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Bahram A. ALIEV

SOLVABILITY OF A BOUNDARY VALUE
PROBLEM FOR A SECOND ORDER
ELLIPTIC-DIFFERENTIAL OPERATOR EQUATION
WITH SPECTRAL PARAMETER IN THE
EQUATION AND BOUNDARY CONDITIONS

Abstract

In the paper, in a separable Hilbert H we study the following boundary value
problem

N ()~ (2) + Au(x) = £ (2), € 0,1], 1)
au’ (0) + u (1) = fi,
u(0) = fa, (2)

where X\ is a spectral parameter; A is a linear closed operator with everywhere
dense in H domain of definition and a resolvent, decreasing as \)\|_1 under
large || at some angles containing a positive semi-azxis; « # 0 is any fized
complex number. Sufficient conditions for the solvability of problems (1) — (2)
in L, ((0,1); H) (p > 1) are found.

1. Introduction

Boundary value problems on a finite segment for elliptic, second order differential-
operator equations with a spectral parameter in the equation and boundary condi-
tions are considered in different aspects in the papers [1 — 6]. In all these papers,
the boundary conditions are separated.

In the present paper, a boundary value problem is studied for a second order
elliptic differential-operator equation in the case when one and the same spectral
parameter is contained in the equation and also in one of boundary conditions,
moreover, the boundary conditions are not separated.

Thus, in the given paper, in a separable Hilbert space H we consider the following
boundary value problem

L\ D)u:=Xu(z)—u" (z)+ Au(z) = f(z), =€]0,1], (1.1)
L1 (N u = au' (0) + Mu (1) = fi,

LQU =u (0) = fg, (1.2)

where A is a spectral parameter; A is a linear closed operator with everywhere dense
in H domain of definition and a resolvent, decreasing as ]/\|_1 under sufficiently
large |\| at some angles containing a positive semi-axis; o # 0 is any fixed complex
number.
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Sufficient conditions for the solvability of problem (1.1),(1.2) are found, some
coercive estimates (with respect to u and \) for the solution of problem (1.1),(1.2)
in L, ((0,1); H) (p > 1) are established.

Notice that a boundary value problem for equation (1.1) with irregular boundary
conditions (without a spectral parameter in the boundary conditions) was studied
in [7, section 5.5 ].

Let Ey and E; be two Banach spaces continuously embedded into the Banach
space E: Ey C E, Ey C E. Such two spaces is called interpolation pair {Ey, F1 }.

Consider a Banach space Ey + Ey :={u:u € E,Ju; € E; , j =0,1, where

u=utur, fullgyep, =, i0f (lollp+ )}
’ J

According to statement 1.3.1 from [8], the functional

K (t,u) := inf (llwoll g + tllwall ), v € Eo+ Eq

u=ug+ui, UjeE;
is continuous on (0, +00) with respect to ¢, and the following estimate
min {1, t} [[u]| gy g, < K (Fu) < max {1, ¢} |[ull g, g,

is true.

By the K method, an interpolational space for {Ey, F1 } is determined as
(E07E1)97p =u:u€ Ey+ E, ||uH(EO7E1)9’p =

0 1/p
= /tl"pK”(t,u)dt <oy, 0<f<1,1<p<
0

Let £ and F be Banach spaces. The set E + F of all the vectors of the form
(u,v), where u € E and v € F with ordinary linear operations by the coordinates
and the norm

1w, ) o= Hlullp, +lvlle

is a Banach space and is said to be a direct sum of Banach spaces E and F.

Let A be a linear closed operator in a separable Hilbert space H with domain of
definition D (A). D (A) turns into the Hilbert space H (A) with respect to the norm

1/2
el szcay = (el + NAwlly)

Let E; and E be Banach spaces. By B (E1, E) we denote a Banach space of
all bounded operators acting from F; to F, with ordinary operator norm. In the
special case, B (F) := B(E, E).
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By L, ((0,1); H) (1 < p < 00) we denote a Banach space (for p = 2 a Hilbert
space) of functions x — w (z) : [0,1] — H, strongly measurable and summable in
the p - th power, with the norm

1/p

1
el 0.1y = / lu(@)Bdr| < oo
0

By Wll, ((0,1); H), (1 < p < o0, 0<1 are integers) we denote a Banach space of
functions u (z) with values in H that have [ - th order generalized derivatives of on
(0,1), with the norm

! 1 1/p

lellwaoim = 2 / [« @, @

The space
Wy ((0,1) 5 H (A), H) = {u:u € Ly((0,1); H(A)) ,u" € L, ((0,1); H) }
with the norm
lullwz o,y = 1l oymcay + 14l 20,0
is a Banach space (for more general spaces see [8, lemma 1.8.1] and also [7, section

1.7.7)).

2. Homogeneous equation
At first we consider the following boundary value problem in the Hilbert space

H.
LA\, D)u:=Xu(z) —u" (z) + Au(z) = 0,2 € [0,1], (2.1)
Li (N u:=au' (0)+ Au (1) = fi,
Lou :=u (0) = fo. (2.2)
Theorem 1. Let the following conditions be fulfilled:
(1) A is a linear closed operator with a dense domain of definition in the Hilbert
space H and

IR A <CA+ )T, JagAl 27—, 0<p <,

where R (A, A) := (A — A)™" is a resolvent of the operator A and A is invertible.
(2) a # 0 is a complex number.
Then, for fr € (H (A?) ,H)%_%%p,p € (1,00) and for sufficiently large |A|
from the angle |arg \| < ¢ the proble;:l (2.1) — (2.2) has a unique solution from
W2 ((0,1);H (A),H), and the following estimates hold.

Al HUHLP((O,l);H) + HUNHLP((M) H) + ”AUHLP((OJ);H) <

)
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1
< CZW (ka:” H(A2),H)
iz Al

IA[1/2 lull 2, 0,1y + || HL o + HAl/z ‘

Bl 1
o PRl ) (2.3)
p

3
444

<
Lp((0,1);H)

2
1 . L
<CY [ (\|ka(H(A),H)1§+1 + N2 kaIIH> : (2.4)

k=1 2p?

Proof. By [7,Jemma 5.3.2/1] for |arg \| < ¢ < 7 an arbitrary solution of equa-
tion (2.1) belonging to W2 ((0,1); H (A), H) is of the form:

u(z) = o~ T(A+AD)/? —(1—z)(A+AD)Y/?

g1 +e g2, (2.5)

where g € (H (A),H)1,, k=12
2p
It will be necessary the function u () of the form (2.5) satisfy conditions (2.2).
Then, for g; and go we get the following system

{ { (A+/\I)1/2+Ae (A }g +[ (A4 ADY2 =AD" L\ o — 1)

_ 1/2
g1+e (A+A) = fa

(2.6)
From the second equation of system (2.6) we have

/
— fy— —(A+AD)} 292' (2.7)

Considering (2.7) in the first equation of system (2.6), we get the equation for

92
[ (A4 ADY? 4 A" (40D )

+ [oz (A+ )\I)l/2 e~ (A+ADYZ | )\} 92 = fi-

Hence we find g9

92 >\ |:I+ T (A + )\1)1/2 —(A-‘r)\l)l/g o 6_2(A+)\I)1/2:| B

x [f1 + (a (A+ADYV2 - )\e’(A“‘I)I/Q) fg} .

Since by [7,Jemma 5.4.2/6] for sufficiently large |A| from the angle |arg A| < ¢

“6_2(A+>\1)1/2 _ 2706 (A+ AI)UQ e—(A+>\I)1/2 < e—w\Allm <q<1

B(H)

then, by Neuann’s identity we have

-1
[I - <e—2<A+M>1/2 - 270‘ (A+ A2 e—<A+M>1/2>] =145\,



Transactions of NAS of Azerbaijan

[Solvability of a boundary value problem...]

where
oo

S(A) = Z [6_2(A+,\1)1/2 _ 270‘ (A 4+ AI)Y? 6—(A+)\I)1/2]k (2.8)
k=1
It is obvious that the series in the right hand side of (2.8) converges by the norm
of the space of operator in H.
Then, for the representation go we get

4o — <i \ Ry (A)> fit (S A+AD 4 B (V) fo (29)

where
R (\) = %s (: Bop () = 5 (A+ADY2S () e A0 (14 5 ().
Considering (2.9) in(2.7), we get
g1 =Rt (\) fi + (I + Ri2 (N)) fo, (2.10)

where )
_ 1/2
Ry (A) i= —e~ATAD <A + Ry ()\)> :
_ 12 [
Ris (\) i= —e~(AFAD (X (A+ADY2 4 Ry (A)) .
By [7, lemma 5.4.2/6],
1R Wl — 0 larg Al < o A = o,
Considering (2.9) and (2.10) in (2.5), we get

w(z) = e AR R () i+ (T+ Riz (V) fo] +

A
For sufficiently large |\| from the angle |arg A\| < ¢ we have

Lo (o) (A+AD!/? [(1 © Rul (/\)> it (% (A + /\1)1/2 + Roy (,\)> fQ} . (2.11)

Ml 0,0y + 1 1 0.0y T 1A% 0,00 <

(] /p ;4
(/Hew(AHI)WRM ()\)fli{dx) +(/61(A+M)1/2f2
0

0

IA
>

1/p
P
dm) +
H

» 1/p
Alg

1 p s 1
+ (/ )e—x(A-l-)J)l/?RlZ (\) fQHI;{ d:c) +(/
0

1 1/p
’ (/ e @@ gy () flbi;dm) :

0
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1 1/p
n (/ He—(l—m)(A—s—)\])lmg(A+)\I)1/2 f2Hp dx) N
A H
0

1 1/p
(o nam )|
0

1 1/p
+ (1 + HA (A+ )\I)_1H> (/ H(A + AI) e_x(AJ“\I)l/QRn (\) f1HZ dx) +

1 1/p
+ (/(A+)J)€$(A+M)l/2f2‘2dx> +

0

1 1/p
" (/ (A AL oA Ry, () ledx) ’

0

1 » 1/p
+(/H(A+M)e<”><A+”>”21f1 dx) i
A H
0

1 1/p
(/ 4+ a0y e 40 g 0 ‘”) )
0 1 1/p
+ (/ (A+ A2 @D g 7 dm) +

0

1/p
+ (/ H (A+AD) e =AY By fQHZ dx) . (2.12)
0

Using [7, lemma 5.4.2/6 and theorem 5.4.2./1], we estimate some integrals par-
ticipating in the right hand side of inequality (2.12).

1 1/p
(/ [ (a5 Apyz i dm) <
H
0

C 3_1
|)\| Ifoll(meazy,my, .+ A2 2 L fellg )

+T»P

1 1/p
(/ <A+M>ef<f“+“>”f22dx) :
0

bS]
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1/p
(/ [+ an asans e““‘“”“ﬁldx) )

1 1/p
</ (A4 A2 emannt g dm) -

0

H(A+)\I

C

< <||f2|! i,

3_ 1
N ||f2uH) ;

+4p

1 » 1/p
H

0

C L
< oy Ullara m, o I 1Al )

1
2 4p>
1 1/p
/ —(1—=z (A+/\1)1/2R21 le dm) <
0

< C |\ H(A + )J)_IH [ R21 (M)l gy %

1 , 1/p
X (/ Hl (A+ /\])1/2 e(lw)(AJrM)l/Qle da:) <
A H
0

<= ¢ AN 2
o 1 fill mreaz),m )%+LP+H P fillg ) -

4p’
The remaining integrals in the right hand side of inequality (2.12) are estimated
in the same way.
By [7, lemma 5.4.2/6 ], for sufficiently large |A| and |arg A\| < ¢ from (2.10) we
have

|)\|1/2 <

Lp((0,1);H) —

1/p
<C ’/\|1/2 (/1 Hefx(AHI)l/QRn ()\) le; d:c) +

0

lull 0,0y + 111 0190y + HAI/QU

1/p

1 1/p 1
X (/Hea;(A+>\1)1/2f2Hp da;) n (/ Hefx(A+)\I)1/2R12 ) f2Hp dx) N
H H
0 0
1 » 1/p
n / le_(1_m)(A+M)1/2fl a4+
A H
0
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1 1/p
p
' (/ e @A Ry () ledx) '
0
1 1/p
n (/ (A 4+ AI)Y/2 e~ (=) (A+AD) s H dx) 4
0

1 1/p
(/ om0 Ry (1) 1| dx) '
0

1/p
el [(flasr o)

1 1/p
+ (/H A+ A2 e A g H da:) +
0

1 1/p
’ (/ A+ ant2 s gy () | dx) ’
0

—+

1 » 1/p
(s crsomneaf ) s
H
0

1 1/p
p
' (/ (A+AI) 1/2 -1~ f”)(AHI)l/QRm )ledQE) "
0

1 1/p
+ ( / H% (A + \I) e~ (1ma)(A+AD!2 h”; dm) +
0

1 1/p
+ (/ H(A+ )\I)l/2 6—(1—ar)(A+/\I)1/2R22 (z) ngiI dx) . (2.13)
0

Using [7, lemma 5.4.2/6 and theorem 5.4.2/1], we estimate some integrals in the
right hand side of inequality (2.13),

1 1/p
</ H% (A+ ) e‘(l‘”")(““”l/2f2H2 dm) -
0

C _1
< 5 (Wellarnm,, + W7 1l ) 5
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1 1/p
(Jlasomcsssnsg, )
0

1 1/p
([ lnencssnap )
C

1
< — % (Iellmeay.m . +IAT2 | folly )
‘)\‘/ (H(A) )i,p

2p

<C H(A YD) :

1 1/p

1 12 —(—z)aan2 . ||

" (A+X)""e fi|| dx <
H

c 1_ 1
= (”fl”w(A),H) + A2 Hf1!H> :

1 1/p
|)\|1/2 /‘
0

16—(1—x)(A+>\I)1/2f1Hp i <
A H
1 1/p
C —1/2 12— (1—a)(A+AD2 4 ||P
< <
- |>\|1/2 H(A + ) HB(H) (/ H(A+ M) e lede -
0

C
< oy <||f1||(H(A),H)

The remaining integrals in the right hand side of (2.13) are estimated in the

1_ 1
Al )

1 1
§+ﬁ7

similar way.

3. Inhomogeneous equations
Now, let’s consider a boundary value problem for an inhomogeneous equation

with a parameter
L\ D)u:=Xu(x)—u" (z)+ Au(z) = f (x), x€]0,1], (3.1)

Ly (N u:=au' (0) + A u (1) = fi,
Lou :=u (0) = fo. (3.2)

Theorem 2. Let the following conditions be fulfilled:
(1) A is a linear closed densely defined operator in the separable Hilbert space H

and
IRO\A) < CA+IA)T, JargAl > 7 — ¢,

for each fixed 0 < p < 7w, and A is invertible;
(2) o # is any fived complex number.
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Then for f € Ly, ((0, 1);H (A1/2)), fr € (H (Az) ,H)%i%r%’p
large |\| from the angle |arg A\| < ¢ the problem (3.1) — (3.2) has a unique solution
Jrom W2((0,1);H (A),H) and the following non-coercive estimate holds for its
solution

and sufficiently

|)\|1/2 <

Lp((0,1):H) —

lull 0,0 + 111, 01y0y + HAWU‘

2
_ kE_ 1
< C |l oy + D AT <”f’f”<H(A>,H>1_g+%p+M2 v ”f'“HH>]' 33

k=1 P’

Proof. The uniqueness follows from theorem 1. Define f () := f (z), if z € [0, 1]
and f (z) =0, if z & [0,1]. We represent the solution of problem (3.1) — (3.2) in the
form of the sum u (x) = u; () 4+ ug (x), where uy () is the contraction on [0, 1] of
the solution of equation

L(\ D)ty (v) = f (), z€R=(—00,+00) (3.4)
and wug (x) is the solution of the problem
L(A\,D)us =0, Lyus= fr — Lyuy, k=12 (3.5)

It is proved [7, theorem 5.5.3] that for |arg A\| < ¢ for w; () it holds the estimate

1 s 452) 172y < C ] Ly (Ril(AV/2))

Hence, it follows that

up € W2 ((o, 1);H (A3/2) H (A1/2)) CW2((0,1); H (A),H).

p

By [7, theorem 1.7.7/1] we have

o) € (11 (42) 1 (417))

1,1 .7
§+%7p

uy (zo) € (H (A%?) , H (AY? Vo € [0,1].
o) & (8 (4°2) 1 (V7)) o€ 0.1
According to [ 7, lemma 1.7.3/1, 1.7.3/6 and 1.7.3/5], for k = 0,1 we have

(1 (A7) 1 (A7) s, = (1 (A7) B (A7) s, =

2p )

1
4 4ap Z+4p’

- (HH (Ag/Q))1—1§§P,p = (H,H (A%))s_1ew = (H (A%)  H) 1 1
Consequently,

Ull(.’lj()) € (H(AZ)PH)%#»ﬁ,p’ (75} (1130)6 (H(A2)7H)i+471p7p
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Since (H (A?) ,H),, . C (H(A%),H)
4" 4p>

1,1 therefore
5+ 1p P ’

Ly(Nui € (H(A?*) ,H),, 1, Louy € (H (A%, H)

1 1 .
2+Tp’p Z+E’p

By [7.theorem 5.4.4], for |arg A| < ¢, |A\| — oo and for f € L,((0,1);H) the
problem (3.4) has a unique solution from W7 ((0,1); H (A), H) and it holds the

following estimate

ANl o,0y:m) + lwallwz 0.1y cay.my < C Il L, 0,0 - (3.6)

Using theorem 1, for sufficiently large |A| from the angle |arg A\| < ¢ for the

solution of problem (3.5) we have

|)\|1/2 <

Lp((0,1);H)

||U2HLP((0,1);H) + HuéHLP((O,l);H) + HA1/2u2‘

C 1_1
<5 <Hf1 LN ullgaym,, , AP =L U1HH> +

- 1 1
‘)\’ §+ﬁ,

_ 1
A —L2u1||H) <
Y4

1
2p>

C
v (1= ol
S+o5p 75.p

1 1
<C ( 11l ay, ) + PG 1ol g ay,my .+

_1_1 1_1 1
FIATET | fal g+ A2 |rf2||H+WHu’1 Ol eray e, ., +
2

+ P

..ltﬂH

+ |lusg (DH(H(A),H)%JF% ) Loy
P’ P’

1
+ P& s O pray,my ,  +

1 1_ 1

_1_ 1 1_ 1 1
A2 ([ (O)]] g+ X272 flux ()l + A2 s )l) - (37)
By [7. theorem 1.7.7./1] and estimate (3.6) we have

C

1y, 1
W Hul (O)H(H(A)ﬂ) < W HUIHWg((o,l);H(A),H) < W ”fHLp((o,l);H)S

1 1
74’%7?

= Ol Wllaay,m, =<

et (Dl gz, p

S

1
+%,

NI

< Clluillwzo,y:m(a),my < C 0,08 5

L 0)) < <<
N lor Olrearmn = o2 g < a7 111z, o1y -

Summing up these inequalities, for sufficiently large |A| from the angle |arg A\| < ¢

we get
) + llus Wl gray,my, . +

+ 550

1
N H“ll (O)H(H(A),H)

[N

1 1
jﬁ'ﬁ,

bS]

1
+W [[ur (O)H(H(A),H)ﬁm < CUfl, 0,1 -
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By [7, theorem 1.7.7./2] for € C, w € W7 ((0,1); H)

|u)*

ul®) (zo)|| <C W ||U”W2 ((0,1);H) 1 W HUHL (o1):m ) » 8 =0, 1. (3.9)
H D

Dividing (3.9) into |z|'? and denoting A = u2 for A € C, |A| — oo, u €
Wg ((0,1); H), we have

A

u® (@o)|| < O (llullwaqoaym + M ellz, o,1)m)) <
H P( )

S C HfHLp((O,l);H) 9 s = 07 1. (310)
From (3.10) and (3.6) for |argA| < ¢, |A| — oo we have

AR

uf @o)|| | < € (lurlwaomearcansm + W sl o) <
< Clfle,01ym> $=0,1. (3.11)
By (3.11) for |arg A| < ¢, |\ — oo we have

INT272 [ (0) 5 = NTHIAT2 3 [y (0)]], < CINTH Il oyt

1_ 1 _ 1_i
272 ug (z0)ll g = A2 N2 Jug (z0)ll i < C AT F 1L 002y
Summing up these inequalities, for |arg A| < ¢, |\ — oo we get
i1, 11 11
I 7273 (| (0)]| 7 + A2 lug ()]l + A2 728 [lua (0)]] <

¢ C
< B 111z, 0,0y + W 1 Wl c0,1):m) < W 112, (0,1)580) - (3.12)

Considering estimates (3.8) and (3.12) in (3.7), for |argA| < ¢, |\ — oo we
have

W% ”U2||Lp((o,1) + HUQHLP ((0,1);H + HA1/2 ‘ <

Lp((0,1);H)

E_1
<c(wupm +§NM1MQmmmA kleP2WﬂMJ>‘@B)
2 2

Show that for sufficiently large |\| from the angle |arg A| < ¢ it holds the estimate

A2 HulHLp((O,l);H)—i_HullHLP((O,l);H)—i_HAl/QulHLP((OJ);H) < Cllf oy - (3:14)

By [9, theorem 5.1.2/1.7] , the operator u (z) — v’ (z) from W72 ((0,1); H (A) , H)

in W7 ((0,1); H (AY2) H) is bounded, i.e. for any u € w; ((O 1);H(A),H) it
holds the estimate

1 vy (01t ar2y.ry < € lellwzoymeay,m > 3C > 0.
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Hence, for any u; € Wg ((0,1); H (A), H) it holds the inequality

HulluLp((O,l);H(Al/2)) <C Hul”wg((o,l);H(A),H) : (3.15)
On the other hand, for any u; € W7 ((0,1); H (A),H)

J417%]

’A‘l/QAul‘

) = HA_l/QHB(H) 14wl (0,0):m) <

Ly((01):H) ‘ Lp((0,1):H

< Cllutllz, oy = Clulwzoymam - (3.16)
Obviously, for sufficiently large |A| from the angle |arg A\| < ¢

Y2 el o1y < ATl 0,10 (3.17)

Summing up the estimates (3.15) — (3.17) and considering estimate (3.6) for
sufficiently large |A| from the angle |arg A| < ¢ we get estimate (3.14).

Further, (3.3) follows from (3.13) and (3.14) .

Theorem 2 is proved.
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