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ALGEBRAS

Abstract

Let X be a compact metric space and let C'(X) denote the space of all
continuous complex-valued functions on X equipped with the supremum norm.
In this paper we investigate compactness and closedness of range of weighted
composition operators on a uniformly closed subspaces of C(X) and give as
some applications compactness and closedness of range criterion on uniform
algebras.

1. Introduction

Let X be a compact metric space and let C' (X) denote the space of all contin-
uous complex-valued functions defined on X equipped with the supremum norm.
Let A = A(X) be a uniformly closed subspace of C' (X). We will consider the op-
erators T': A — C(X) of the form T : f —— u - f o ¢ ( the symbol ” o” denote
the composition of functions ), where u € C' (X)is a fixed function and ¢ : X — X
is a selfmapping of X which is continuous on the support of function u, i.e., on
the open set S (u) = {z € X :u(z) # 0} ( in particular, we can choose the func-
tion u and the selfmapping ¢ such that the operator 7" may be acting in A (X),
ie, T : A(X) — A(X)). The operators of these forms are called the weighted
composition operators induced by the function w (the weighted function) and by
selfmapping (. Since the endomorphisms of any semisimple commutative Banach
algebras (also, any bounded linear operator on a Banach space) can be represented
as operators of these forms, so the weighted composition operators are very interest-
ing to study. Composition operators ( i.e., the operators of the forms as operator T
with the weighted function v = 1) and weighted composition operators on the con-
crete uniform algebras are being investigated from different points of view ( such as
compactness, nuclearity, spectrum, closedness of range, etc.) by many authors. The
aim of this paper is to clarify the compactness and closedness of range conditions
of such operators. Kamowitz [1] in particular, gave the compactness criterion for
the weighted composition operators acting in the disc-algebra A (D)( the uniform
algebra of functions analytic on the open unit disc D = {z € C': |z| < 1} of complex
plane C' and continuous on its closure D), when u, » € A (D) and ||¢|| < 1: the oper-
ator T of the form T': f —— wu- fopin A (D) is compact if, and only if, ¢ is constant,
or ¢ ()| < 1 whenever u (z) # 0. In [2] ( see also [3] ) was given sufficiently simple
necessity condition of compactness of the operator T in general case ( i.e., when
A (X) has no any additional structures, such as algebraic, analytic, etc. ), which
in concrete situations for the algebras with good structure turn into compactness
criterion. Here we give analogous general compactness criterion as above mentioned
necessity condition in the case, when the set of all peak points with respect to A (X)
is dense in the set of all peak sets with respect to A (X) ( see definition 2.3 ) and
its applications for concrete uniform algebras ( in particular, including multidimen-
sional analogues of disc-algebra A (D) and also Banach- A (D) module of functions ),
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which reduces to easily verifiable constructive compactness criterion ( note that for
an arbitrary compact set the converse of above mentioned necessity condition is not
true; see the proof of necessity of Theorem 2.6 in the next section ). Moreover, we
give the necessary and sufficiently condition for those operators to have closed range.

2. Compactness criterion on uniform algebras

First of all in this section we investigate compactness of operator T': A (X) —
C (X)) in general case, when A (X) has no any special structure (such as algebraic,
analytic, etc.), further we consider the case when A (X) has an algebraic structure.
Except for easy degenerate cases, we will consider the nontrivial weighted composi-
tion operators, i.e., we assume that ¢ # const and w is no identically zero.

We begin this section with a very simple note. If X is a compact metric space
(say with a metric d), then it is clear that the equicontinuity of the family F' of
the functions f € C' (X) (or the family of mappings to any metric space) is equiv-
alent to such property: if z, — z¢(n — o0), then f (x,) — f (z¢) uniformly with
respect to F. Indeed, let this property be fulfilled, but we have no equicontinu-
ity. Then for some ¢ > 0 there exist sequences {x},},{z//} and {f,} C F such that
d(x},x!l) — 0(n — 00), but | f, (z],) — fn (z})] > 6 > 0. Replasing the sequences by
the subsequences, if necessary, we can assume that the both subsequences { } and
{«'} are converging to z9p € X. Then from the above mentioned property follows
that for sufficiently big numbers n and for all f € F take place | f (z) — f (z},)| < 30,
|f (xo) — f (211)] < 6. But, for the sequences of functions f = f, it is contradic-
tion. Consequently, from this property follows the equicontinuity of the family F.
Converse is obvious.

Lemma 2.1. If p: X — Y is a continuous mapping from the compact metric
space X onto the compact metric space Y, then the equicontinuity of the family F C
C (X) is equivalent to equicontinuity of the family Fop ={fop: fe F} C C(X).

Proof. Let F' C C(X) be an equicontinuous family and z,, — xg(n — o0).
Since ¢ is a continuous mapping, then we have that ¢ (z,,) — ¢ (x0) (n — 00). So,
flo(zn)) = f(e(x0)) (n — oo) uniformly with respect to , i.e., g(z,) — g (x0)
(n — o0) uniformly on the family F oy. Consequently, by the above noted property
the family F o ¢ is equicontinuous. Conversely, let F' o ¢ be an equicontinuous
family, but the family F' is not equicontinuous. Then there exist a sequence y, —
Yo € Y (n — o0) and the functions f, € F such that |f, (yn) — fn(yo)] > d > 0.
Put y, = ¢ (). If it is necessary passing to subsequences we may assume that
ZTp — o (n — 00) for some point zy € X. Since the family Foy is a equicontinuous,
so for sufficiently big numbers n we have |(f o) (zn) — (f o) (zg)] < ¢ for all
f € F. But in this case for the functions f = f,, we have contradiction. The lemma
is proved.

Lemma2.2. The operator T is compact if and only if, for each € > 0 the
restriction of the family U = {f € A(X) : | f|| <1} to compact set Y. = {¢ (z) €
X :|u(z)| > e} is equicontinuous.

Proof. Necessity. We assume that T is a compact operator. Let ¢ > 0. Put
Xe ={zeX:|u(x)|>¢e}. Let S:C(X) — C(X:) be operator, such that for
every f € C (X) according the restriction of the function u~!f on the compact X..
Since |u(x)] > € on the X., so the operator S is well defined and is continuous;
therefore an operator ST : A(X) — C (X.) is compact operator (because T is a
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compact operator). In particular, we have that the set ST (U) is a relatively compact
in C (X.). Consequently, the family {(f o Olx.  feAX),[Ifll < 1} (where the
symbol | x. denote a restriction of functions on the compact X.) is equicontinuous.
Then from Lemma2.1 (using for the compact sets X, and Y.) we have that a family
{flYz: fe A(X),| f|ll <1} is equicontinuous. Necessity is proved.

Sufficiency. Let € > 0. Then the compact X may be covered by the open
sets By = {ze X :|u(z)] >c} and By = {x € X : |u(x)] <2e}. Let 6 > 0 be a
Lebesque number, which according to this cover. This is meaning that every ball
with radius less than ¢ wholly is contained either in E1, or in F5 (it is well-known that
every cover of the metric compact has a Lebesque number ). Since the restriction of
the unit ball of A (X) on the compact {¢ (z) : z € X, |u(z)| > £} is equicontinuous
family, so from Lemma 2.1 we have that the family

{fop:feAX),|f|l <1l}also is equicontinuous on the set Ej. Let d; be a
positive number such that, if x;, 2o € Fy and d (21, x2) < 01, then

[(fop) (x1) = (fop)(z2)| <e

forall f € A(X), ||f|| < 1. Without loss of generality we can assume that |u (z)| <1
everywhere on X and |u(z1) —u(x2)| < e, if x1,22 € X, d(21,22) < d1. Therefore
for the points x1,x9 € Es with d (x1,x2) < 01 we have that

lu(z1) f (@ (x1)) —u(x2) f (@ (22))] < 2.

Further, we may assume that 61 < 6. Then if, d(z1,22) < d1, but {x1,x2}
is not contained in Ej, so we have that {x1,z2} € FEj; consequently we have
that,fu (@1) £ (2 (21)) — u (22) (1 (22))] < 42, because |(f o ) ()] < 1 and |u (2)] <
2e everywhere on the set E. The lemma is proved.

Definition 2.3. A closed subset E C X is called a peak set with respect to
A (X), if there exists a sequence {fn} C A(X), such that ||fn|| = fn(x) =1 for all
n and all x € E, moreover, outside any neighbourhood of the set E the sequence
{fn} tends to 0 uniformly. A peak set consisting of only one point is called a peak
point.

Definition 2.4. Two points x1,x2 of a topological space X are called compactly
connected, if there exists a connected compact set E C X such that it contains
both of these points. It can be easily seen that the compactly connected relation
1s a equivalence relation. Equivalence classes of this relation is called compactly
connected componenets of X.

Definition 2.5. Let A(X) be a uniformly closed subspace of C(X) (in par-
ticular , a uniform algebra ) . A mapping ¢ : X — X s called a compositor on
A(X) if fop e A(X) whenever f € A(X). A function uw € C(X) is called a
multiplicator with respect to A (X) if u-f € A(X) for all functions f € A(X). We
denote the set of all compositors on A (X) by Cy(x) and the set of all multiplicators
with respect to A (X) by My(x)-

We denote the set of all peak sets with respect to A (X) by S (A (X)) and the
set of all peak points with respect to A (X) by Sp (A (X)). We will assume that the
set Sp (A (X)) is dense in S (A (X)) and the number of the compactly connected
components of ¢ (Y) C S (A (X)) is finitely many, also the restriction of the unit
ball of A (X) on the compact subsets of the form ¢ (Y') ( where Y is compact subset



188 Transactions of NAS of Azerbaijan
[A.I.Shahbazov,D.A.Seyidov]

of S (u)) of the set X\S (A4 (X)) is an equicontinuous family. Then under this
conditions for weighted composition operators induced by the mapping ¢ € Cy(x)
and by the function u € My(x) from the Lemma 2.2 directly we obtain following
theorem:

Theorem 2.6. If u € Myx) and ¢ € Cy(x), then the weighted composition
operator T : A(X) — A(X), f+— u- fog is compact if and only if, for every
compactly connected component Y of S (u) and for any peak set E with respect to
A (X), we have either o (Y)NE =@, or ¢(Y) C E.

Proof. Necessity. It is directly corollary of the Lemma 2[2] (see also, Theorem
1.5 [3]). (note that for an arbitrary compact set the converse of this statement is
not true; indeed if is compact with only one limit point, then this statement holds
for any weighted composition operator, because there is no connected subset in X
other than one-point sets ).

Sufficiency. Since for every connected compact Y of S (u) such that ¢ (Y) C
X\S (A (X)) we have that the restriction of unit ball of A (X) on ¢ (V) is equicontin-
uous and from the condition ¢ (Y) NS (A (X)) # @ follows that ¢ (Y) C S (A (X)),
so sufficiently to check equicontinuity of the family {fop: fe A(X),|f|l <1}
only on such compact sets Y C S (u) which ¢ (Y) C S(A(X)). But in this case for
every compactly connected component Y; (i = 1,...,n) of ¢ (Y) is singleton (indeed,
in otherwise case, since the compact Y; is connected and the set of peak points is
dense in S (A (X)), so there exists peak point which its intersection with Y; is not
empty; this is contradiction to condition of the theorem ). Consequently, for any
compact Y € S (u) we have that ¢ (Y') is consist of finitely number of points, so
from the Lemma 2.2 we have that the theorem is correctly. The theorem is proved.

Remark 2.7. Note that when X is a locally connected compact set (we recall
that the compact set X is locally connected if any point of X has a fundamental
system of connected compact neighbourhoods ) and A (X) is a uniformly closed
subspace of C(X), then the number of the compactly connected components of
e (Y) C S(A(X)) is finitely many (indeed, for every € > 0 from the locally con-
nected assumption we have that there exist a finitely many connected compact sets

Yi,...,Y,, such that Y; € S (u) and .611/; D{x e S(u):|u(x)| >e}. Consequently,
1=

for this uniformly closed subspaces A (X) of C'(X) such that the set Sy (A (X)) is
dense in S (A (X)) and the restriction of the unit ball of A (X) on the compact
subsets of the form ¢ (Y) C X\S (A (X)) ( where Y is compact subset of S (u)) is
equicontinuity family, so the Theorem 2.6 is true without the assumption the number
of the compactly connected components of ¢ (Y) C S (A (X)) is finitely many.

Let A (X) be a uniform algebra. We note that in this case we may defined the
notations of the peak set and the peak point in the following way: a peak set of
the algebra A (X) is a closed subset E of X for which there exists a function f
in the algebra with ||f|| = f(z) =1 for x € E and |f (z)] < 1 for z € X\E; a
singleton peak set is a peak point. It is a well-known theorem of Bishop that for a
uniform algebra A (X) on a compact metrizable space X every peak set of A (X)
contains a peak point of A (X) and so the set of peak points of A (X) is a bound-
ary ( a subset E of X is called a boundary with respect to A (X) if every function
f € A(X) attains its maximum modulus on F; evidently every boundary must con-
tain Sy (A (X))) and therefore is dense in the Shilov boundary of A (X )( the Shilov
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boundary of A (X) is smallest closed boundary with respect to A (X) and it is de-
noted by Sh (A (X))), i.e., So (A (X)) = Sh(A(X)). It is well known that the Shilov
boundary for function algebras (in particular, for uniform algebras) exists and it is
in fact the intersection of all closed boundaries. So, for every unifom algebra A (X)
with the property such that the restriction of the unit ball of A (X') on the compact
subsets of the set X\Sh (A (X)) of the form ¢ (Y) ( where Y is compact subset of
S (u)) is equicontinuous family and number of compactly connected components of
¢ (Y) C S(A(X)) is finitely many, we have the Theorem 2.6 is correct. Therefore
for this uniform algebras we have following easily verifiable compactness criterion:

Theorem 2.8. If u € Myx) and ¢ € Cy(x), then the weighted composition
operator T : A(X) — A(X), f—— u- f oy is compact if and only if, for every
compactly connected component Y of S (u) we have either ¢ (Y') is singleton, or
o (Y) C X\S (A(X)).

In particular, for the uniform algebras A (X) (for example the algebra C (X), the
disc-algebra A (0D) viewed as the algebra of continuous functions on the boundary
0D of the unit disc D of complex plane and so ) which Sy (A (X)) = X = Sh (A (X)),
since X\Sh (A (X)) is empty set, so the compactness of the nontrivial weighted
composition operator T': A (X) — A(X), f — u - f o ¢ induced by the mapping
¢ € Cy(x) and by the function u € M,(x) under the conditions of Theorem 2.8 is
equivalent to the property such as, for every compact subset Y C S (u), the set ¢ (Y))
is finite. For example from this we obtain as corollary the following compactness
criterion for the weighted composition operators induced by the continuous mapping
¢ : X — X and by the continuous function u € C'(X) on the algebra C (X) (see
also [2], [3]):

Corollary 2.9. The weighted composition operator T of the form f+—— u-foyp
is compact on C (X) if, and only if, for each compact subset Y of S (u) the set ¢ (Y)
is finite. In particular, when S (u) = X and X is connected compact set, then T is
compact on C (X) if, and only if, ¢ is constant.

When the compact X is connected set, unlike to C'(X) in analytical situations a
nontrivial weighted endomorphism may be a compact operator, as in the case disc-
algebra. Let the uniform algebra A (X) has an analytical structure, Sp (A (X)) =
Sh(A (X)) = 090X and ¢ (0O) C O, for every connected open subset O of G, where
G = X\Sy (A (X)) is a nonempty open set ( where 0X is a topologically boundary of
compact set X; a typical example is given by the disc-algebra A (D), where X = D,
So(A(X)) = 0D = D\D, G = D). So, from the compactness principle ( Montel’s
theorem; see, for example [4], p.222 ) and from the Theorem 2.8 we immediately
obtain the following theorem, which is the generalization of Kamowitz compactness
criterion for the nontrivial weighted composition operators in the disc-algebra:

Theorem 2.10. If u € Myx) and ¢ € Cy(x), then the nontrivial weighted
composition operator T : A(X) — A(X), f— u- fop is compact if and only if,
for every compactly connected component X we have either ¢ is constant mapping,
or ¢ (z) € G whenever x € S (u).

Corollary 2.11. Under the conditions of the Theorem 2.9 when X is connected
compact set then the nontrivial weighted composition operator T : A(X) — A(X),
fru- fop,is compact if and only if ¢ (z) € G, whenever z € S (u).

We may replace the disc in Kamowitz theorem by more general domains. In
multidimensional case different domains give rise to additional properties. The
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case of ball is easier than the case of poly-disc ( because the Shilov’s boundary
of poly-disc is contained in the topological boundary as a proper subset ). Let
A (B"™) be the algebra of analytic functions in the interior of the unit ball B" =

n
{z = (21,..,2n) €C": 3 |z1]* < 1 ¢ of n-dimensional complex plane C™ and con-
k—1

tinuous on its closure. Since every point of the topological boundary of ball is a
peak point, so Corollary 2.10 enables us to generalize Kamowitz Theorem ( see also
2] ):

Corollary 2.12. The operator of weighted composition induced by w, @ on
A(B™) (u and ¢ are analytic ) is compact if, and only if, either ¢ = const, or
llo (2)]| < 1(Eucledian norm) for all z € S (u)

Remark 2.13. Note that Corollary 2.10 enables us to characterize compact-
ness of weighted composition operators on a wide class of functions- A (X)- Banach
module spaces of functions, when the set of peak points is invariant. For example (
in the simple case ), let D C C™ (n > 1) be a connected bounded domain and A (D)
is the uniform algebra of functions analytic on D and continuous on its closure D.
We consider a normed space A C Hol (D), such that A contains A (D) and is A (D)-
Banach module, where Hol (D) is the space of holomorphic functions on the domain
D with closed-open topology ( we assume that also the inclusion A C Hol (D) is
continuous ). It is clear that Sy (A) = Sy (A (D)). Since Hol (D) is a Montel space
( any bounded subset is relatively compact ), then from above mentioned result it
is clear that, the weighted composition operators on the space A induced by any
function u € A and by any holomorphic mapping ¢ : D — D is compact.

3. Closedness of range of weighted composition operators on uniformly
closed subspaces of with analytical structure

In this section we will investigated the nontrivial weighted composition operators
on the uniformly closed subspaces A (X) of C' (X) which have analytical structure.
For simplicity we will assume that the compact X is connected, the subspace A (X)
has analytical structure and S (A (X)) = Sp (4 (X)) = 0X is boundary with respect
to A(X). We also assume that G = X\0X is nonempty set and it is invariant with
respect to the mapping ¢ : X — X.

Theorem 3.1. If u € Myx) and ¢ € Cy(x), then the nontrivial weighted
composition operator T : A(X) — A(X), f — u- f o has closed range if and
only if there exists a compact subset K of 0X NS (u) such that ¢ (K) D 0X.

Proof. Since from the uniqueness theorem for analytic functions we have that
the kernel of nontrivial weighted composition operators on uniformly closed sub-
spaces which have an analytical structure are trivial, then we have that the op-
erator has closed range if and only if, there exists a positive constant § such that
SIfll < IITf] for all f € A(X) (see [5], TheoremIV.5.9, also see [6], p. 487] ). Using
this inequality, we will prove the theorem.

Sufficiency. Suppose that there exists a compact subset K C 90X NS (u) such
that ¢ (K) D 0X. So, it is clear that there exists a positive constant § such that
|u(z)| > 6 for all x € K . Then for every f € A(X), we have:

[fIl = sup{|f ()| - v € X} < sup{|f (x)] : v € p (K)} =



Transactions of NAS of Azerbaijan 191
[Closed range and compact weighted...]

—sup {1 (p (0] s € K} =sup { (o T ()] s € K} <

< S {(ITf ()] -0 € K} < csup (T ()] -0 € X} = 5 |77

So, for this constant 6 > 0 we have ¢ || f|| < [|Tf] for all f € A(X), i.e., the operator
T has closed range.

Necessity. Suppose that the operator T has closed range. Then there ex-
ists a positive constant ¢ such that ¢ ||f|| < ||Tf]|| for all f € A(X). Put K; =
{r € 0X : |u(x)| > 61} € 0X NS (u), where d; is any positive constant such that
01 < 0. We will show that the set ¢ (K1) contains the set of all peak points of A (X).
For this end, assume that ¢ (K;) does not contains 0X. Then there exists a peak
point a of A(X), such that a ¢ ¢ (K;). So, there exists a sequence of functions
{fn} € A(X) such that ||f,]| = fn(a) = 1 for all n and outside any neighbour-
hood of the point a the sequence {f,} tends to 0 uniformly. Hence, for sufficiently
large n we obtain that |f, (z)| < ”571” for all x € ¢ (K1) (because the point a has a
neighbourhood such that the intersection with compact ¢ (K1) is empty ). For this
function f,, we have

||u|| H%” = 51, ifz e Kl,

(T fn) (@)| = [u(@)] - | fn (@ ()] <
81| fnll = 61, if 2 € OX\K;.

So,
1T fall = (T fn) ()] : 2 € 0X} <61 <6 =0]fall-

But this contradicts to the condition such that for all f € A(X) holds
O fll < ITf]|, consequently we have that 0X C ¢ (k7). The theorem is proved.

From this theorem we have easily verifiable necessary and sufficient conditions
for the weighted composition operators on the classical uniform algebras which have
analytically structure and the set of peak points coincides with the topologically
boundary of the compact.

For example, in the case ball-algebra A (B™) (n > 1) we have following criterion
of closedness of range of nontrivial weighted composition operators.

Corollary 3.2. The operator of weighted composition induced by u, ¢ on A (B™)
(u and ¢ are analytic ) has closed range if and only if there exists a positive constant
0 such that ¢ ({z € OB™ : |u(z)| > d})contains the boundary OB™ of the unit ball
B".

Corollary 3.3. The composition operator f —— fop on the ball-algebra A (B™)
induced by a nonconstant analytic mapping ¢ : B™ — B™(n > 1) has closed range
if and only if, the set @ (0B™) contains the boundary OB™ of the unit ball B".

Proof. Indeed, if u is the constant function 1, then the set{z € dB™ : |u (z)| > ¢}
is the whole OB™ of for every constant § < 1 and is empty set otherwise. Hence
Corollary 3.3 follows from Corollary 3.2.

Remark 3.4. Note that, under the conditions of Corollary 3.3 it is not nec-
essary that an analytic mapping ¢ is surjective when the operator composition
has closed range. For example, in simple case (n = 1) we may define a conformal
mapping ¢ : D — R, which maps the unit disc D to its proper subset R, =
{(r,0) :a <r <1,0 <6 <27}, where « is any positive number, less than 1. Then
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@ has a continuous extension to the closed unit disc D and
¢ (D) ={(r,0) :a <7 <1,0 <0 <271} = Ry, which contains the unit circle. Con-
sequently, by Corollary 3.3 the composition operator induced by the mapping ¢ has
a closed range, but ¢ is clearly not surjective.

Corollary 3.5. The nontrivial multiplication operator f +—— w- f on A(B™)
(n > 1) induced by the function u € A(B™) has closed range if and only if u(z) # 0,
for all z € OB".

Proof. Since u is continuous and nonzero on the compact set dB™ only in the
case when there exists a positive number § such that |u(z)| > § for all z € 9B™,
that is dB™ C {z € OB™ : |u(z)| > d}.
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