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ON STRONG SOLVABILITY OF DIRICHLET
PROBLEM FOR NON-UNIFORMLY DEGENERATE
ELLIPTIC EQUATIONS OF SECOND ORDER

Abstract

The Dirichlet problem is considered for non-uniformly degenerate second
order elliptic equations of divergent structure. The basic coercive inequality
is proved and the conditions under which this problem is strongly solvable in
Sobolevs anisotropic weight space are found.

Introduction. Let D be a bounded domain of n - dimensional Euclidean space
E,, n >3, 0D be its boundary, moreover 0D C C? and 0 € D. In D consider the
Dirichlet problem

Tu= Y ay @) 8%8% = f (@), M

1,j=1
ulgp =0, (2)

where ||a;; ()| is a real symmetric matrix with elements measurable in D, and for
all z € D, ( € E, the condition

py_ Xi(@)¢ <Zam <<J<u—1ZA (3)
=1

1,j=1
be fulfilled.
Here 1 € (0,1] is a constant, the functions \; (z) = g; (p ( sz |zi|),

2

—1
(T
gi (1) (%t()> , i =1,...,n. For the functions w; (t), i = 1, ...,n we’ll assume that

the following conditions are satisfied: w; (¢) are continuous and strongly monotoni-
cally increasing on [0, d] functions (diamD = d), w; (0) = 0, w; " (t) are the functions
inverse to w; (t), and furthermore

Clwi (t) < w; (2t) < Cgu)i (t) ;0 t>0 (4)

for some C7 > 0 and Cs > 0, moreover, the constants C'; and C5 are independent

i (T
of t. The function wlt()
1 < p < oo such that

J(E0) e [ (20) < ©
0 0

For the coefficients of equations (1) we suppose the following condition

@y (z) = ay; (7) eCc (D), (i,j=1,..n). (6)

Ai () - Aj ()

decreases in t > 0. There exists the numbers ¢ > n,
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The goal of the paper is to find conditions on the functions A; (x) and f (x)
(¢ =1,...,n) under which problem (1), (2) is uniquely strongly solvable in Sobolev’s
appropriate anisotropic weight space. The similar problem in the case of power
form of degenerations was studied by I.T. Mamedov [1] and his followers [2]. As
for solvability of divergent equations with degeneration (uniform) we indicate the
monographs [3] and [4]. The first boundary value problem for a class of elliptic
equations with non-uniform degeneration at the points are investigated in the papers
[5 — 6].

At first we give some denotation and determination. Let Wg 5 (D) be a Banach
space of functions u (z) given on D with finite norm

lullwy () =
- / u(@)P + 3" (Vi (@) Ou p+z A (2) A () u N 4
U — \ V7 O = VY 0

where w = (w1, ...,wn) 1 < p < co. Let Wy (D) be a subspace of Wy (D), where
in the dense set is the totality of all functions u (z) € C§° (D).

The function u (z) € Wy (D) is called a strong (almost everywhere) solution of
problem (1), (2) if it satisfies equation (1) almost everywhere in D.

Everywhere in the sequel, the notation C (.,.,.,.) means that the positive con-
stant C' depends only on the content of parenthesis.

Introduce the following denotation

n .%'—3302
ER(QZO) = {xEEn:;((w;l(Rz)))le} assume Fr = ER (0).

1. Basic coercive inequality

Theorem 1. Let p > 1, the number q¢ > n from condition (5), conditions
(1) — (6) be fulfilled with respect to the coefficients of the operator L. Then for any
function u (z) € Wgw (D) it is valid the estimate

||U||W§5(D) < ||LU”LQ(D);

where the constant C' depends on the constants in conditions (1) — (5) in domain D
and on n,p,q.
Proof. At first for an arbitrary function u (x) € W - (D) we prove the estimate

g oy < € [I1Zull ooy + el o) | (7)

under some suppositions with respect to the functions {w; (t)} : 7 = 1,2,...,n;
where the constant C' > 0 is independent of the function w(x). Assume that
E, C D for some o0 = 2779 vy € E; such vg exists by virtue of the supposi-
tion 9D € C? at the beginning. For v = vg,vo + 1, vg + 2,... we denote the set
D, = {x eD:xe ERV\ERVH} , where R, = 27%. The boundary D, is piecewise
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smooth and consists of two parts; the part lying on D and the part on the boundary
Eg,\ ER,.,. Apply a priori estimate [7]

lulhag i) < € [ Eul], g+ Mollrin | 0

where L is a non-uniform elliptic operator: for any z € G, ( € B,

:U’K’ < Z azy CC] Sp ’C‘Qv (9)

3,j=1

G is a domain with boundary of the class C?, the constant C > 0 depends on
n? p7 G7 /’L‘

For © € D,, we have the estimates p (z Zwl lzi|) < nR, ie. wit(p(x)) <
i=1
w: ' (nR,) < Cw;'(R,), where C is independent of R,. For z € D, we also

7 (2

1
have p(z) > CRy41, since ie. Jip € {1,2,..,n} |v,| > —w; ' (Rus1), p(2) =
n

. 1
Zw (|zi]) > wiy (|iy]) = wyy <nwi_11 (R,,H)) > CRy+1, where C is independent of

i=1
V.

dent of v. Then

for x € D,, where C is indepen-

n 71 p p
Z/ ( ) Z( )) / Sl e, (0)
im1 D, 8.731
wi (R ( v)
Make change x; = —+———=(;; ¢ = 1...,n inside of the integral in the right hand

l/

side,then

>, (v

where bv,, is an image of the set for the mapping x — (, the constant C is independent
of v and u (z). Treating the following integral in the same way, we get

Z/ (Vx @@ )

7,7=1
0%u

n w'—l (Ry) . wfl (Ru) p
< : 2 :
o ¢ Z ( R,Q, /Du 81‘Z81}J

i,7=1
) dzr <

@

Oz;

D).

Jerzex (]

82
O0x;0x;

p

After change of variables x — ( we get

> [, (Preve

i,7=1

82
O0x;0x;
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" (wit(R)) Pu P
<C <Z"> / dc. (12)
”Z:Ul;[l R; p, |9G;0¢;
Then (11) and (12) yield
meaﬁ
L w N (R ou |P o P
<C- Zi ) / )P ‘ , 13
]1;[1 RV J ‘ 8Cz Z a(zaC] ( )

v

where @ (¢) is the image of the function for the transform » — ¢, ie. u(() =
u(z (¢)). Apply estimate (8) to the function u (¢) in the domain D, to the operator

n

) B__ o
L¢ = Z aij (z (¢)) w1 (R,,)w-_l (Ry) . 3@:8@"

i,j=1 i J

For that, at first we notice that the operator Lis uniformly elliptic: for V( € 15,,,
n € E, we have

R? R Sy niR, \?
Zazmm] Zam( Q) — (Ry)wj_l(Ry)ninj/\;)‘l( )<WZ1 ) ;

7.7 1 ,j 1 wi (Rl/)
(14)

2
where a;; (¢) = ai; (z (€)) o1 (R ])%:;1 (R )
w (R

2
Hence by the fact that for ¢ € D, it holds ); (z (¢)) < (ZRV)> , it follows

n
from (14) that Z a;jn;n; < In|?. Then
ij=1

g < € [[ET O[], 5 I 5]

where the constant C' > 0 is independent of v and u (x). By the last estimate from
(13) we get

el m<CH( )[Ww V~)HWM&®J§

Lp(D,

< ClILullfop,) + lullfep,
) )

Summing up all the inequalities over v = v, vg + 1, vo + 2, ... we get
lells s,y < € (1Eulas,) + ulags, )] - (15)

The same inequality holds in the domain D\ E,. Since the operator L has no
degenerations in it , then by the Schauder inequality [7] up to the boundary and
smoothness of the boundary of domain D\ E,, we have the estimate

lellfs oy < © (Il prgy + 100 o) | (15")
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From (15) and (15') we derive the estimate
lellys oy < C (1) + Nl (16)

Here, the constant C depends only on n,p, operator L and domain D. In ob-

taining estimate (15)we used that
n _
Lr(D,) 1;[ ( ) .

(5 [l

p
- R? 0%u B
' D/ S i ™ O g | -

p
n

0%u
/ S aij (@) 5| da = [[Lull?, -

=1 ( ) axzal‘]
D, |YW=

By means of the Alexandrov inequality [8] we have

Lu

sp fu (@) < C@) | =

: (17)
zeD (D)

where C' depends on the operator L,n and d. Now, show that it holds the estimate

gy < C 1Ll

2,%

(18)

j=1
Then

n —1 2
Indeed, det A (z) = [ A; () = [ [ <wjp(p(x))> .
j=1

1/n

sup |u(z)| < C /|Lu|dx

zeD

where C'is independent of u (x). Hence by the Holder inequality with the exponents
9 and -4 for q > n we have

1/q
dz q
su]p:)) lu(x)] <C — . |Lu|? dx : (19)
Te
D
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Show that the second multiplier in (19) is bounded. By the assumption on the

Wi (t)
t

function

it decreases with respect to ¢ in (0,00) for each i € {1,2,...,n}.

Wi (1)

Therefore, the function —

will be an increasing function on (0, c0). Indeed, for
any to > t1 we have

(20)

Let 79 > 71 > 0 be arbitrary numbers. Assume in inequality (20) to = w;l (T2),
t1 = w; (71). Then for them we’ll have ty > t;. Therefore

w; (wi_l (TQ)) < wj (wi_l (Tl))

wi ' (72) wi ' (1)

or

Wit (ra)  wit(n)

T2 T1
wit
i.e. the function — increases. For x € D we have
1 1
q = 2q ° (21)
n q—n n 1 q—n
H Aj () H w; " (p(z))
o o P
n
By the inequality p(z) = ij (lzj]) > wi(|zi]); ¢ = 1,2,...,n and that the
=1
wit '
functions — increase, we have
q 29
: (el )
1% @ < (I (””) : (22)
J=1 j=1 ‘.T]’
From (19) and (22) we find
1/q 29 L];Tn

sup |u (z)| < C /]Lu\qu
zeD b

\
—=
N
&
_Q.
Bl=
= |8
=
N
ISH
8
INA

" w; ! (d) 1/q

<c ][ /<wjt(t)>2dt -D/|Lu|qda:

J=1 D
Hence, allowing for condition (5)

sup u(z)] < C(d) [ Lull papy - (23)

xe
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where the constant C' (d) is independent of the arbitrary function u ().
Now, by estimates (16) and (23) we have

llly 0y < C [IZull o) + 1Ll ooy
By the boundedness of the domain D and the Holder inequality
[ Lull Lo (py < (mesnD) 7 || Lul| Loy - (24)
From (24) we get the inequality
lullwe by = CllLullLacpy - (25)

where the constant C' is independent of u (z).
Theorem 1 is proved.

2. Strong solvability of the first boundary value problem
Theorem 2. Let in the bounded domain D C E, with a boundary 0D C C? the

n
82
coefficients of the operator L = aii (r) ———
fficients of the op X w05
determined. Then boundary value problem (1), (2) is uniquely solvable in the space
W3- (D); the number q > n is determined by condition (5). For the solution the
following estimate is true

satisfying conditions (1) — (6) be

”uHI/V;(;(D) <C ||f”Lq(D) ) (26)

where the constant C' depends on the constants in conditions (1) — (6), on domain
D and dimension of the space n,p,q.

Proof. For each 0 > 0 we set II, = {z : p(x) < o}. Without loss of generality,
we’ll assume that II; € D. Let for the natural numbers m

o { )\1(26) ) if xED\Hl/m
i [w;l(l/m)] if

1/m .’EGHl/m

n
82
Consider the operator L™ of the following form L™ = ”2;1 ai? (z) 9203’ where
aii (x) = /A" (2) AT (z)ag; (z), i, = 1,...,n. From the uniform ellipticity and
condition (3). for it we have

P N (@)<Y al (@) ¢ < Tt Y A (2) ¢
=1

i,j=1 i=1

P

Introduce the spaces W} _n (D) and Wy gm (D) with change of the system of
functions {\; (x)} by {A\" ()}, i = 1....,n. By means of the reasonings similar to
above mentioned ones we can show that the inequality

lullws ...y = CllLullpogpy, m=1,2, ... (27)
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is fulfilled for any function u (x) € WJ _m (D).
Here, the constant C' is independent of m and u (z).
Consider the family of Dirichlet problems

L™u™ = ", x e D;u™|yp = 0. (28)

Then problem (28) has a unique solution u™ € W} . (D) by [7,9] (since the

-1
(T
operator L™ is not degenerated). By increase of the function i t( ), the space
W2 -m (D) C Wy - (D). Therefore,
||um||W§:)(D) = ||um||W§$m(D) <C ||L“m||Lq(D) =C HmeLq(D) (29)

Here, {f™} is some sequence approximating the function f in the norm of the
space L7 (d), ie. [[f™ = fllpa(py — 0 as m — oo. Then HumHW;G(D) < k, where
k > 0 is a number independent of m. The sequence {u™} is bounded by the norm of
the space Wg 5 (D). Then from this sequence we can isolate a converging subsequence
{u*} that weakly converges to some function u € Wg 5 (D). Then, for any function
¢ € C§° (D) it holds the equality

klim () Lu™dx = /g@Ludm, (30)
D D
klim /fm’fgodx:/gofdx. (31)
D D

On the other hand

/gp (z) Lu™*dx = / (L — L") u™* pdx + /Lm’“um’“goda: + /fm’“ edx,  (32)

D D D D
and also
92um
/(L - LM (@) de) < © A (@ 8@8%
D Ty D971
< C el () 19 o ()
S CIf ™ Npapy - el Lo jmy — 0, asm — oo (33)

It follows from (30)-(33) that

/Lucpd:z = /fcpdx
D D

Hence, from Lu — f € L9(D) and density of the class of functions C§° (D) in
L1 (D) we get
Lu=f ae x€D.
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i.e. u(z) is a strong solution of the Dirichlet problem. Estimate (26) follows from
inequality (29) and weak convergence v — u in W2~ (D) (we used the inequality

lim ||@.,|| > ||z| for the sequence {x,,} weakly converging to = in Banach space).
m—00
Above we implicitly used the following reasonings. From the belonging of u €
W3- (D) it follows ug,u,, € L' (D) by the fact that from (5)

v (d)

Z/ <wit(t)>p/ dt < oo

0

for 1 < p’ < q. Then, by the Holder inequality

1/p
D/ i, o < [[ (V% @ @ i) o (D/ T

By lack of increase of the functions wzt( ) and that \; (z) = [W

1/p'

=

—

<

—~~

8

~

1
£
@

have \; (z) > il therefore

Z il
[ ey <[ Cor) () -
w7l (d) w; L (d)

(7 ey a) () <a
0 0

where C is independent of u (x). Then from (34) we get

1/p

p
[lusslde<c | [ (Vr@n @) de) < Cluy o @
D D

Taking into account (35) in all i,j = 1,...,n for all u € WY~ (D), f € L9(D)
well have Lu — f € L' (D). Then, from the identity

/(Lu—f)gpd:c:O

D

for any function ¢ € C§° (D) we extract the equality
Lu=f ae z€D.

We can justify it by the following way.
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Let ¢; be a sequence of averagings by means of any smooth positive kernel with
a compact support of the function F' () = sgn (Lu — f). Then ¢; — F a.e. x € D,
where ‘gpj‘ <2 a.e. x € D (see for example [10]). Therefore,

/goj(Lu—f)dxzo, j=12 ... (36)
D

By means of the Lebesgue theorem we pass to limit as j — oo in equality (36).

Then we get / |Lu — f| dz = 0, whence it follows F =0 a.e. x € D.
D

Theorem 2 is proved.
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