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Abstract

In this paper we consider a discontinuous boundary value problem with spec-
tral parameter in the boundary and transmission conditions. We found simply
algebric conditions on the coefficients that guarantee the isomorphism, coercive
solvability and two-fold completeness of eigen and associated functions of the
considered problem

1. Introduction

The division of variables for mathematical physics equations with boundary con-
ditions containing oblique derivative reduces to ordinary differential equations with
boundary conditions containing a spectral parameter.

The investigation of fold completeness of eigen and associated functions origi-
nated from the work [1]. Later, the results of this work were extended by many
mathematicians (a detailed bibliography may be found, for example, in [7] and [8])
on to more recent papers on this topic we should mention the works [4, 5, 7, 8, 9].
It is necessary note that many important results dealing with fold completeness of
eigenfunctions and associated functions and its applications are found in the series
of S.Y.Yakubov and Y.Yakubov works.

Basically, it has been investigated equations with continuous coefficients standing
by the senior derivative.

In this paper, a boundary value problem is studied with a spectral parameter
taking part both in the equation and boundary conditions and with discontinuous
variable coefficients standing by the senior derivative of the equations. In this case,
the transmission conditions at the point of discontinuity naturally appear. More-
over, the considered problem is not pure differential, but in the equation contains
the abstract linear operator and also in the boundary and transmission conditions
the abstract linear functionals. Therefore, our problem is covers a wide class of
boundary value problems.

2. Statement of the problem
In the Hilbert space La (—1,0) & L2 (0, 1), the equation

L\ u=a(z)u" (x)+ (Bu) () — Nu(z) =0 (1)
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is considered with the boundary conditions

1 nik

Ly(Mu=) A* (Oé1ku(k) (—1) + But (—0) + Z Mkt ™ (1n) + leu> =0
k=0

Ju = Z A k(agku (+0) + Bopu® (1) +

Nk

+ Z 772pku ) (wopk) + TQkU) =0 (2)

and with the transmission condltlons

Ju = Z Pt (51ku (=0) + vy 5u™ (+0) + T3kU> =0

1
Li(Nu=Y MF <52ku(k) (—0) + g, u® (+0) + T4ku> =0 (3)
k=0
where a (z) # 0, the coefficients ik, B;x; Mipk» dir and v;;, € C are complex numbers;
-1 < z1pr < 0, 0 < 29y, < 1 are intermediate points; B is an abstract linear
operator and T}, are general linear functionals.

Below, W3* = W3 (—1,0) & W3™ (0, 1) denotes the space of measurable functions
belonging to the Sobolev spaces W3 (—1,0) and W3 (0,1) in (—1,0) and (0, 1), re-
spectively and C'[—1,0] & C'[0,1]denotes the set of the functions a (z), which is
defined [—1,0) U (0,1] on are continuous on [—1,0) and (0, 1] and has a finite limit
a(£0) = limg_ 49 a (z).

3. Auxiliary results

In the paper [3] we established the following proposition for estimation the norms
of solution to problem (1)-(3), which we use it for proving mean result in this paper.

Theorem 1. Assume that the following conditions hold true:

1. a(z) e C[-1,00® C[0,1]; a(—1) = a(xipr) = a(=0), a(+0) = a (zopk) =
a (1)

2. (alo Y a (— ) — 0411) (ﬁgo v a +0 + ﬁQl) 7é 0

3. ((510\2/a(—0 — 511) (’)’20\/a (+0) +’Y21) -

- (520 Va(=0) - 521) (’Ylo Va(+0) + ’Yu) # 0

4. The linear operator B acts compactly from W3 (—1,0)@W2 (0,1) to Ly (—1,0)®
Ly (0,1).

5. The linear functionals Ty, are continuous in Wi (—1,0) @ W¥ (0,1).

Then, for any € > 0, there exists R, > 0 such that under all A\ € G, for which
IA| > R. the operator L (A) : u — (L (A)u, L1 (A) u, ..., Ly (A) ) from W2 (—1,0) &
W2 (0,1) to Ly (—1,1) @C*. is an isomorphism under those A for the solution of the
problem

LNu=f, Ly(MNu=g,, y=1,2,3,4
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the following estimation takes place:

2

4
Y AP ullwg < C @) [ 1F, + Y A 194l

where G. = {)\ e C| @ <arg A < (WJ%_&)} ,w =sup{arga(x)},

w= inf {arga (z)}.
Here and below HU||W2k means

/
2 2
||U||W2’€(—1,0)@W2k(0,1) = <||UHW2k(,1,O) + ||U||W2k(o,1)> .

For the consideration introduce the functional Ly (y = 0,1, k =0, 1) defined by
equalities
Ly (A) u= ALyou + Ly u.

Theorem 2. Let aq1391 (711021 — 7¥21011) # 0, and linear functionals Tk be
continuous in the space W¥ (—=1,0) @ W¥(0,1), y =1,....,4, K = 0,1. Then, the set

_ 1 2K [ 2K
{u! u = (u1,u) € KQio <W2 (—1,0) @ W5~ (0, 1))

Lylul + LyQUQ, y=1, ...,4}

1
is dense in the space @ (W21 K(~1,00@ W)~ % (0, 1))
K=0

1
. _ 1 2K ( 2-K
Proof: Let u = (u1,u9) € @ W3 —1,0) & W57 (0,1) ). We construct

the functions vy, € C*°[—1,0] ® C°° [0, 1] such that lim, . ||v2n — u2|\L2 = 0 and
consider the auxiliary problems

a(r)u” — Nu(z) =0, Lyu=—Lyva,, y=0,..,4 (4)

where )\, = nmax {1, max |Lyovgn|2} e, ¢ € G.. Then, in virtue of Theorem

=1l,...,

1 for the solutions vy, of problem (4) it holds the estimate

4
”'UITLHW21 < CZ ])\n\_l/Q | Lyovon| < Cn~Y2%, C = constant.
y=1
Consequently, lim ||U1n”W21 =0.
n—oo
In the paper [2], we established that the set

{ue C®[-1,00 C>*0,1] | Lyju=0, y=1,...,4}

is dense in the space Wi (—1,0) @ W4 (0,1). Therefore, there exist the functions

wip € C®[—1,0] & C*° [0, 1] such that Lyiwi, =0, limy,— e [|win — UlnHW21 =0.
Now, it is easy to note that for the function uy,, = vi,+win and ue, = vy, it holds

Lyiuin + Lyouzn, = 0, limy, o0 |luiy — u1||W21 = 0 and lim, o ||ug, — U2HL2 = 0.
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This completes the proof.

4. Two-fold completeness of the eigen and associated functions

The main result of this work is the following theorem.

Theorem 3. Suppose all the conditions of Theorem 1, 2 are valid. Then, the
spectrum of the problem (1)-(3) is discrete and the system of root functions of (1)-(3)
18 2-fold comlete in the space

_ 1 2K [ 2K
{u\ u = (u1,u2) € KGEO (W2 (—1,0) & W57 (0, 1))

Lylul + LyQUQ, y=1,.., 4}

Proof. In the Hilbert space Ly (—1,0) & Lo (0,1) = Ly (—1,1) we introduce
the operator A which is defined by the equalities D (4) = W2 (—1,0) @ W2 (0, 1),
Au = a(z)u” (x)4 (Bu) (x). Then, the problem (1)-(3) can be rewritten in the form
of a system of the operator pencils, as

LN u= - u+ Au=0

Ly (A)u:)\Lylul—i—LyouQ =0, y=1,...,4 (5)

We shall use the abstract results [7, Theorem 2, 3, 4], in which the sufficiently
conditions have been found for multiply completeness of root vectors (i.e. eigen-
and associated vectors) for a system of the operator pencils. By virtue of [6, p.
258] the imbeddings W3 (a,b) C Wi (a,b) C Ls (a,b) are compact. Consequently,
for the Hilbert spaces H = Lo (—1,0) & L2 (0,1), HY = C (y=1,2,3,4) and
Hix = WE = W¥(-1,0) @ W (0,1) K = 0,1 the conditions 1, 3 and 4 of the
Theorem 2, 3, 4 in [7] are obvious.

Further, from [6, p. 350] it follows that for the S-numbers of the imbedding
operators J; = x : Hx1 — Hp the following inequalities take place,

Cin ™t <8, (J:Hgy1, Hg) < Con™t, n=1,2,..

where C7 > 0 and (5 > 0 are constants. Consequently, for any p > 1

(e.)
ZSE (J : HK—i—lyHK) < 00
n=1

i.e. the condition 4 also holds.

The principal conditions 5 and 6 which are directly connected with the problem,
hold by virtue of Theorem 1 and 2, which have respectively been mentioued above.
Indeed, condition 5 immediately follows from Theorem 1. Further, from Theorem
2, in particular, it follows that for the operator

LN u= (LN u,Li (\)u, Ly (N u, Ly (A u, Ly (N w) : Wi (=1,0) @ W2 (0,1) —

Ly (—1,0) @ Ly (0,1) & C*
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the estimate HE‘I ()\)‘ <C |)\\1/2, C' = const takes place, i.e. the last condition, 6

also holds for the operator pencils (5). Now, for completing the proof, it is enough

to apply Theorem 2 and 3 immediately follows the next important results.

Corollary: If all the conditions of Theorem 1 and 2 are valid, then the eigen
and associated functions of problem (1)-(3) is 2-fold complete in the Hilbert space
Lo (—1,1)]%.
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