [xrEwd [ et auer
a £ £—2a+z+u
) +oo +00 2a—z+u—¢€
i - ixt
+Z q(&) | K" (&) eMdt p dud€.
a 13 ztu—E
Continuing the function KT (£, u) by a zero for u < &, for all t > z we find
+o00 E—x+4u +oo E—x+u
/K+ (&, u) / eMdtdu = /K"' (&, u) / eMdtdu =
& r—E&+u —00 r—E&+u
too [thé—a oo [t+é—z
= / / KT (& u)du | e?ode = / / KT (&, u)du | edt, (15)
—o0 \t—&+x T t—&+x
since for t < x
t+&—x
/ K" (& u)du=0.
t—&+x
Behaving in the same way, for all ¢ > a we have
+oc0 E—z+u 400 E—x+u
/ KT (€,u) / eNdt » du = / / eMdt » K+ (&,u) du =
I3 £—2a+z+u —oo | £—2a+z+u
+oo [ t—€+2a—x +oo [ t—&+2a—=
= / / K* (& u)du p eMdt = / / KT (&, u)du p e™dt, (16)
—00 t—E+x x t—E+x
+o00 2a—z+u—¢E 400 [ 2a—z+u—E&
/ K7 (&,u) / eMdt » du = / / eMdt s K+ (&,u)du =
3 z+u—¢ —00 r4u—E€
+00 t—z+§ +o0 t—z+¢
= / / KT (&, u)du p edt = / / KY(&u)du p e™dt.  (17)
—00 t72a+x+§ T t72a+x+£

Here, we used the fact that for ¢t < x

t+2a—x—& t—ax+E€

/ K+ (€,u) du = 0, / K+ (€,u) du = 0.

r4+t—E& t—2a+z+E€
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It follows from formulae (13)-(17) that equality (12) is fulfilled if the function
K™ (z,t) satisfies the equation
1+<>o +{—x
Kt o) = K 0+ 5 [a© [ K (6w dude-
T t—€&+x

+o00 t—&+2a—zx
Ht@ [a© [ KT Eududgs
a t—&+x
+oo t—z+§
$PH @) [a© [ KY€ dude, (18)
a t—2a+x+¢&

where

H*(g;):{ (1) z <a,

, x> a,

| q(s)ds— [ q(s)ds, z<t<2a-—uz,
X ? t+2a—=x B (19)
2
| q(s)ds, 2a—xz<t<oo.

t+x
2

Thus, in order to complete the proof of existence of the solution et (z, ) it is
enough to show that for each fixed x € (—o0,a) U (a,+00) equation (18) has the
solution K™ (z,-) € Ly (z,+00) satisfying inequality (84) and condition (9.).

Assume
+o00 t+&—a
K@t =y [a@ [ KL (€wdu
@ t—Eta
oo t—£+2a—a
“Prwd [a© [ KL dug-
a t-tta
t—ate
/ / u)dudé 3, n=1,2, .., (20)
t—2a+E+a

where K (z,t) is determined by formula (19).
Show that
n+l n+1 (x)

/]K+ z,t) ]dt< +1') , (21)
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whence, it will follow that the series K™ ( ZK + (z,-) converges in the space

Ly (x,+00), its sum KT (z,t) is a solution of 1ntegra1 equation (18) and satisfies

estimation (84).
It follows from the definition of K, (z,t) (see formula 20) that

t+é—z
‘ a;t <c/q / 1{, ‘dudé‘,
t—E+a
consequently,
400 +00 +00
[l @ola<e [€la©] [ 1K (6w dude (22)
x x ¢

Now, for establishing inequality (21), apply the mathematical induction method.
For n = 0 use (19), change the integration order and have

+oo +o0 a

[ 1K wolaes [ €-oa@lae+ D) [e-ala©lae
2a—x a +00
+/ <2a—x—5>|q<5>|d§+/<s—x>|q<s>rd5+/(a—x>|q<5>|d5+
2a—x “+00 “+o00
+/ (6 - a) g (€)|de + / (a—fv)!q(f)ldfz/(5—56)\q(§)|d§+
a 2a—x x
a +00 +00
H (2) /(5—@)\q(§)!d§+/(a—x)!q(é)\df < [¢la©lds = e @),

Thus, estimation (21) is true for n = 2 and if it is true for | K} (z, M Ly (2,+00) then
using inequality (22), we have

+oo el gntl (5) 2 nt2 (x>
/] + x,t)|dt<c/£!q(£) i %= T

Validity of relations (9) follows directly from (18)-(19).
From the integral equation

(0, A) = e (2, 0) + /so (28, \) g (£) e (1, 2) dt.

the proof of the theorem statement related with the solution e~ (x, \) is carried out
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in the similar way. Here we notice only the integral equation for the kernel K~ (z,t):

x t—&4x
_ _ 1 ~
K™ (z,t) = K, (m,t)+2/q(€) / K™ (&, u) dudé—
-0 t—z+E€
3 a t—{+x a t—z+2a—¢
¢ - - —
@l [ao [ ko= [a© [ K (€
—00 t—2a+x+¢& —00 t—z+E
where
H»TI
tha ti;fﬁaq@)d{, -0 <t<2a-—uz,
_ 1 i _ 2
Ky (xt)=5 [ q¢(§ds——H (z)
2 4 % zTth
| q©)dé— [q(&)de, 2a—x<t<uw.
t712+2a —00
- 1, =>a,
A (@) = { 0, z<a.
The theorem is proved.
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