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THE INITIAL-BOUNDARY VALUE PROBLEM FOR
ONE SEMILINEAR HYPERBOLIC EQUATION

WITH MEMORY OPERATOR

Abstract

In this work we consider the initial-boundary value problem for one semi-
linear hyperbolic equation with memory operator. We prove the existence and
uniqueness of solutions of this problem.

Let Ω ⊂ RN (N ≥ 1) be a bounded, connected set with a smooth boundary Γ.
We consider the following problem:
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[u+ F (u)]−∆u+ |u|p u = f in Q = Ω× (0, T ) , (1)

u = 0 on Γ× [0, T ] , (2)

[u+ F (u)]t=0 = u(0) + w(0),
∂u
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t=0

= u(1) in Ω, (3)

where p > 0 and F is a memory operator (at any instant t, F (u) may depend not only
on u (t) but also on the previous evolution of u) which acts from M

(
Ω;C0 ([0, T ])

)
to

M
(
Ω;C0 ([0, T ])

)
. Here M

(
Ω;C0 ([0, T ])

)
is a space of strongly measurable func-

tions Ω → C0 ([0, T ]). We assume that the operator F is applied at each point
x ∈ Ω independently: the output [F (u)] (x, t) depends on u (x, ·)|[0,t], but not on
u (y, ·)|[0,t] for any y 6= x.

We assume that{
∀υ1, υ2 ∈M

(
Ω;C0 ([0, T ])

)
, ∀t ∈ [0, T ] , if υ1 = υ2in [0, t] ,a.e. in Ω,

then [F (υ1)] (·, t) = [F (υ2)] (·, t) a.e. in Ω,
(4)

{
∀
{
υn ∈M

(
Ω;C0 ([0, T ])

)}
n∈N

, if υn → v uniformly in [0, T ] ,
a.e. in Ω, then F (υn) → F (v) uniformly in [0, T ] , a.e. in Ω,

(5)

{
∃L ∈ R+, ∃g ∈ L2 (Ω) : ∀υ ∈M

(
Ω;C0 ([0, T ])

)
,

‖[F (υ)] (x, ·)‖C0([0,T ]) ≤ L ‖υ (x, ·)‖C0([0,T ]) + g (x) a.e. in Ω, (6)


∀υ ∈M

(
Ω;C0 ([0, T ])

)
, ∀ [t1, t2] ⊂ [0, T ] ,

if υ (x, ·) is affine in [t1, t2] a.e. in Ω, then
{[F (υ)] (x, t2)− [F (υ)] (x, t1)} · [υ (x, t2)− υ (x, t1)] ≥ 0 a.e. in Ω,

(7)


∃L ∈ R+ : ∀v ∈M

(
Ω;C0 ([0, T ])

)
, ∀ [t1, t2] ⊂ [0, T ] ,

if υ (x, ·) is affine in [t1, t2] a.e. in Ω, then
|[F (υ)] (x, t2)− [F (υ)] (x, t1)| ≤ L |υ (x, t2)− v (x, t1)| a.e. in Ω.

(8)

Let V = H1
0 (Ω) ∩ Lp+2 (Ω) and

u(0) ∈ V,w(0) ∈ L2 (Ω) , u(1) ∈ L2 (Ω) , (9)




