Transactions of NAS of Azerbaijan 41

Mehdi K. BALAYEYV, Sasun Ya.YAKUBOV

COERCIVE SOLVABILITY OF QUADRATIC
OPERATOR AND DIFFERENTIAL PENCILS BY
SPECTRAL PARAMETER

Abstract

In the paper, coercive solvability of a second order differential operator is
studied, two fold completeness of the root vectors of corresponding quadrature
operator pencil is proved.

Introduction. In the paper [1] published in 1951 M.V. Keldysh introduced
an important notion of n-fold completeness of the root vectors and proved a fun-
damental theorem on n-fold completeness for a polynomial operator pencil with a
principal part generated by a self-adjoint operator. In the sequel, these results were
completed in the papers [2] — [5] (detailed references is for example in [5]).

In this paper, coercive solvability by a spectral parameter and two fold com-
pleteness of the root vectors is proved for a class of quadratic operator pencils of
not Keldysh type.

Sometimes it is succeeded to replace the conditions of coerciveness or coercive-
nesss with defect of operator pencils on rays by the conditions on operator coefficients
of the pencil. In the present paper, we show that for a class of quadratic operator
pencils of not Keldysh type the coerciveness condition on the rays may be replaced
by the conditions on operator coefficients.

In the Banach space E consider the operator pencil:
L) = XTI+ XA+ ..+ A, (0.1)

where A, , kK = 1 +n are, generally speaking, unbounded operators. Obviously,
D(L(N)= () D(Ag) for A #0.
k=1

The number Ao is said to be eigen value of the pencil L (\) if the equation
L (Mo) w = 0 has a non-trival solution u € D (L (Ag)). The vector ug # 0 satisfying
the equation L (A\g) ug = 0 is called an eigen vector of the pencil L (\) corresponding
to the eigen value Ag.

The vectors u1, ..., ur connected with the eigen vector ug by the relations

1 1
L (o) up + FL’ (Xo) Up_1 + .. + ]SL@)(A)UO =0, p=0+k

are said to be adjoint vectors to the eigen vector ug of the pencil L ()).
The eigen and adjoint vectors of a pencil are united under the general name of

the root vectors of a pencil.
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The point p of a complex plane is called a regular point of the pencil L () if the
operator L (1) has a bounded inverse L~! (m) determined on the space.

Completion of regular points set in a complex plane is said to be spectrum of
the pencil L (\).

A spectrum of the pencil L ()\) is said to be discrete if

a) all the points of A not coinciding with eigen values of the pencil L ()\) are
regular points of the pencil L (\);

b) eigen values are isolated and have finite algebraic multiplicitics;

¢) infinity is a unique limit point of eigen values set of the pencil L ()).

Below, L~! (\) is written only in regular points of the pencil.

In the Banach space E consider the Cauchy problem:

L(D)u=u™ )+ AuD @) + ...+ Ayu(t) =0, (0.2)
ulg) = Vep1, k=0+(n—1), (0.3)
where ¥;41 are the given vectors from F.

The function w () of the form

e th=1 t
0 — R
u(t)e <l<:!u0+ (k‘fl)!ul—’_m_}_ 1!uk_1+uk> (0.4)
is a solution of equation (0.2) iff ug,u,..,u is a chain of the root vectors corre-
sponding to the eigen value A\ of pencil (1). The solution of the form (0.4) is called
an elementary solution of equation (0.2).

Natural desire to approximate the solution of problem (0.2),(0.3) by linear com-
binations of elementary solutions of (0.4) leads to the fact that the vector (¢, ..., 9,
should be approximated by linear combinations of vectors of the form

(u (0,4 (0), ..., u™™D (0)) . (0.5)

The system of vectors (0.5) is called a Keldysh system of the pencil (0.1).

Let Ei, kK =1+ n be Banach spaces continuously imbedded into F.

The system of the root vectors of the pencil L (\) is called n- fold complete in
Eq x ... x B, if the Keldush system (0.5) of the pencil L () is complete in the space
FEi x..x E,.

The lower bound of the numbers 7 satisfying the estimation

YL W s,y SO A€ Gay)
k=0

|A| = oo, where G (a, ¢) is an angle of complex plane centered at a and with angle
¢ is called a defect of coerciveness of the pencil L (\) at the angle G (a, ¢).

Now, cite a theorem from [7, p. 430, II] .

Theorem A. Let
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1. There exist Hilbert spaces Hy, k = 0+ n, for which compact imbeddings
H,CH, 1C..CHy=H hold

ﬁk}Hk_l =Hp 1,k=1+n
For some p >0, J € o, (Hp, Hy—1), k=1+n
The operators Ay, k=1 -+n from H to H be bounded.

There exist the rays Iy (a) with angles between neighboring rays no more than

Guds Co e

m/p and integer m such that

= < O™ A el (a), [\ - .

Mg,

Then the spectrum of the pencil L (\) = AT 4+ X"t A; + ...+ A, is discrete and
the system of the root vectors of the pencil L (\) is n-fold complete in the space
H, x H, 1 x...x Hy.

1. Coercive solvability by spectral parameter
of quadratic operator pencils
Consider a quadratic operator bundle

L) =NT+ XA+ A)+(B+By), (1.1)

with unbounded operators A, A1, B, By.

Theorem 1.1. Let

19, The operator A in the Banach space E be invertible the operator B in E be
closed;

20, There exist the numbers o € (0,1], 3 € (0,1] such that

IR\, —A)|| <cA™* A€ S, |\ — oo,
RN\, —BA™)| <P xes, A — oo

where S is a set of complex plane diverging to infinity;
3% a+p>1, D(B) DD(Az) and for any € <0

1Bull < e [[ A% a2 + e () Jull, u e D (4%)
49, Ay be an operator in E, D (A1) D D (A) and for any € <0

1Avu]l < e | Au| P [ul77F 4 ¢ (e) [full, uw € D (A);
50. By be an operator in E, D (By) D D (B) and for any

2—a

=B
2

atf
[Brul| < el|Bul| =" [lull +c(@)lull, we D(B).
Then for all X € S, |\| — oo the operator

LA =XNI+XA+A)+ (B+B),
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in E is invertible and it holds the estimation
A2 0|+ NP JAZTE OO ||+ PR | BT (V| < ¢
AeS, |A] — oo
Proof. Show that for a pencil
Lo(A)= (M +BA Y)Y (M +A) = NI+X(A+BA ) +B (1.2)
it holds the estimation
AL ]+ A ALGT () +
HINP2BL (W] <0, A €S, A — o (1.3)
By condition 2° and representation
1

Lot (N =M+ A" (M +BA™Y”

the first two summands in (1.3) are easily estimated.
Since from (1.2) we have

BLy'(\) =1—-XLy'(\) =X (A+BA™) Lyt ()
for A e S, |A| — o0
N2 BLGT )] < P2+ I LG ()] +

N (AL )|+ [BA% - | ALG () < €

So, estimation (1.3) is proved.
Since the perturbation operator pencil is of the form

Li(A)=L(\) —Lo(\) =\ (A1 — BA™") + By, (1.4)

then by conditions 3°,4°, 5° and estimation (1.3) for A € S, |A\| — oo and any € > 0
we have
A1 (A = BAT) L | + [ BLe" ] < I ([A1Lg™" ] +

2—a—p0

Hpaz o) +< 1855 W 155t 7 + el 125" )] <

< Weflazg I LG P e flazg )|
< ALY WP e @ |ATT L V)| + e (6) + (o) | L W) <
<Ce)+C )N
So, for A€ S, [\ — o0

|Z1 (V) Lyt V)| < [|[[M(A1=BA™) + Bl Lyt (V)| < g < 1. (1.5)
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Then it follows from (1.4) that for A € S, |A\| — oo the operator L (A) in E is

invertible and
LN =Lt W [T+ LV L' ]

Hence, by (1.3) and (1.5) we have
IS O]+ IAPHALTE ) + AL ] < ¢

for A € S, |A| — co. The theorem is proved.

2. Two-fold completeness of root vectors
of an unbounded quadratic pencil
Let the operator A act in the Hilbert space H with domain of definition D (A).
Convert D (A) into the Hilbert space with the norm:

1
lellzeay = (14wl + 1al®)

where ||-|| is a norm in the space H.

Theorem 2.1. Let

19. Operator A in the Hilbert space H be invertible and have a dense domain of
definition; the operator B and H be closed;

20, D(A) > D(B),W‘H(A) = H(A) for some p > 0, J € o, (H(A), H),
J €op(H(A),H(A))

30, there exist the rays £, (a) with angles between the neighbering rays no more
than 7/p and the numbers o € (0,1], B € (0,1] such that

RO =A< T, Aelp(a), A — oo,
R\, —BA™D|[[<CIN?, xet(a), [N — oo
4% a+B>1, D(B) D> D (A?) and for any £ > 0
1Bull < e | A% ul 2 4+ o (e) ful, e D (4%);
50. Ay be an operator in H: D (A1) D D (A) and for any ¢ > 0
| Avull < e [[Aul]** 7 ul| 72727 4 e (e) |Jull, w € D (A)
6°. By be an operator in H,D (By) D D (B) and for any € > 0

—2—a—0

atf
[1Biul| < el[Bull 2 |lul =2 +c(e) fJull, we D(B).

Then the spectrum of the pencil (1.1) is discrete and the system of the root vectors
of the pencil (1.1) is two fold complete in the space H (B) x H (A).

Proof. Apply theorem A to the pencil (1.1).

By 19,20 for Hy = H (B), H; = H (A), Hy = H, conditions 1-3 of theorem A
are fulfilled.
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By theorem 1.1. conditions 4 and 5 of theorem A are also fulfilled.

There by, all the conditions of theorem A are fulfilled and consequently the sys-

tem of root vectors of the pencil (1.1) is two fold complete in the space H (B)x H (A) .

3. Coercive problems for in principle weightless
ordinary differential equations

The problems both for ordinary differential equations and weightless partial dif-

ferential equatons have not been almost investigated. Here we investigate regular

problems for a class of in principle weightless ordinary differential equations with

quadratic spectral parameter.

3.1. Coerciveness of the problem. Consider a problem with a quadratic

spectral parameter
L(\)u=Nu(z)+ X (au@m) (z) + Alu) (bu( )+ Bl“) = f(2),

for p < m with conditions
Ny
Lyu = o, ™) (0) + B,ul™) (1) + Z 8™ (k) + Tyu = 0,
k=1

v =1-+2m, and for m < p < 2m additionally
Lomysu = L, u® =0, s =1+ (2p—2m),

where m > 1, x,;, € (0,1), 1 <wvg < 2m.
Theorem 3.1. Let
1.a#0,b#0, m>1, m, <2m —1;

2. p<m
my
i anwit Brwint . Brwsy,
01 =1 e #0,
anwl mam -OéQmw mam ﬁ2wm+1 52wm2m
T s
i— i— (2m—1)
where w1 =1, wo=€e M, ... ,wo, =M

3. for m < p < 2m, in addition 81 # 0, my, < 2p—2m+1 and

mV1
alllsl ﬁle p—m+1°
Oo = | £0,
Y2p—2m mV2p—2m
Qg om 51 ..ﬂ,/zp_Qm Sp—mt1
T
i i (2p—2m—1)
where s1 =1, s9=e P~ . Sop—om =€ P~

(3.1)

(3.2)

(3.4)

4. The operator Ay from W2m (0,1) in Ly (0,1) is compact where q € (1,00).
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5. The operator By from W7 (0,1) in L, (0,1) is compact;

6. for somen € [1,00) the functionals T, in W' (0,1) are continuous.

Then for any € > 0 there exists R x * such that for all complex numbers \ for
which [\ > R and A € G (0,mm — 7+ arga+ e, mn + 7+ arga — ) for p < m;

A€ G(0,mr—7m+arga+e,mr+7m+arga —e)N

NG(0,(p—m)m —7+argh—arga+e,(p—m) 7+ 7+ argh — arga — ¢)

for m < p < 2m, problem (3.1)-(3.8) has a unique solution u € Wq2m (0,1) N
W29(0,1) and for these A for the solution of problem (8.1)-(3.3) it holds the esti-

mation

|>\|2 HUHLq(o,l) + Al ||“”Wq2m(0,1) + HuHqup([)J) <c ||f”Lq(0,1) .

Proof. In order to reduce the problem (3.1)-(3.3) to the operator pencil to
which the results of 1 of theorem 1.1 are applicable, in L, (0,1) we introduce the
operators A, B by the equalities

D(A)=W>™((0,1); Lyu=0,v=1+2m),
Au = au® (z) + wu (z), w e ¢,
D(B)=W7"((0,1); Lyu=0,v=1=2p).
Then problem (3.1)-(3.3) is reduced in the space Ly (0,1) to the equation
LNu=XNu+A(A+A)u+ (B+B)u=f. (3.6)

From conditions 1.2 and 6 by theorem 2 [8] it follows that the operator A for
some w € (' is invertible i.e. it satisfies condition 1 of theorem 1.1. Theorem 2 [§]
also yields that for

AeS =G(0,mr—m+arga+e,mr+m+arga—e), |[A— oo,

IR (X, =A)| < e[A™, (3.7)

i.e. the operator A satisfies condition 2° of theorem 1.1 in the set Si.
For p < m the operator BA™! in L, (0,1) is bounded. So, for all |A\| — oo

1B (A =BAT [ <clA ™,

i.e. the operator BA~! satisfies condition 2° of theorem 1.1 in the set So = ¢'.
Now, consider the case m < p < 2m. Since for 2m < k, u € W(f_zm (0,1) it
holds the estimation

DFA Yy = g 1 DF2m [(aDQm + w) — w] A7y = a1 DF2my — wDFT2m ATy,
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then for u € D (BA™!) C WZP~2™ (0,1) we have

BA 'u = ba D72y — b DI ALy, (3.8)
and for s = <+ (2p — 2m)

Lomys A~ u = a”! <apsu<mps> (0)+ B,,u™) (1) + 3 6, (™) (aw) -
k=1

—w (aus [Dm”s Ailu] w0 T Bu, [Dm"s Ailu] oot T Z Ou.k [Dm”SAflu] x—:cyk) +
k=1

+T,, A" .
Obviously, the functional aLg,,+sA™! is of the form
Lou = aLomys A" u = ay, u™:) (0) + ﬁysu(mus) (1) +
N,

+ Z 8y k™) (2, 1) + Tuu,
k=1

where the functional

TsU = —aw (O[Vs [Dmus Ailu] =0 + BVS [‘Dmys Ailu} =1 +
NVS
+ Zéysk [Dmus A_lu] —— + CLTVSA_IU
k=1

is continuous in L, (0,1). So, the operator BA™! is defined by the equalities
D (BA™Y) = w2p—2m ((0, 1), Lou=0, s=1= (2p— zm))

in (3.8). By conditions 1.3 and 6, to the operator BA™! we apply the norm 2 [§],
whence it follows that for
AE Sy =

=G0,(p—m)mT —m+argb—arga+e,(p—m)mT+ 7+ argh—arga —¢€),
A = o0
|R(\,—BAY|[[<C N, (3.9)
i.e. the operator BA~! satisfies condition 2° of theorem 1.1 in the set Ss.
Show that condition 3% of theorem 1.1 holds i.e. D (B) D D (A?) and for € >0
|Bul| < e||A%u + C (¢) |ull, ue D (A?).

In fact, it follows from v € D (AQ) that u € D (A), Au € D (AZ). Consequently,
Lyu=0, L,Au = aL,u®" + wL,u =0, v =1+ 2m. So, the function (z) satisfies
both the conditions (2.2) and (3.3), i.e. u € D (B).
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On the other hand, by the known estimation [9, p. 145]

g <l

Lo (0,1)

Lo (0.) +C (@) lullp, 0,1y %

for u e D (AQ) we have

1Bully,, 0.1y < C Hu@p)’

<elu)

Lq(0,1 Lq(0,1)

+C () HuHLq(O,l) <€ HAQuHLq(O,l) +C(e) HuHLq(O,l) ’
Q.E.D.

It follows from condition 4 that

HAluHLq(O,l) <e Hu”wgmm,l) <C(e) ||UHLq(0,1) <

< e llAullp, o1y + C (&) lull, 0,1y

i.e. the operator A; satisfies condition 4° of theorem 1.1. In the same way, it follows
from condition S that

||Blu||Lq(071) <e¢ ”BUHLQ(Ql) <C(e) ”uHLq(OJ) ,u€ D(B).

So, all the conditions of theorem 1.1 are verified for problem (3.6), whence the
statement of theorem 3.1 follows.

3.2. Two-fold completeness of root functions of the problem
For m < p consider the homogeneous equation

L(A\)0=A2u(z) + A (au<2m> () + A1u> +

+ (bu<2p> (z) + Blu) =0, (3.10)
with conditions
Lyau=0, v=1-=+2p, (3.11)

where L, are determined by equalities (3.2), (3.3).

Theorem 3.2. Let

1.a#0,b#0,m>1, m<p<2m,m, <2m—1, my,, <2p—2m.

2. The determinants of (3.4) and (3.5) be not zero;

3. The operator Ay from WZ™ (0,1) in Ly (0,1) be compact;

4. The operator By from W22p (0,1) in Lo (0,1) be compact;

5. For some n € [1,00) the functionals T, in W3 (0,1) be continuous.

Then the spectrum of problem (3.10) — (3.11) is discrete and the system of root
functions of problem (3.10) — (3.11) is two-fold complete in

WP ((0,1), Lyu=0, v=1+2p) x WZ™((0,1),L,u=0, v=1=2m).
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Proof. Introducing in Ly (0,1) the operators A and B by the equalities
D (A) =Wi™((0,1),Lyu=0, v=1-=2m)
Au = au®™ (z) + wu () ,w € ¢,
D (B) =W;P((0,1), Lyu =0, v=1+2p)
Bu = bu® (z),
we reduce problem (3.10) — (3.11) in L9 (0, 1) to the equation

LN)u=Nu+ A+ A)u+ (B+ By)u=0. (3.12)

In proving theorem 3.1 for problem (3.12), all the conditions of theorem 3.2

except D (A) = Lo (0,1) and conditions 2 are verified. The equality

W;P((o,l) JLyau=0, v=1+2p)=15(0,1)

follows from [12].
The relation

D(A) =W2™((0,1),Lyu=0, v=1=+2m)>W;*((0,1),Lu=0, v=1+2p)

follows from m < p. The equality

H (B)lgay=Ws" ((0,1), Lyu=0, v=1%2p)ljy2mpy) =

= W3 ((0,1), Lyu=0, v=1+2m)=H(A)

then D (A2) C D(B). In fact since m‘H(A) = H(A), then H (B) H(A) =

H (A). From [10, p. 437/14] the equivalence relation
S; (J, WS (0,1), W (0, 1)) ~ =80 g S gy (3.13)
it follows that for some
p>0 Jeo,(H(A),H),Je€o,(H(B),H(A).
Really, it follows from (3.13)
S (J,W5™(0,1), Ly (0,1)) ~ j—2™

that
S (W37 (0,1), WE™ (0,1)) ~ j~@=2m),

On the other hand, H (A) = W™ ((0,1),L,u =0, v=1-+2m) and H (B) =
W22 ((0,1), Lyu =0, v =1+ 2p) are the sub-spaces of W2™ (0,1) and W5 (0,1),
1

1
respectively.  Then, for p > max{m,w}, J € o0,(H(A),H) and
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J € 0,(H (B),H(A)). So, condition 2° of theorem 2.1 is verified. Since the esti-

mation (3.7) and (3.9) are fulfilled expect two arbitrary small angles

G(0,mm+m+arga—¢e,mnm+7m+arga+¢€)
and
GO,(p—m)m+7m+argb—arga—e,(p—m)7m+ 7+ argb—arga +¢)

everywhere in a complex plane, then condition 3% of theorem 2.1 is fulfilled in the
complete form.

So, theorem 2.1 is applicable to problem (3.12), whence the statement of theorem
3.2 follows.
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