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MEAN OSCILLATION, Φ-OSCILLATION AND
HARMONIC OSCILLATION

Abstract

In the paper, the notion of Φ-oscillation is introduced and its relations with
mean and harmonic oscillations are studied. Bilateral estimations connecting
the indicated quantities are obtained.

1. Some estimations in the terms of mean oscillation
Let Rn denote an n−dimensional Euclidean space of the points x = (x1, x2, ..., xn),

where x1, x2, ..., xn ∈ R; B(a, r):= {x ∈ Rn: |x− a| ≤ r} be a closed ball in Rn of
radius r > 0 centered at the point a ∈ Rn; N be a set of all natural numbers, Pk be a
totality of all polynomials in Rn of at most k degree. By Lp

loc(R
n) (1 ≤ p < ∞) we

denote a class of all locally summable functions of p degree, and by Lp
loc(R

n) a class
of all locally bounded functions determined in Rn.

Let x = (x1, x2, ..., xn) ∈ Rn, ν = (ν1, ν2, ..., νn), xν = xν1
1 · xν2

2 ...xνn
n ,

|ν| = ν1 + ν2 + ... + νn, νi(i = 1, 2, ..., n) be entire non-negative numbers. Apply
the orthogonalization process with respect to the scalar product

(f, g): = |B(0, 1)|−1 ·
∫

B(0,1)

f(t)g(t)dt

to the system of power functions {xν} , |ν| ≤ k located in partially lexicographic
order (see [4]), where |B(a, r)| denotes the volume of the ball B(a, r), k ∈
∈ N ∪ {0} . We denote the result of the orthogonalization process by {ϕν} , |ν| ≤
≤ k. The system {ϕν} , |ν| ≤ k is orthogonal and normalized.

For the function f ∈ L1
loc(R

n) we put [2], [3]

Pk,B(a,r)f(x): =
∑
|ν|≤k

 1
|B(a, r)|

∫
B(a,r)

f(t)ϕν

(
t− a

r

)
dt

 ϕν

(
x− a

r

)
.

It is seen from definition that Pk,B(a,r)f is a polynomial of at most k degree.
Let f ∈ Lp

loc(R
n) (1 ≤ p ≤ ∞), k ∈ N. Introduce the following denotation

µk
f (x; r)P : = inf

π∈Pk−1

‖f − π‖Lp(B(x,r)) , r > 0, x ∈ Rn,

Ok (f,B(x, r))p : =
∥∥f − Pk−1,B(x,r)f

∥∥
LP (B(x,r))

, r > 0, x ∈ Rn.

It is known that [5]

∃c > 0 ∀x ∈ Rn ∀r > 0: µk
f (x; r)p ≤ Ok(f,B(x, r))p ≤ c · µk

f (x; r)p. (1.1)

This relation may be written in the following form as well:1

µk
f (x; r)p ≈ Ok(f,B(x, r))p (r > 0, x ∈ Rn).

1If the functions f and g are determined on the set X ⊂ Rm, the conditions f(x) = O(g(x)), (x ∈
X) and g(x) = O(f(x)) (x ∈ X) are fulfilled, this is written as: f(x) ≈ g(x) (x ∈ X).




