Transactions of NAS of Azerbaijan 221

APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Tunzala M. MUSTAFAYEVA

MINIMAL ENERGY CONTROLLABILITY
PROBLEM FOR STRING’S VIBRATION EQUATION

Abstract

In the paper the controllability problem is considered for the string vibration
equation with control at the right hand side with minimal energy. The solution
of the considered problem i.e. optimal control is found in the form of series
in two cases using the explicit form of the solution of boundary problem and
moments method.

Let the state of the controllable system be described by the function w (z,t) that
inside the domain @ = {0 < x < 1,0 < t < T'} satisfies the equation

Ut :sz‘i‘U(l',t), (].)
initial and boundary conditions
u(x,0) =uo(z), w(z,0)=u(z), 0<z<l, (2)

ug (0,8) =0, g (L,t)=0, 0<t<T, (3)

where ug () € W4 (0,1), uy (z) € Ly (0,1) are the given functions, v (x,t) is a
control function.

In the paper, the optimal control problems are considered for the following dif-
ferent cases:

a) v(z,t) =q(x)v(t), where ¢ (z) is a given function from Ly (0,1) and v (t) €
L2 (0,T) is an admissible control that are arbitrary function.

b) v (z,t) = v(t)d(x — xp), where xo is an arbitrary point from the interval
(0,1), v (t) € L2 (0,T) is an admissible controls, and § (x) is Dirac’s function.

Under the solution of problem (1)-(3), for each admisible control v (z,t) we
understand the function w (z,t) from Wi (Q), that for any function ¢ (x,t) €
W1 (Q), (x,T) =0 satisfies the integral identity

ou 81/1 ou oY

—/ulm)w(x,omx:o,

0

and fulfillment of the condition u (x,0) = wug () is understood in the ordinary sense.
These cases will be spectrately studied below.
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Case a). Each admissible control in this case defines a unique generalized solu-
tion and by means of the Fourier method the solution of problem (1)-(3) may be
represented in the following form [1], [2]

1 1
u(@t) = fu0 (G & e+ [u (@G gtder
0 0
t 1
+{{MOM$G@£J s) deds, (®)
where .
G (z,&,t) = z:lﬂln sin wnt cos Tnx cos Tné (5)

and {cosnzx} is an eigenfunction of the following spectral problem
X"+ 22X =0, (6)
X'(0)=X'(1)=0.

The problem is: to find such a control v (¢) € Lo (0,7 that the corresponding
solution u (x,t) of problem (1)-(3) represented in the form (4) satisfies the conditions

u(@,T) = o (), u (2, T) = o1 (z) (7)

and the functional
1) = vlZ,0m (8)

takes the least possible value, where o, € W4 (0,1), ¢y € L2 (0,1) [3].
We can write conditions (7) in the form

( T 1

[ [6@aT =5 0@ 05 deds = vy (),

T (9)

//@@@T—@mow@%wzwuw,

00

where
1 1
v (e) = o (@)~ [ G o6 D) u (O de ~ [ o6 Tywr (e

0 0

1
U1 (z) = @1 (z) — /Gtt (2, & T) uo (€) d§ — /Gt (#,&T) uy () dE.
0

0
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From the problem data it follows that ¢, € Wi (0,1), 1, € L2(0,1). Then
Yo () and v, (x) may be expanded by the eigenfunctions of the spectral problem
(6) as follows

oo
x) = ng cos TN,
n=1

= Z@Z)k COS TN, (10)

n=1

1 1
where 90 = /wo (z) cos Tnaxdz, ¥, = /wl (x) cos mnxdx.

0 0
Substituting expansion (10) into relation (9), taking into account (5) and assum-
ing

o0
x) = an cos TN, (11)
n=1

1
where ¢y, / q (z) cos mnxdz, from equation (9) we obtain the following system of

0
equations
.

T

/sm7m v(s)ds =
™m

0

T (12)
qn/coswn (T —s)v(s)ds =1L, n=1,2 .
0

Thus, a minimal energy control problem is formulated in the following way.
To find such v (t) € Lo (0,7T) that satisfies equations (12) and gives minimum to

the functional .
I= / V2 (t) dt. (13)
0

Gn #0,Vn=1,2, ... (14)

From (12), assuming

we have

T
{ :

T (15)
4 _ —1,2,..

System (15) is an infinite dimensional moments problem [4].
Assuming that the condition

g:l (a7 +07) = i <<m;j]g>2 + (7’;’32) < o0, (16)

n=1
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is fulfilled in addition to (14), we show that the moments problem (15) and conse-
quently the control problem (1)-(3), (7), (8) is solvable for T' = 2.
In the integrals in (15) we replace T'— s = 7. Taking into accont T = 2, we

obtain
.

v (2 — 7)sinmnTdr = ay,,
(17)

v(2—7)cosmnTdr =by, n=1,2,..

oS — v S—

Since {sin7n7,cosnT} is an orthonormed system in Ly (0, 2), then by Riesz-Fisher
theorem [5], under condition (16) the function

o0
U(2_7-):Z(ansinﬂm'—i—bncoswrw), 0<7<2 (18)

n=1
will be the solution of the moments problem (17). The series (18) converges in the
norm of Ly (0,2) and its sum v (2 —7) € L2 (0,2). Passing in (18) to the variable
t =2 — 7 and taking into account that cos (2 — 7) 7n = cos (27rn — mnT) = cos Tnr,

sin (2 — 7) mn = sin (27n — 7nT) = —sin7nT, we get
o
v(t) = Z (ansinmnT — by cosmnt), 0 <t <2 (19)
n=1

where the coefficients a,, b, are taken from (15). Notice that

2
/ v (t)dt =0, (20)
0

since the functions {sinwnt,cosmnt,n =1,2,...} are orthogonal in Ls (0,2) to the
element 1. By this, it is shown that for 7' = 2, the control problem (1)-(3), (7), (8)
has the solution (19) possessing the property of (20).

Case b). Since for any function « (§) continuous with respect to £ at the point

1
xo it holds the equality /(5 (& —x0) a(§)dr = a(xg), in this case the solution of
0

problem (1)-(3) may be represented in the form:

1 1
u(:n,t) = /UO (‘5) Gy (.%',{,t) d§ + /ul (E)G(xa€7t) dé+
0 0
t
+ [v(s)G(x,z9,t — s)ds. (21)
/

In this case the problem is: to find such a control v (t) € Ls (0,T") that corresponding
solution u (z,t) of problem (1)-(3) represented in the from of (21) satisfy conditions
(7) and the functional (8) take minimal value.
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We can write condition (7) in the form

T

/G(x,xo;T—s)v(s)ds:d}o (x),

0

T

/Gt (x,20; T —s)v(s)ds = (x). (22)

0

As in the previous case, we get the system

T

/U (s)sinmn (T — s) = ay,
0
T
/U (s)cosmn (T — s)ds = (B,,,n=1,2,..., (23)
0
where 0
o, = ™y, ’
COS TNT(
_
Bn=—"""7,
COS TNT(

moreover, cos Tnxg # 0, 0 < zy < 1.

System (23) also represents an infinite dimensional moments problem.
Assuming that the condition

Z (ai + ﬁi) < 00,
n=1

is fulfilled, similar to the case a) it may be shown that the moments problem (23)

and consequently the control problem (1)-(3), (7), (8) is solvable for 7' = 2 and has
the solution

o
v(t) = Z (ap sinnt — (3, cosTnt) .

n=1

References

[1]. Ladyzhenskaya O.A. Boundary value problems of mathematical physics. M.:
Nauka, 1973, 408 p. (Russian).

[2]. Tikhonov A.N., Samarskiy A.A. Equations of mathematical physics. M.;
Nauka, 1972, 724 p. (Russian).

[3]. Egorov A. 1. Optimal control of thermal and diffusive processes. M.: Nauka,
1977, 464 p. (Russian).



226 Transactions of NAS of Azerbaijan
[T.M.Mustafayeva]

[4]. Butkovskii A.G. Methods of control of distributed parameters systems. M.:
Nauka, 1975, 212 p. (Russian).

[5]. Kolmogorov A.N., Fomin S.V. Elements of functions and functional analysis.
M.: Nauka, 1976, 534 p. (Russian).

[6]. Vasil'ev F.P. Optimazation methods. M.; Faktorial Press, 2002, 824 p.
(Russian).

Tunzala M. Mustafayeva

Baku State University.

23, Z.1.Khalilov str., AZ 1148, Baku, Azerbaijan.
Tel: (99412) 439 47 20 (off).

Received September 22, 2009; Revised December 15, 2009.



