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Naid J. PASHAYEV

ON AN INVERSE PROBLEM FOR A
REACTION-DIFFUSION TYPE SYSTEM

Abstract

The matters of well-posedness and approximate solution of an inverse prob-
lem on definition of time dependent coefficients in the right hand side of equa-
tions of a reaction-diffision type system are studied in the paper. A theorem on
uniqueness and stability of the solution is proved.

Accept the following denotation: R"™ is a real n—dimensional Euclidean space,
B C R" is a bounded domain with boundary 0B € C?*® Q= B x (0,T], S(B) =
OB x[0,T], T > 0. The spaces C! (-), CH/2 (\), e (), Oltal+e)/2 () 1 =0,1,2,
0 < @ < 1 and the norms in these spaces are determined for example in [1, p. 16],

m
w= (U, tm) s Jull, = Jlukller -
k=1
Ouy, Ouy,  Ouy, < Qug, - — . .
Ut = e Ukz; = ang, Phd = ]Z:@xjcos(v’ xj), U is a unit vector of the

0
inner normal to S at its any point, 7 means differentiation along v, Auy =
v
"L 02y
-
i=1 Oz}
Consider a problem on definition of {fk (t),ug (z,t), k=1, m} from the condi-
tions

Upe — Auy, :fk (t)gk (m,t,u), (x7t) € Q, (1)
w@0) =0y (), 7€B; TE =y (), (mHeSB) O
/uk (2, 8)de =7y (), t € [0,T]. (3)

B

here gy (z,t,v), ¢ (z), ¥g (x,t), 7% (t), k=1, m are the given functions.

Such problems, as a rule, are ill-pased in Hadamard sense and were studied in
the papers [3-5].

Naturally, if a part of the function fi(t) is known, the appropriate additional
conditions from (3) are unnecessary and are not given.

For the input data of problem (1)-(3) we make the following suppositions:

19 gr (z,t,0) € C'g’ta/Q (A); g (x,t,v) is continuous by Lipschits in variable v,
is uniform with respect to (x,t,v) in bounded sets A, i.e.

’gk (m,t,vl) — gk (m,t,vQ)‘ <oq ‘vl — v2| , (x,t,vl) , (m,t,v2) € A;

where A = B x [0,T] x R™.
200y, () € C' (B), ¢y, (z,1) € C1T*/2(S (B))
30. v (t) € CHH[0,T], tel0,T);
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Definition 1. The functions {fi (t), wi (z,t), k=1, m} is called the solution
of problem (1)-(3) if:

1) fi () € C[0,7;

2) uy, (z,t) € C*' (B x [0,T]) ;

3) relations (1)-(3) are fulfilled for them.

The uniqueness theorem and also the estimation of stability of the solution to
inverse problems occupies a cental place in investigation of their well-posedness
matters. Here, under the most general assumptions, we prove the uniqueness of
the solution to problem (1)-(3) and establish the estimation defining the solution’s
stability.

Theorem 1. Let:

1) Conditions 1°,2°,3%; be fulfilled

2) There exist a solution of problem (1)-(3) belonging to the set

K = { (froues k=Tm)| fu(t) € C°0.T] uy (w,6) € C31+/ (B x 0,7])}

1ming the solution’s stability.
Then on the set K, the solution of problem (1)-(3) is unique and the following
stability estimation is true:

lu=ally +[[f = Fllg < M [lg =3l + o = @llg + | = @[y + Ir =7l ], (4)

where M > 0 depends on the data of problem (1)-(3) and the set K, {f} (t),
i (z,t), k=1,m} is a solution of problem (1)-(3) from the set K* with data
e () P (), Ui (), T (+) that satisfy conditions 1°,2°,3° respectively.

Proof. Denote

2k (a;,t) = Uk (‘T7t) — U (xvt)v Ak (t) = fr (t) _?k (t)7

51/(: (13, tv /U) = 9k (13, ta /U) - % (l‘, tv /U) )
Sk = oy, () = Py (), Oai (2,8) = Py (2, 8) =y (2,8), Sap =13 (8) — T (1) -
We can verify that the functions {\x (t), zi, (z,t), k =1, m} satisfy the relations
of the system

2t — Az = A\ () gk (2, t,u) + Fi (2, t,u), (z,t) € Q, (6)

82’k

p— E’ PR
2k (x,0) = ok (z), x € B; 50

= 03 (.iL‘,t), (.CL‘,t) € S: (7)

M (1) = / Ty (2, 1) d — i (8) / 9 (2,1, 0) —
B

B

=7, (z,t, )] dx\ /gk (z,t,u)dx /gk (x,t,u)dx| + Hg (t), t€[0,T], (8)
B B

where _
Fk (ﬂj‘,t,U) = fk (t) [51k’ (l’,t,U) + Gk (l’,t,U) — Ok (l’,t,U)} )
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H, (t) = { |:64kt (t) — O3k (l‘, t) da:] g (I, t,ﬂ) dx+
o]

B

/wk (x,t)dx — T (1) /(51k (x,t,u)dx p\ /gk (x,t,u) dx/gk (x,t,u) dx
B B B B

It follows from the conditions of the theorem that the right hand side of equation
(6) satisfies the Holder condition. So, there exists a classic solution of problem (6)-
(7) on definition of zj (x,t) and may be represented in the form [2, p. 182]:

t
k(2,1 ://Pk (2, 4:€,7) Py (£7t)d§d7+/Fk (z,;:€,0) 0ok (£) dE—

0 6B B
- / / Th (2, 8:6,7) e (7) e (€ 1.0) + Fy (6,1, u) dédr, (9)
0 OB

where Py (x,t) is a solution of the integral equation

t
P (w,t) =2 / / M@ ti87) (‘g’: $7) b (e, ) dedr + 2 / A (@ t&:7) (?:5’7)5% (€) dé—

0 0B B

—o [ [PEBEET ) g 6 to) + e (6t gy — 2o (), (10
0 B

here £ = (§4,..,&,,) , d§ = d&;...d§,,. Tk () are fundamental solutions of equation (6)
for which the following estimations [1, p. 427, 444] are valid:

n+1 12
‘DéFk (x,t; 5,7')‘ <e (t— 7')_T exp (—02 |xt _? ) ,

/Fk (x,t;f,T)df SCS; (11)

e

2

/Défk(x,t;g,ﬂdf §C4(t—’7')7 , 1=0,1,2

where ¢y, c2, c3, ¢4 > 0 are positive constants. Assume

X = [lu =1, + Hf _?Ho

Estimate the function zy (z,t),k = 1,m. It follows from (9) that

t
ok (2, 1)) < / / Ty (2,15, 7)| | Py (€.)| dédr + / Tk (2,1, 7)) 6o (€)] dé+

0 0B B
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t

+ / / Tp (2, .6,7) [N (1) g (€. 1o0)| + | By (67 w)] dedr,  (12)
0 B
For |Py (&,t)| from (10) we get

t
ark (‘T’ t; éa 7—)
< TR S )
A<z [ |7
0 0B

+2/t/‘ark(?:5m>

|2k, (€)] dE+

|P, (€, 7)| dédr+2 / ’W
B

0 OB
(13)
At first we estimate | Py (z,t)|. Considering estimation (11), we get
t or t .
Jar [|PEGEED de <o [ oo m ar — e,
0 0B 0
/ or
t.
Jar [|PESEED dg < cotrver, (15)
0 oB

where c; > 0 depends on the problem’s data.

By the requirements imposed on input data and on the set K%, the integrand
function |\ (t) gk (x,t,u)| in the third term of the right hand side of (13) satisfies
the estimation

A () g (2t w)] < o [||[f = fllo], (2,t) €9Q (16)

where cg > 0 depends on the problem’s data.
By the conditions of the theorem, for the integrand function |Fj, (z,t,u)| we get

| (2.t )| < erllg =gl + lu —allg), (2,8) € Q (17)
Considering the estimations (14), (15), (16), (17), from (13) we get
[P (2, 1)] < s [llg —Fllo + Il — Bllo + [0 — 2] +

+egt T2 || P|lg 4 10t 2y (2,1) € Q, (18)

where c7, cg, cg, c19 > 0 depend on the problem’s data and the set K.

Inequality (18) is satisfied for all (z,t) € Q. It should be satisfied also for the
maximal values of the left hand side.

Consequently,

1Pl < cs [llg = dllg + e = Bllo + |2 — D]l ,] + cot T2 | Pl + 1ot 2x

Let T7 (0 < Ty <T) be such a number that cgt1+0)/2 < 1, Then, from the last
inequality we get:

1Pllo < 11 [lg = allo + lle = Pllo + [ = D[l] + crzt" 72, (19)
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where cq1,c12 > 0 depend in the problem’s data and the set K¢.
Similarly, for |z (x,t)| from (12) we get:

2k (2,)] < e1s [llg = Gllo + ll = @llg + [ = Dlo] + crat"F2x, (20)

where c13,c14 > 0 depend on the problem’s data and the set K.
Now, estimate the function |\ (¢)|. It follows from (8) that

e ()] < / [ (2, )| da + [P (1) / 9 (2 ) — G (2, £,0) ]\
B 0B

\ / gk (2 £, 0)| e / 9 (2, 3)| d| + [H (2)]
B B

Considering the theorem’s conditions, definition of the set K¢, inequality (20),
behaving as in deriving inequalities (19) and (20), from the last inequality we get:

e (z,t)] < e1s [llg =Gl + llo = Bllg + | = &l + I =7, ] +

+egt 2y, te o, 1], (21)

where c15, c16 > 0 depend on the problem’s data and the set K.

Inequalities (20) and (21) are satisfied for any values of (z,t) € Q. Therefore,
they should be satisfied also for maximal values of the left hand sides. Consequently,
combining these inequalities, we get

x < ar[lg =l + e = Bl + [[¢ = &l + lIr = 7ll,] + st T2y,

where cy7,c18 > 0 depend on the problem’s data and the set K<.

Let To (0 < Ty <T') be such a number that c15t1T9)/2 < 1. Then we get that
for (z,t) € B x[0,73], T3 = min (71, T3) the stability estimation (4) for the solution
of problem (1)-(3) is true.

Uniqueness of the solution of problem (1)-(3) follows from estimation (4) for

9k (.T},t,u) =9k (.T},t,u) Pk (3}) = P (x> Vg (x7t> - Ek (x7t) » Tk (t) =Tk (t)

The theorem is proved.

Remark. The similar problem was also considered for the exterior domain
Q = (R"\B) x (0,T] for which appropriate results were obtained.

The author expresses his deep attitude to prof. A.D. Iskenderov for his attention
to the paper.
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