Transactions of NAS of Azerbaijan 5

MATHEMATICS

Aynur R. AHMEDOVA

CONSTRUCTION OF TRANSFORMATION
OPERATOR WITH CONDITION AT INFINITY FOR
STARK’S EQUATION

Abstract

The existence of a transformation operator taking the solution of the unper-
turbed equation to the solution of the perturbed equation is proved in this paper.
The proof of this fact is based on constructive Riemann function.

Problem statement and formulation of results.
Consider the equation

y'+lr+p@))y =Xy (1)

on a semi-axis 0 < z < oo, where y (z,\) is an unikown function. Here we give a
condition on the existence of B. Ya. Levin type transformation operator [1].
Theorem 1. Let the following conditions be fulfilled:

a) the function p(x) is continuously differentiable on a semi-axis 0 < x < 00;
- ;

3
b) there exists an integral of the form py (z) = [ (1 + a)* eV2a” Ip ()| dev.

x
Then for any X\ with Im A > 0, equation (1) has the solution 1 (x,\) with the
condition

lim ¢ (2, 0) 95 (2,0) =1 (2)

and there exists a kernel K (x,t) such that

¢($7)‘) :7/’0 (ZII,)\)+/K(1‘,t)1,Z)0 (ta)‘)dta (3)
moreover the kernel K (x,t) and its first order derivatives satisfy the inequalities
1 t o
1)K (2,6)] < 3o (“"”‘; > en (%), (4)
where
% . 3}
() = [+ ey eV p(a)]daj = 0.1 )

T

3) K (x,t) satisfies the differential equation

Kip — Kjy+ (z —t) K = K (2,t) p (¢) (6)
and the conditions -
1
K (at) = [p(@)da (7)
0K
K (z,t)=0forx >t lim K(z,t)= lim — =0 (8)

t+x—00 t+z—o00 Ot



6 Transactions of NAS of Azerbaijan
[A.R.Ahmedova/

Proof. Reduce problem (6)-(8) to an integral equation. To this end we reduce
equation (5) to the canonical form. For that we make up the characteristic equation
% (dt2 — dx2) = 0. This equation admits two different integrals

t—x t+x
=, —~=C
2 b 2
Consequently, we have to introduce new variables £ and n by the formulae
t+x t—x
=& g ==L nt=8+

It is obvious that

PK 1K 19K +182K
ox? 4 9¢2  2060n 4 on?’
PK 182K+182K +182K
o2 492 2080n 4 on?’

Assuming
t+x t—x
vien =v (S5 I5T) =K @ = K (e ng ),
for this function we get the following equation
0%U (&,m)
LU)= ——>+2qU =U 9
) ocon T2 (&mn) =UE&mn)p&mn) (9)
and the boundary conditions
1 [e.e]
U0 =, [p@) s, (10)
£
Elim u(&,m) =0 for a fixed n > 0. (11)

Introduce the Riemann function [2] R (&, n; &y, 1) of the equation L [U] = f(§,n),
where

1
F&n)=3U(En)p(En), (12)
i.e. the function satisfying the equation
2R 0<n<mng
L*[R]E8 3 +2nRS & <E< 0
£on 0<n<¢

R(&m&omo)le—e, =1 0<n<nyg
R(&m:€0:m0) |y, =1 &0 S < 00

Now, apply the Riemann method [2] to equation (9).
We assume that the right hand side of equation (9) is temporarily known. It is
abvious that

Lo aX oy
2{RL[U] - UL" [R]} = 5+ 5 (13)
where oU  OR oU R
x=p% 22 y_p% _y2t

/3 o on on
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Integrating the both hand sides of identity (13) with respect to the domain Dy
and using the known formula [3], we get

ffﬂ'aﬂmM—/w&—me
!

where [ is a contour of the domain D,

I =AM + MP + PQ + QA.

2£{RL[U]: /+/+/+/ (Xd¢ —Ydn).

AM MP PQ QA

So,

Along AM we get
ou ou > e

Xd¢ = 42 ff ( — U=
AM 2 %

We can rewrite the integrand function in the form

oU oU 0 OR
5 Uge =g UR —2U g
then,
ou aU OR
[ (r% -ve ) de= @y - wr,—2 [oliae aw
AM AM

where for example, (UR),, is the value of the product UR at the point M. In the
same way, integration with respect to M P will give the following result

—AZPde_—/[aa (UR)—QUgﬂdn_

(UR)p — (UR) —2/Udn (UR),, — (UR), +2/Udn (15)

Now, consider the integrals along the straight line PQ)

[ [ (e~ ) -
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= |(UR), — (UR) —2/RaRU = (UR)p — (UR)Q+2/R8(;§Ud§. (16)
PQ

Along the straight line QA we have

/ng / (RaU _ U6U> dn = (UR)y — (UR) , +2 Raagdf. (17)
0A

Considering formulae (14), (15), (16), (17), we get:

n

I3 To

oU
/%/R@mfmmkﬂémdn—/R@ﬁim%) (€,0)
&o 0

oE e -

o

o o
—/U (E, 77> o <€7:97;]§07 770) dn — U (€9, m0) R (§05 05§05 10) =

0
=-U (27 7)0) R @07770;50»770) (50 <g< 5) ’

Passing to limit as £ — oo and taking into account the condition Elim u(&mn) =0
— 00

we get that the limit from the right exists and equals 0. Consequently, there exists
a limit from the left as well. Therefore, we have

oU (€,0)

« @+/@/ (€3 0,10) £ (€.m) dy

& 0

U (§o,m0) = /R §,0:0,M0)
Taking into account formulae (10), (12), we get

U (€0,10) = /Rfo%md(®%+

£
100 Mo
+2/d§/U(fﬂ7)P(§+W)R(§777;§07770)d77- (18)
o 0

Thus, for solving problem (9)-(11) it suffices to solve integral equation (18) with
respect to U (&g, 1) -

To investigate integral equation (18) we’ll need the obvious form of the Riemann
function (&,n; &y, ny) that is a solution of the problem:

2R 0<n<n
260 +nR=0<¢ & <éE< o0 (19)
con 0<n<é§

R(fa??;&)a??o)|5:g0 =1 0 S n S Mo (20)

R(fﬂ%foﬂ?o)’n:no =1 {H=<f<oo (21)
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[Construction of transformation operator]

Introduce new variables by the formulae

52517 77:\/>17

| B . OR _ ORd, _OR
R(&m;&0,m0) = R <§17W’ &1 \/7771)> odE T dédg, dEy

then,

O?R  0*R dn, PR [(dnp\'  O°R
ch) = 2, /771
dgon ~ d&dmy dn — dg,0m; \ dn dg,0m,
Therefore, equation (19) is rewritten in the form:
2 0 /.0
2R (&,1; €0, 10) R(fl,\/ﬂ;él, 771)
0 2 2 R = 2 + v - R.
o6 26,0, Vi
Thus, we reduced problem (19)-(21) to the form:
0’R
R A/mi ] =0 19
dfla m + (513\/77517 > ( )
Rle g =1 )
R|771=?7(1) = 1. (21")
We'll look for the solution of equation (19) in the form:
R=Glw(&,m)l,
where
w = 517771 \/2 77(1)) = )‘7
G (w) is a differentiable function.
It is obvious that
R _0G 0w,
9 Ow g’
PR PG owow 0G Pw 2 1

ol
[N}
>

= 4= =
9€,0n,  Ow? 0§ 9y 0w 06,0, 4 2 (& — €9) (i, — n0)]
Then, for G (\) we get the equation
1
G"(\) + XG’ MN+GN) =
It is known that the Bessel function
)
i (

is a special solution of this equation.

It is obvious from the last one that having taken R = Jy (), we’ll get such a
solution of (19')that reduces on the characteristics £; = 5(1), n1 = nY to a unit, since
in this case A = 0.
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R (60 vimseh /iR = /26 ).

Taking into account change of variables £ = &, n = /11, we get

Thus,

R(&m580,m0) = JO\/2 (€ —%o) (772 - 77%)'

Now, investigate integral equation (18) by the sequential approximations method

[e.9]

U (€0,m0) = 5 [ RE.0: €m0 (©)
o
Un (€0,10) = /d&/ U1 (€.0) P (€ + 1) R (€173 E00m0) d
&o 0

The following estimation for the Bessel function is known [2]:
|me‘

v+1

o (@)] < |

for any v > ——.
Since & > &, n < ny we have

R(&m:€0:m0) = Jo [Z\/2 (&= &) (n5 — 772)} ‘

Considering estimation (22), we have:

100
U €00 < 5 [ 16 0560,m0)] Ip (€] de <
£o

< ;/‘e\/@?ovf—fo Ip (€)] dé < /‘ V2191/€-&o

€o €o

Ip ()| dE.

Here we take into account that £ > &y > ng > .
Consequently, for the first approximation we get an estimation of the from

U (€9rm0)l < 30 (o), (23)

Ip ()] dex.

where p (&,) —1f‘\[a0

Estimate the second approximation

o0

Mo
U1 (Egvm0)| < /dg/wo (&M [P (€ +m)| R (&, m: €,110) dy <

& 0
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/d{/ VIP(€+n)|e V2(€=&0) (m3— d77<

< df/lP (€ + 1)) e/2VEM gy < fo/mdg/w»smmn
o 0

Having made change of variables £ +n = (3, we get

§+no

Mo o)
[P (E+n)ldn= [ |[P(B)dE< [ [P(B)dB.
O

Hence we have
o

[P (§+mn)ldn<o(), (24)

where o ( f |P(B)|dB.

Therefore

1U1 (§0570)] §)d¢ < 70(50) (25)

where p (&) = fe‘[o‘ () dav.
€o
Taking into account (25), we estimate the third approximation

o0 Mo
1Us (€0,110)| < /dfeff%/ (©)7(©) P (& +n)ldn <
o 0

) 5 "o
< 28] [oh56)ag [ 1P 6+ )l
¢ 0

since & > &g > 1y > 7.
Taking into account (24), we get

U2 (€0, m0) p(§)dg.
It is obvious that
4p(©) =d [ o (@) da = V™o (6)dg (26)
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Therefore
00 (6.0 < 28017 0) (27)
The validity of the following estimation is prove(i by the mathematical induction
method
U Egvo)| < 2L P2 180) (28)

Considering (23)-(28), we get the absolute and uniform convergence of the series

507770 ZU 507770

in any finite domain of variables £ and n subjected to the condition 0 < 1 < & and
for the sum U (), 1) of this series the following estimation is valid

01(60)

U (§o,m0)| < (fo) ) (29)
where
(&) = [ard p(@)da, (=0.1) (&) = 0 (&)
o
It directly follows from estimation (29) that
1 (t+w x+t
< Z,( 1= il
Kt < 5o (5 e | 55 (30)
where

o0

o, (x) = / 1Y% () da, (G=0.1), polx) =p(x).

x
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