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LOCAL FAILURE OF BURNING BODY INVOLVING
VOLUME FORCES

Abstract

A problem of failure mechanics for a medium weakened by a crack-visible
cavity with burning surface 1is considered. It is assumed that volume forces
hold. Quasistatic process of fuel deformation is considered. A model of bridged
crack is used. Sufficient condition of stability of “burning-failure” condition is
obtained.

Solid fuel finds its wide application in very different fields of engineering. When
engines work in solid fuel, sometimes there happens off-desing condition and this
leads to explosion. The most extended cause of this phenomenon is that there were
inadmissibly great cracklike defects arising as a rule in technological process.

Let a burning body have a crack-visible cavity whose surface burns. We assume
that all the reagents of the fuel are uniformly distributed in solid phase and the
combustion reaction products are gaseous. We are restricted by the times small in
comparison with typical stress relaxation time in fuel and typical fuel heating time
because of heat conductivity. By this assumption we can assume that the body
is brittle its temperature is constant. We use a bridged crack model that has get
experimental affirmation [1-3] for composite materials with a polymer binder when
adhesive strength is less than the strength of polymers.

We consider a model of a crack with cohesive forces (bondings) that are con-
tinuously distributed in the narrow end area of the crack and have a deformation
diagram. Gas flow equatons in the crack-visible cavity are assumed to be local -
iso-entropic and irrotational, the gas ideal.

Let the solid fuel occupy the plane Ozy. In the plane Oxy, the crack-visible cav-
ity with end areas is represented by a cut of length 2¢ along the axis x, the thickness
of the cut h << ¢. Moreover, the cohesive forces (bondings) will be concentrated
in some narrow domain D. The size of this domain is not known beforehand and
should be defined from the problem solution. Everywhere in the sequel, we shall
take the boundary conditions from the surface of the cavity to the plane y = 0 just
in the same way as in the theory of thin wing in aerodynamics.

It is assumed that volume forces F' = X + ¢Y act on fuel particles. Here X,Y
are the given components of the volume force vector.

The boundary conditions for solid fuel are written in the form

Oy — iTgy = —p () for y=0, A <z<X

Oy —iTay = Qy () —igey (x) for y=0, a<xz<A, and A<z <b
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Here dy = A1 — a, do = b — )y are the lengths of end areas to be determined;
04,0y, Tzy are the stress tensor components in cartesian system of coordinates; p (x)
is gas pressure in cavity; g, (x) and ¢y () are normal and tangential forces in
bondings, respectively. The values of stresses ¢, and ¢, are not known beforehand
and have to be determined. We accept the gas flow equation in the crack-visible
cavity for a plane stationary case in the form [4].

In the presence of volume forces, we represent the solution in the form of the

sum
_ 0 1 _ 0 1 _ .0 1
Op =0, + 0y, Oy=0y+0y, Tay= Tyy+ Tay (2)
where 02,02, Tgy is any special solution of equations of plane theory of equations
1.1 1

of elasticity involving volume forces; 0,0, 7;, is a general solution of equations of

plane theory of elasticity in the absence of volume forces. Using Kolosov-Muskheleshvili
complex potential [5] for stresses, we have

1 0
O'x+0'y:4R,e|:(I)(Z)—2(1_|_k:0)aCj:|,
, , 19,
Uy—Ux‘l‘?ZTxy:?[Z‘I’(Z)+‘I’(Z)+2(1+k0)8z(kUQ—Fl)}7 (3)

that contain two analytic functions ® (z) and W (z) of a complex variable z = z + iy
and the two functions @ (z,Z) and Fj (z,Z) representing any special solutions of
equations
0%Q 0?Fy
020z 022

Here ko = 3 — 4v; v is Poisson’s ratio of fuel’s material.

= F(2,%), =F(z2). (4)

The basic relations of the considered problem should be complemented by a
relation connecting the opening of lips of end areas of the cavity and forces in
bondings. We can represent this relation in the form

(v (2,0) = v (2,0)) =i (u” (2,0) —u” (2,0)) = C(2,0) lgy (¥) — igay (2)]. (5)

Here, the functions C' (z,0) may be considered as effective compliance of bond-
ings depending on tension; (v™ —ov~) and (ut —u~) are normal and tangential
components of opening of end area lips; o = 4 /qZ + qu is a of force vector modulus
in bondings.

For determining the complex potentials ® (z) and €2 (z) we have the linear con-
jugation problem
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where Q(2) = ® (2) + 2® () + VU (2); a < x < b are the affices of points of lips of
crack-visible cavity with end areas;
—p(x) + fo(x) on the cavity lips
flx) =
fo(x)+ gy — igzy on the end area lips
1 aQ 1 GQ OF
= Re — | ko f = 0. 7
Jo@) =37, Be g 2(1+k0)< 0oz az> oy 9

The general solution of boundary value problem (6) in the class of everywhere

bounded functions will be of the form [5]

B \/z—a z—b t)dt
(2) = Q=) = \/t—a t—b(t—z)' (®)

The solvability condition of the boundary value problem will be written in the

form
/ . tf(tyde
\/t—a (t—b) S t—a)(t-b)

These relations help to determine the unknown sizes of end areas of the crack-

(9)

visible cavity. The obtained relations (8),(9) contain the unknown stresses g, ()
and ¢y () in bondings between the lips in the end areas of crack-visible cavity. To
find them we use additional condition (5). By means of the obtained solution (8),
we find the derivative of the opening between the lips in end areas of crack-visible

cavity

(9(1 [(U+ (z,0) — v~ (x,O)) —1 (u+ (2,0) —u~ (x,O))] =

:_l-l-/fo\/T/\/ t)dt ’ (10)

2mp t—a(t—x)

where p is fuel’s material shear modulus.
To find forces q, — iqsy in the bondings of end areas of the cavity we get the

complex nonlinear integrodifferential equation

1+ko\/T/ t) dt _
Vb

27 —t) t—a ) (t — )

0

= % [C («T7 U) (Qy - ime)] : (11)

After some transformations we get the system of nonlinear integro-differential

equations with respect to the unknown functions g, and gyy;

t)dt 2p d
—m/J = h €@ e @], (12)

t—a ) (t—x)
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L ae-a / (o = L (O (o) gy ()], (13)

t—a (tfm) 1+ kodx

where f, (t) =Re f(t); foy (t) =Im f (2).

Each of equations (12),(13) is a nonlinear integro-differential equation with
Cauchy type kernel and may be solved numerically. To determine stress distrib-
ution and sizes of end areas it is necessary to give the law of change of volume
forces. Expand the functions X (z,y) and Y (z,y) in Taylor’s series at the origin of
coordinates, and in this expansion, for simplicity we are restricted by two terms of
the expansion. By means of integration of equations (4), we find

Q(2,%) :/Zdz/zF(z,z) dz, Fi (2,%) :/Zdz/zF(z,z)dz. (14)

By the found functions @ (z,%) and F} (z, %) according to (7) we find the function
fo (@).

Pass to algebraization of integral equations (12) and (13) with additional con-
ditions (9). At first, in integral equations (12) and (13) and additional conditions
(9) all the integration intervals are reduced to one interval [—1,1]. For that we use
change of variables

a+b b—a a+b b—a

t = —_—T. =
g Ty hIT Ty

The left hand side of integrodifferential equation (12) for such change of variables
takes the form

1 1
1 d *(r)dr
n qy (1) dr i y()

SV T A

Correspondingly, for the left hand side of equation (13) we get

1 1
1 2 Gy (T) dT oy (7)dr

TRViTm R T I G T

Replace the derivative contained in the right hand side of (12) for arbitrary
internal node by finite difference approximation

d 1
e [C(z,0) qy (z)] = AL [C(zit1,0041) @y (Tit1) — C(Ti-1,0i-1) @y (Ti-1)],
2
where Ax = ME; 20=0b-—a.
We treat right hand side of equation (13) in the same way. Moreover, take into
account boundary conditions for n = F ¢, (=) = gy () = 0; quy (=€) = gy ({) =0
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(this corresponds to the conditions v (—¢,0)—v~ (=£,0) = 0;v™" (¢,0)—v~ (¢,0) =0
T(=£,0) —u™ (—£,0) = 0; u™ (¢,0) —u™ (£,0) = 0).
Using the quadrature formula

1
1 g(T)dT Mo ML

-1

m=0

2m —1
2M
all the integrals in (12) and (13) are replaced by finite sums, and the derivatives in
the hand side of equations (12) and (13) are replaced by finite-difference approxima-
tions. The above reduced formulae enable to replace each singular integro-differential

T (m=1,2,....,.M),

T =cosbd;n,, = cosby; 0, =

equation by a system of algebraic equations with respect to approximate values of
the desired function at the end points. As a results we get

_72%411 Z cos kB, sin k6, —i—ny,, Z cos kB, sin kf,, =
v=1

= [C(Tmy1,0 (Tmt1)) Gyms1 — C (Tm—1,0 (Tm—1)) @ym—1 (®i—1)] W (15)

M-1

(1+ ko) M
Ty, kO kO, oy kO kO, = ——F—
;qy Zcos E Sin +;fy Zcos E Sin Sl
X [C (xm—‘rla g (xm—i-l)) Qrym+1 — C (xm—la g (xm—l)) Qzy,m—1 (mi—l)] ) (16)
(m=1,2,...M).
If we take into account in equality
M—1
Om F 00
2 i =
Z cos kB, sin k@,,, = ctg 5
k=0
the systems will take the forms
M
; Amy (q%y + fyﬂj) = TX
X [C(Zm+1,0) @ym+1 — C(Tm—1,0) @ym—1], (m=1,2,..., M) (17)
M
Z Ay (qu,l/ + f;y,l/> =
v=1
1+ ko) M
= (SIU,(;) [C (xm-‘rl; U) Qry,m+1 — c (xm—ly U) q:rry,m—l] ) (m =12, .., M) (18)

respectively, where gy, = ¢y (T0); oy = Gay (T0); fyo = f5 (T0); Jay = Jay (T0);

1 0, F0
ITm+1 = ‘énerl; Apy = _MCtg = 9 £
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The upper sign is taken when the number |m — v| is odd, the lower one when it is
even.

Now, pass to algebraization of solvability conditions of boundary value problem
(9). Separating in them real and imaginary parts, using change of variables and
Gauss’s quadrature formula, we get the solvability conditions in the form

M M
Z fy (1) =0, Z Tufy (1) =0, (19)
v=1 v=1

M M
Z fay (T0) =0, Z Ty fay (T0) = 0. (20)
v=1 v=1

As a result of algebraization, instead of each integro-differential equation with
additional conditions we get M + 2 algebraic equations for determining stresses at
the nodal points and the sizes of end areas of the crack-visible cavity.

Together with gas dynamics equations the obtained system of equations allows to
determine gas pressure intensity in the cavity, stress state of burning fuel involving
volume forces under the given characteristics of bondings. The following method
is more convenient for numerical solution of these equations: the function p (z) is
found in the form of a polynomial with unknown coefficients, the equation for p ()
is satisfied approximately in the sence of the greatest proximity to zero of mean
square error. Moreover, the unknown coefficients are determined from the minimum
conditions of the obtained function.

Even under linear-elastic bondings, the solving system of equations become non-
linear because of unknown quantities Ay and Xo. The successive approximations
method was used for its solution. In each approximation, the system of equations
was solved by the Gauss method with choice of the principal element for differ-
ent values of M. It should be noted that beginning with M = 20 all the desired
quantities do not change essentially. In the case of nonlinear law of deformation
of bondings for determining forces at the end areas of the crack-visible cavity the
iteration algorithm is also used similar to the method of elastic solutions [6].

The calculations show that for linear law of deformation of bondings, the forces
in bondings have always maximal value at the edge of the end area. The similar situ-
ation is observed also for the quantities of the crack-visible cavity opening. Opening
of the crack-visible cavity at the edge of the end area has maximum for linear laws
of deformations and opening of the crack-visible cavity increases due to increase of
relative compliance of bondings.

To determine the limit state under which the crack-visible cavity growth happens,

we used the critical condition
[(vF —v7) —i(uh —u7)| =6 (21)

where J. is characteristics of fuel’s material resistance to crack development.
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It is assumed that disconnection of bondings at the edge of the end area for
x = X happens by fulfilling condition (21).

On the basis of the obtained solution and taking into account additional relation
(5), the limit condition is written as:

for the left end of the crack-visible cavity

C (A0 (M) o (A1) = dc; (22)
for the right end of the crack-visible cavity
C (A2, 0 (A2)) o (A2) = de. (23)

Under the given characteristics of bondings, the combined solution of the ob-
tained system of equations and condition (21) allows to determine critical intensity
of gas pressure in cavity, forces in bondings, the sizes of end areas, parameters of
volume force for the limit equilibrium state.

Using the solution of the considered plane stationary problem, we can write the
local condition of stability of mode in the form

C (zg,0 (x9)) o (x0) < d¢, (24)

where zg = Ay for the left end area, g = Ao for the right end area.
Local condition of mode’s stability allows to predict ultimate admissible size of
the crack-visible cavity (technological defect) for each specific form of fuel by means

of numerical calculation.
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