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ON THE SOLUTION OF A FRACTIONAL
DERIVATIVE BOUNDARY VALUE PROBLEM

Abstract

A boundary value problem is considered for an equation containing a frac-
tional derivative of order 1 < α < 2 in the Riemann-Liouville sense. The
problem is reduced to Fredholm integral equation of second kind and is solved by
the approximate method.

Let a fractional derivative differential equation

d4u (x)
dx4

= λΓ (3− α) Dα
0xu (x) + f (x) , x ∈ (0, 1) , (1)

be given. Here Γ (3− α) is Euler’s gamma function, λ is a real parameter, f (x)
is a given continuous on [0,1] function and Dα

0xu (x) is a derivative from u (x) of
fractional order α in the Riemann-Liouville sense determined by the formula [1]:

Dα
0xu (x) =

1
Γ (2− α)

d2

dx2

x∫
0

u (t) (x− t)1−α dt, 1 < α < 2. (2)

We give the boundary conditions:

u (0) = u′ (0) = u′′ (1) = u′′′ (1) = 0. (3)

Under the solution of problem (1)-(3) we mean the function u (x) possessing the
following properties:

10. it has a continuous derivative to fourth order inclusively in (0,1);
20. it satisfies boundary conditions (3);
30. it possesses a partial derivative Dα

0xu (x), 1 < α < 2 in (0,1);
40. it reduces equation (1) to an identity.
We write the desired solution of the stated problem by means of the Green func-

tion of the equation
d4u (x)

dx4
= 0 with boundary conditions (3) that is represented

by the formula

G (x, ξ) =


1
6
(
3x2ξ − x3

)
for x ≤ ξ,

1
6
(
3x2ξ − ξ3

)
for ξ ≤ x.

Thus, for the solution of problem (1), (3) we’ll have the representation:

u (x) = λΓ (3− α)

 x∫
0

1
6
(
3xξ2 − ξ3

)
Dα

0ξu (ξ) dξ +

x∫
0

1
6
(
3xξ2 − x3

)
Dα

0ξu (ξ) dξ

+

+

1∫
0

G (x, ξ) f (ξ) dξ. (4)




