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Abstract

In the paper the controllability problem is considered for the string vibration
equation with control at the right hand side with minimal energy. The solution
of the considered problem i.e. optimal control is found in the form of series
in two cases using the explicit form of the solution of boundary problem and
moments method.

Let the state of the controllable system be described by the function u (x, t) that
inside the domain Q = {0 < x < 1, 0 < t < T} satisfies the equation

utt = uxx + υ (x, t) , (1)

initial and boundary conditions

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , 0 < x < 1, (2)

ux (0, t) = 0, ux (1, t) = 0, 0 < t < T, (3)

where u0 (x) ∈ W 1
2 (0, 1) , u1 (x) ∈ L2 (0, 1) are the given functions, v (x, t) is a

control function.
In the paper, the optimal control problems are considered for the following dif-

ferent cases:
a) υ (x, t) = q (x) υ (t) , where q (x) is a given function from L2 (0, 1) and υ (t) ∈

L2 (0, T ) is an admissible control that are arbitrary function.
b) υ (x, t) = υ (t) δ (x− x0), where x0 is an arbitrary point from the interval

(0, 1), υ (t) ∈ L2 (0, T ) is an admissible controls, and δ (x) is Dirac’s function.
Under the solution of problem (1)-(3), for each admisible control υ (x, t) we

understand the function u (x, t) from W 1
2 (Q), that for any function ψ (x, t) ∈

W 1
2 (Q) , ψ (x, T ) = 0 satisfies the integral identity∫∫
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u1 (x)ψ (x, 0) dx = 0,

and fulfillment of the condition u (x, 0) = u0 (x) is understood in the ordinary sense.
These cases will be spectrately studied below.




