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MEAN OSCILLATION, &-OSCILLATION AND
HARMONIC OSCILLATION

Abstract

In the paper, the notion of ®-oscillation is introduced and its relations with
mean and harmonic oscillations are studied. Bilateral estimations connecting
the indicated quantities are obtained.

1. Some estimations in the terms of mean oscillation

Let R™ denote an n—dimensional Euclidean space of the points z = (21, 2, ..., Tp),
where x1,22,...,x, € R; B(a,r):= {x € R":|vr —a| <r} be a closed ball in R" of
radius r > 0 centered at the point a € R"™; N be a set of all natural numbers, P be a
totality of all polynomials in R™ of at most k degree. By LI (R™) (1 <p < o0) we
denote a class of all locally summable functions of p degree, and by L, C(R”) a class
of all locally bounded functions determined in R™.

Let z = (x1,22,...,2) € R, v = (v1,v2,...,vp), ¥ = z|' -z b,
vl =vi+ve+ ...+ vy, vi(i =1,2,...,n) be entire non-negative numbers. Apply
the orthogonalization process with respect to the scalar product

(Fg:=1BO.D - [ g

B(0,1)

v Vn

to the system of power functions {z"}, |v| < k located in partially lexicographic
order (see [4]), where |B(a,r)| denotes the volume of the ball B(a,r), k€

€ NU{0}. We denote the result of the orthogonalization process by {¢,}, [|v| <
< k. The system {¢,}, |1/| < k is orthogonal and normalized.

For the function f € L} (R™) we put [2], [3]
> dt | ¢, <x — a) .
r

It is seen from definition that Py g, f is a polynomial of at most & degree.
Let f e LI (R") (1 <p<o0), ke N.Introduce the following denotation

loc

Pk,B(a,r)f('x): ‘B a, T / f <
B(a,r)

12 |<k

k(... L _ n
pi(zr)p: = Wel%f_l 1f 7THLp(B(x,T)) ; >0, reR",

Ok (f7 B(xa T))pi = Hf - Pkfl,B(m,r)fHLP(B(%r)) , >0, z€R"
It is known that [5]
de>0 VzxeR" Vr>0: ,ul;c(x;r)p < Ok(f,B(z,1))p < c- ,ul;c(x;r)p. (1.1)
This relation may be written in the following form as Wellﬂ

ulfc(a:;r)p ~ Oi(f,B(z,r))p, (r>0, zeR").

1f the functions f and g are determined on the set X C R™, the conditions f(z) = O(g(x)), (z €
X) and g(z) = O(f(x)) (x € X) are fulfilled, this is written as: f(z) =~ g(z) (z € X).
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For the function f € LP (R™) (1 <p < oo) we denote

loc
1/p
P
/ £() = Pecrpam FO|7dt | 1<p<oo,

B(a,r)

Qx(f, B(a,r))s0: = esssup {‘f(t) — Pk_LB(a,r)f(t)‘ :t€ Bla,r)}.

It is easy to see that

1

Qe (f, B(z,7))p: = Bla.r)|

Ox(f, B(x,m))p = |B(w,m)['/" - Qu(f, B(x,1)p,  (w €R", 7>0). (1.2)

By the proposal 1.2 from [7], the function u?(x; r)p monotonically increases with
respect to the argument r. Taking this fact into account, from relation (1.1) we get:

ufc(w;é)p ~ sup{Ok(f, B(z,r))p: 7 <6} (x€R",6>0). (1.3)

Applying the Holder inequality, we can prove the following statement:
Lemma 1.1. Let f € L] (R") (1 <p < q<o00). Then the inequality

loc
Owl(f, Bz, 1))y < |B(z,m)|? "7 - Ou(f, B(z,7))q, (x € R > 0). (1.4)

18 true.
In the sequel, we’ll use the following denotation

m’}(w;é)p: = sup{Q(f,B(z,r))p: 0 <r <0} (ze€R",0>0),

M}“(é)p::sup{mfc(a;;é)p: xeR”} (6>0), 1<p<oo, keN.

We can write inequality (1.4) in the form:

[Bla, )| 75 - Ok(f, Bla,r))y < |Ble,r)| 5 - Oplf, Bla,r))y (x € Rr > 0).

Hence, by relation (1.2) we get that if f € L] (R") (1<p<¢< o), z€
€ R" and r > 0, the inequality

Qk(f7 B(x77'))p < Qk(fa B(%,T))q.

is true.
Passing to supremum, hence we get

ml}(:c;d)p < ml}(x;é)q (x € R",0 > 0). (1.5)

Theorem 1.1. Let f € L}, (R"), a >0, k€N, k<a+1, x9€ R". Then
the inequality

o

k .
/ |f(x) - Pk71,B(xo,r)f(x)‘d$ <ec- / Mdt, (1.6)
in

TnJra + |£L' _ xo‘n—i-a tn+a+1
r

is true for any r > 0, where ¢ > 0 is independent of f, zy and r.
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Proof. Applying elementary trans formations, we get

A: _/‘f — P18 f(2) /‘f — Dy leor)f(x)‘ dx
R"l

r”+a+\x—xo\"+°‘ < x—m0|>”+a L
Having made change of variables x — xg = rt, we get

_ | f(zo + 1) — Pr—1 p(agr)f (@0 + 1t))| _ / l9(t)]
« ? ? dt e « 7(12‘:7 1.7
/ 1+ " T iyt (L7)

where g(t) = g-(t) := f(zo +7t) — Py_1,B(wo,r) f (0 + 7t) is denoted.
Applying theoreml from [6] to the last integral of equality (1.7), we have

Tk
—a :u‘g(oa t)l
(0,1) 1

where the constant ¢ > 0 is independent of g.
Further, by means of change of variables by the formula xy + rt = y we get

/ 9(t)] dt = / [F(@0 4 1) — Poor_png.ry (o + 1) dt =

B(0,1) B(0,1)
= [ 1) = Pt bt )] dy =
Blror) (1.9)
1
—y _p dy =
o gy | 0= v £ dy
B(zo,r) )
= co - Qi (f, B(xo, )1 = co|B(xo, )| - Or(f, B(wo, 7)1,

where ¢y = |B(0,1)] is the volume of a unit ball in R". In the last transition we

used equality (1.2).
Before we estimate the quantity ,u,]g“((), t)1, we establish some auxiliary relations.
It is easy to see that if yp € R™ is an arbitrary point, B(a,r) is an arbitrary ball,

fyo(t):= f(yo + 1), then
P15 (f10) (#) = Pret,B(atyo.r) (2 + 30). (1.10)

Further, by means of equality (1.10) we get (for 1 < p < o0)

Ok(fyov B(a7 ’l“))p = / }fyo (SL’) - Pk—l,B(a,r)fyo (x)lp dx =
(a,r)
= / ‘f(yo + SU) - Pk—l,B(a—l—yo,r)f(yO + 'T)‘p dx = (111)
(a,r) )
= / {f(t) - Pkfl,B(a+yo,r)f(t)‘p dt = Ok(f? B(a + Yo, T))p'

(a+yo,r)
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Arguments for the case p = 0o are similar.
In particular, it follows from equality (1.11) that the relation

,ul}yo(a, r)p R u’}(a +yo;r)p (r>0).

is true.

Let (75f)(z) = f(dz), =€ R"™ § >0. Then we have

Pocrson (s h)@) = 3 |B(01)‘ | 1we. (;)j’f o (?)Z

lv|<k—1 B(0,67)

— Z IB(01,57”>| / ft)p, ((;)dt ©, (‘(zf):Pkl,B(o.ar)f(éx)

lv|<k—1 B(0,6r)

Hence, applying the rule of change of variables, we get

Ok(7sf, B(0,7))y = / |£(82) = Pio1,po (s f)(@)|"du | =
(0,r)
= / |f(0x) = Po_1,po,on [ (62) [P dz | = (1.12)
(0,r)
1 ’ 1
= S / |f(t) = Pucrpoon f®)]7dt | = WOk(f,B(O; or))p;
B(0,0r)

with appropriate modification in the case p = oco. In particular, it follows from
relation (1.12) that

1
s 0.0 ~ i (©:0r),  (r>0, 5> 0)

Let h(t):= f(t) = Py—1,B(z0.r) f (t). Then g(t) = h(zo + 1t) = hay(rt) = (74 (hay))(1)-
Therefore, considering equalities (1.11) and (1.12), we get

Pr_1,B0,)9W) = Pr_1,B(0,t) (Tr (o)) (¥) = Pe—1,B0,rt) (hao ) (ry) =

= Po_1 B(zorty (@0 + 1Y) = (Poc1,B(worp ) (2o +1y) =
= (Pe—1,Bzo,rt)f — Peo1,B(zo,r)f) (20 +1y) =
= Pu_1,Bwo,rt)f (X0 + 1Y) = Pr1,B(ag,r) f (20 + 7Y).
Hence it follows that

|9() = Pi—1,B0.9W)| = | f(z0 + 1Y) = Pyoc1,Baert) f (0 + 1) -
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Therefore, for 1 < p < o0

RS

Ox(g, B(0,1)), = / | f (o + 1Y) = Poct,Baot f (o +ry)|" dy
(0.)

After substitution of xg + ry = u, hence we get

3=

Ok(g’ B(O’ t))p = / }f(u) o Pk_l,B(ﬂSo,rt)f(u)’p dﬁ =

n
B(0,rt)

1
= mOk(f? B(l‘o, Tt))?'

The arguments for the case p = oo are similar.
Hence it follows that

1 (0 t)p = g, (0,)p = S5 Ok(f, B(wo, 7t))p = (1.13)
~ o Wiz rt)y, 1< p < oo

Considering relations (1.9) and (1.13), from inequality (1.8) we get

ok
_ _ wWi(zosrt) di
ASC-T @ CO-|B($077"’ 1Ok(f7B($O7T)>1+CI\/fW,’m S
1
0k
1 (wo; )1
—a— k + f
< cr™ T | py(wo, )L+ 7" a/wdm
T
Thus,
Rk
Ca— wi(zo; o)1
ASCQ o n,ltl;("rvﬂ’?ﬂ)l—'_/‘];wroﬂrldx y (].14.)

.
where cs is a positive constant independent of f, xzo and 7. It is known that the func-
tion /ﬂ}(mo, x)1 monotonically increases with respect to the argument x. Therefore,
we have

e} [e.e]

k
1 (To; )1 L o 11,
/ onrar1 dr = pp(zosr)y [ 2T tdx = mmﬂf(:vo,rh.

s T

Taking this into account, from inequality (1.14) we get

oo

k
W Zo5 X )1
A<cs / Mda:, r € (0,400),

T

where c3 is some positive constant independent of f, zg and 7.
This is inequality (1.6). The theorem is proved.
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Corollary 1.1. Let fe L? (R") (1<p<c), a>0, keN, k<

loc

<a+1, x9g€ R". Then the inequality

1
r v [/(@) = oot pag,n f (2)| do <
fan (VU—W)
me\Xo,
o FAL0s Y)p
<er e At

T

holds for any r > 0, where ¢ > 0 is independent of f, xg and r.

2. ®¥-oscillation and mean oscillation
Let ®(x) (xz € R™) be a function summable in R"™, such that ®(x) > 0 (x €

R™) and
/CID(J:)dx =1.

Rn

Introduce the following denotation.

() =7r""® (%) (r>0, ze€R");

Qo(f, B(x;r)): = /(I'r(x —t)|f(t) = Py, g f ()] dt,
RTL
where f € L} (R"), k€ N.
Qro(f, B(x;r)) is said to be ®-oscillation of k-th order of the function f in the
ball B(x,r).
Furthermore, let

hl;’(b(aj; 0): = sup{Q.o(f, B(z;7)): 0<r <8}, §>0, z€R",

H;f’@(é): = sup {hl;i’q)(x;d): T e Rn}, § > 0.

It is obvious that the functions h’;’q)(x; 0) and ij’(b () monotonically increase with
respect to the argument § € (0; 400)

Let
1

n+a’

®(z) = Y (z): = e(n; Q)W

a >0,

where ¢(n, ) is a constant such that
/ () (2)dz — 1.
R’ﬂ

Introduce the following denotation
Qk,a(f7 B(.’E, T)): = Qk;,CD(Ot) (f7 B(.T, T)))

e (a; 6): = Y (2y6),  HE(8):HPT (6).
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1
If &(z) = BO Xp(o,1)(7), where Xp is a characteristic function of the set
E C R", then ’
T —t 1 r—t
O, (z—t)=r " — X —
w-0=rre (57) = gy een ()
1
_ 1 XB(x " (t) _ m for te B(m,T)
|B(x, )] ’ 0 for t¢ B(x,r).

Therefore, for this function ®(x) we have

Qo(f, B(x;r)) = /‘br(ﬂﬁ —t) [ f(t) = Py, g f(8)| dt =
i

1

EEH]] / |F(t) = Prec1, B [ (B)] dt = Qu(f, B(a, 7)1,

B(z,r)
where Qi (f, B(x;7))1 is a k-th order mean oscillation of the function f in the ball
B(x,r) in the metric of the space L'.

1
It is easy to see that ®(1)(z) ~ P(z), x € R", where P(z):= ¢, - i

(1+121?) =

1 n
is a Poisson kernel for the case R"; here ¢, = I’ ( nt )77_31. Therefore the

2

relation

Q.p(f, B(x;r)) = Qo (f, B(z;7))  (r>0; x€R"),

where the constant in ” & ” relation is independent of f € L}, (R"), is fulfilled.

After the introduced denotation, we can write inequality (1.15) in the form:

(o @]
m]]i(xo; t)p

Qk,a(-ﬂB(xOvr)) <c-r® totl ’

r>0. (2.1)

r
We can show that if ¢(¢) monotonically increases on the interval (0, +00), accepts

only non-negative values and o > 0, the function

o0

F(r):= ro‘/ 20, dat, r >0,

ta+l ’

T

also monotonically increases on the interval (0, 4+00).
Considering monotone increase of the function F(r), from inequality (2.1) we
get

dt, 6> 0.

Thus, we proved
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Proposal 2.1. Let f e L] (R") (1<p<o), a>0, keN, k<
<a+1, xg€ R". Then, the inequality

Wy (203 0) < ¢+ 6 A A ) (2.2)

8

is true, where the positive constant c is independent of f, zg and 4.

Hence, passing to supremum with respect to zg € R", we get

Proposal 2.2. Let f € L] (R") (1<p<o0), a>0, ke N, k<a-+1.
Then the inequality

o [ ME(t),
Hf (5)30.5a/ t£+1 dt, >0, (2.3)
)

where ¢ > 0 is independent of f, xg and ¢, is true.

Remark. Further, we’ll mainly consider inequalities (2.2) and (2.3) for p = 1,
therefore the case 1 < p < oo easily follows from the case p = 1 by the inequal-
ities m’}(z;t)l < ml}(m,t)p and M]]?(t)l < M}f(t)p, t € (0,+00) (see (1.5)). Fur-
thermore, instead of m’}(x; r)1 and MJ’?(T)l we'll oftenly write m]]‘é(a:, r) and MJ’f(r),
respectively.

It is also true the following

Proposal 2.3. Let f € L}, (R"), a >0, k€ N. Then the inequalities

mh(2;0) < c-hy*(x,0) (z€R", §>0), (2.4)

Mf(8) <c-Hj(8) (5>0), (2.5)

where ¢ > 0 is independent of f, = and J, are valid.

3. Harmonic oscillation and its relation with mean gscillation
Let P(x) be a Poisson kernel for R", P.(z) := r~"P (—) (r > 0) and let
r

f e L, (R"), P.f(z) := (P f)(x) = /f(t)Pr(l‘ — t)dt. The quantity
Bn

/|f () Po( — t)dt

is said to be harmonic oscillation of the function f (see [1]). We also introduce the
following denotation:

hf(x;é)::oiugé/\f (@)| Px —t)dt  (z € R", 5> 0),

H¢(6): =sup{hs(x;0): xe€ R"}, §>0.



Transactions of NAS of Azerbaijan 175
[Mean oscillation...]

Lemma 3.1. Let f € L}, (R"). Then the relation

/yf — Pf(z)| Pr(x — t)dt ~ /|f — [Ba)| Pr(x —t)dt, (z€R", r>0),

1
s true, where fp:= — t)dt and the constants in the relation ” =~ 7 depend
|B|

only on dimension n.
Notice that for k = 1, the polynomial P,_; gy f(t) coincides with fg ).
Therefore lemma, 3.1 shows that

/ () = Pof ()] Pola — £)dt = D (. Bz, 7)) ~

~ Qljl(f,B(.T,T)), (CE eR", r> O)

Hence, it follows that
hy(z;0) = h}’l(a:;é) (x € R", 6 >0),
1,1
Hy(0) ~ Hy (6) (0 >0). (3.1)
It should be noted that a variant of the characteristics H(d) for periodic functions
is met in [1].
Applying the Proposals 2.1, 2.2, 2.3 and considering relation (3.1), we get the

following statement.
Theorem 3.1. Let f € L}, (R"). Then the following inequalities

1 oomjlv(a:;t)p .
my(z;6) <1 -hyp(z;0) <cp-d Tdt, (x € R", 6 >0);

MO <ecp-He(8) <co-8 }(t)d 5
F0) <er-Hp(d) <cz- zdt, (5>0),

are true, where ¢1 > 0 and co > 0 are independent of f, x and 9.
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