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Abstract
Some problems of theory of bases are considered in the paper. The known

notion for bases as a space of coefficients, natural isomorphism are carried to
the case of systems possessing certain properties

The problems of minimality and basicity of the given of the given systems of
functions in Lebesgue and Sobel spaces are very important in approximation theory.
The same problems are of great interest from the point of view of spectral theory of
differential operators. There are many papers in this direction. Some general aspect
was considered in the paper [1] in the Hilbert space L2 (a, b). In the present paper,
some problems of close systems in Banach systems are considered. The papers of
the authors [2-9] are closely related to this theme.

Some general facts. We’ll need some facts from theory of bases in Banach
spaces. Let X and Y be some Banach spaces. By L (X;Y ) we denote a Banach
space of bounded operators acting from X to Y . Accept L (X) ≡ L (X;X) . Let
{xn}n∈N be a basis in X. If T ∈ L (X;Y ) is invertible, then {Txn}n∈N also forms
a basis in Y with the same space of coefficient with {xn}n∈N .

Now, let F ∈ L (X;Y ) be a Fredholm operator, {xn}n∈N ⊂ X be a complete
and minimal in X system and yn = Fxn, ∀n ∈ N . If F is invertible, then it is clear
that {yn}n∈N is also complete and minimal in Y . Recall that the system {yn}n∈N is

said to be ω - linearly independent in Y if
∞∑

n=1
anyn = 0 is possible only for an = 0 ,

∀n ∈ N . It is easy to notice that if F is invertible, then {yn}n∈N is ω - linearly
independent. Vice versa, assume that {yn}n∈N is complete in Y . Take ϕ∗ ∈ KerF ∗

and consider:
0 = (F ∗ϕ∗) = ϕ∗ (Fxn) = ϕ∗ (yn) , ∀n ∈ N.

From the completeness of {yn}n∈N in Y we get ϕ∗ = 0, i.e. KerF ∗ = (0). Conse-
quently, F is invertible and so {yn}n∈N is also minimal and ω-linearly independent
in Y . Further, it is clear that Im F is closed in Y , moreover dim Y/ Im F < +∞,
where Y/ Im /F is a factor space and Im F is the set of values in F .

By L [M ] we denote a linear span of the set M in the appropriate space. Let
Sx ≡ {xn}n∈N , x 6= 0, ∀ Define:

Kx ≡

{
{λn}n∈N : the series

∞∑
n=1

λnxn converges in X

}
.

It is easy to notice that with respect to ordinary operations of addition and mul-
tiplication by a complex number, Kx is a linear space. In the sequel, we’ll assume
xn 6= 0, ∀n ∈ N . Introduce a norm in Kx:∥∥λ

∥∥
Kx

= sup
m

∥∥∥∥∥
m∑

n=1

λnxn

∥∥∥∥∥ , where λ = {λn}n∈N ∈ Kx




