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SPECTRAL PARAMETER

Abstract

In the paper, coercive solvability of a second order differential operator is
studied, two fold completeness of the root vectors of corresponding quadrature
operator pencil is proved.

Introduction. In the paper [1] published in 1951 M.V. Keldysh introduced
an important notion of n-fold completeness of the root vectors and proved a fun-
damental theorem on n-fold completeness for a polynomial operator pencil with a
principal part generated by a self-adjoint operator. In the sequel, these results were
completed in the papers [2]− [5] (detailed references is for example in [5]).

In this paper, coercive solvability by a spectral parameter and two fold com-
pleteness of the root vectors is proved for a class of quadratic operator pencils of
not Keldysh type.

Sometimes it is succeeded to replace the conditions of coerciveness or coercive-
nesss with defect of operator pencils on rays by the conditions on operator coefficients
of the pencil. In the present paper, we show that for a class of quadratic operator
pencils of not Keldysh type the coerciveness condition on the rays may be replaced
by the conditions on operator coefficients.

In the Banach space E consider the operator pencil:

L (λ) = λnI + λn+1A1 + ... + An, (0.1)

where An , k = 1 ÷ n are, generally speaking, unbounded operators. Obviously,

D (L (λ)) =
n⋂

k=1

D (Ak) for λ 6= 0.

The number λ0 is said to be eigen value of the pencil L (λ) if the equation
L (λ0) u = 0 has a non-trival solution u ∈ D (L (λ0)). The vector u0 6= 0 satisfying
the equation L (λ0) u0 = 0 is called an eigen vector of the pencil L (λ) corresponding
to the eigen value λ0.

The vectors u1, ..., uk connected with the eigen vector u0 by the relations

L (λ0)up +
1
1!

L′ (λ0) up−1 + ... +
1
p
L(p)(λ)u0 = 0, p = 0÷ k

are said to be adjoint vectors to the eigen vector u0 of the pencil L (λ).
The eigen and adjoint vectors of a pencil are united under the general name of

the root vectors of a pencil.




