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SOME PROPERTIES OF THE SOLUTIONS TO THE
HYPERBOLIC EQUATIONS WITH VARIABLE
EXPONENTS OF NONLINEARITY

Abstract

In this article we established the behaviour of the global (in time) solution
to the mixed problems for nonlinear hyperbolic equations of the second order
if t — +oo. Also some monexistence conditions of the global solution to the
examined problems are received.

Semilinear hyperbolic equation of the form
uy — Au+ oy + BlugP % uy + ylulP? P = f(x,t), (1)

where o > 0, 8> 0, v € R, and p1,p2 € (1,+00), was considered by many authors
(see for instance [1-3]). Over the last years problems for nonlinear partial differential
equations have being actively studied in some special classes of functions namely in
generalized Lebesgue and Sobolev spaces [4], [5]. In paper [6], the mixed problem for
a hyperbolic equation of the third order with the power nonlinearities in the main
part is examined. Conditions are obtained providing the existence and uniqueness
of the problems’ solution in the generalized Sobolev spaces.

This article deals with properties of mixed problem’s solutions for certain gene-
ralization of the equation (?7?) in which nonlinearity exponents depend on spacial
variables. The behaviour of the global solution to such problems is researched if
t — +00. Besides under some conditions the nonexistence of the global solution is
shown.

Let n € N, T > 0 be some fixed numbers, 2 C R™ be a bounded domain of
CY%! class with a boundary 9Q, Q, = Q x (0,7), Q- = Qr N {t = 7}, 7 € [0, 7],
QOO =% (0,+OO), p1,p2 € LOO(Q)

Consider the following problem

n

U — Z (aij(2)us;)x; + c1(w)us + co(w)u + 91(2)ug|Pr @ 204

ij=1
+ g2(m)‘u|p2($)—2u = f(x7t)7 (l‘,t) c QT7 (2)
ulgaxo,r) = 0, (3)
u(x,0) =ug(z), ui(z,0)=wui(x), z €. (4)
Let p € L=(Q), po = essinf p(x), p° = esssupp(e), 1 < po < 1 < +o0,
z€ e

and 1/p(x) 4+ 1/p'(x) = 1, x € Q. By definition, put p,(v,Q) = [ [o(z)[P@®) dz. A
Q

LP@)(Q) is called a generalized Lebesgue space if for all v € LP(®)(Q) the following
conditions hold: (i) v : 2 — R! is a measurable function; (i7) p,(v, ) < +oco. From

our conditions 1 < py < p® < 400 it follows that LP(*)(Q) is a reflexive space (see
4], p. 600). LP(®)(Q) is a Banach space with respect to the norm

o P = inf {A >0 py(0/X, Q) <1},
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[LPE(Q)) = LP'@)(Q), and L"®)(Q) ¢ LPE(Q) if r(x) > p(z) (see [4], p. 599-600).
We assume that the following conditions hold:
(A): ay; € L™ (Q) a;j = aj, i, =1,n,

aolé)? < Z aij(x)€;€; < a®|¢|? for every £ € R and for a.e. z € Q,
7]7

where ag,a’ > 0;
(C): 1,02 € L®(Q), ¢ip < ci(x) < for ae. x € Q, where ¢;0,c) € RY i =1,2;
(G): g1,92 € L®(Q), gip < gi(x) < ¢ for a.e. z € Q, where gi0,9) € R,

1 =1,2;
(F): f: Qoo — R and for every T > 0 we have f, f; € L*(Q7);
(P): p1,p2 € L(Q), 1 < piop < p} < +o00, where pig = ess inf pi(x),
xr

p? = esssupp;(x), i =1,2;
e

(U): ug € HY(Q) N LP2@(Q), uy € H(Q) N LP)(Q).

Using Galerkin’s method we may prove next theorem.

Theorem 1. Suppose that conditions (A),(C),(G),(F),(P),(U), g0 > 0,
g8 >0, and 2 < pag < p§ < n_— , if n > 3, are satisfied. If, additionally,
Wij, € L2(Q) (i,5,k = Ln), ug € H*(Q) N L2PE-D(Q), uy € LHnE=D(Q),
then problem (77)-(??) has a global solution w such that for every T > 0 we have
u e L>®(0,T; HE (Q) N LP2@)(Q)), u, € L*°(0,T; HY(Q) N LPYE(Q)), uy € L2(Q7).

Now we consider the behaviour of the solution to problem (?7)-(??). Let us
introduce a function

E(t) = /[|ut x,t) \ + Z aij(2)ug, (z, t)ug; (2, 1) + ca(x )|u(x,t)]2 dx+

4,j=1

+ / 925) o ) 1> 0,
p(z)
Q
where u is a global solution to problem (77)-(?7).
First let us study a behaviour of the global solution u to problem (?7)-(??) if
t — 4o00. Let p1 = po = p. By definition, put

0 0
D 91,0 c]+2 .
w=_LI0 g . L=min{1, W, 1/H, ag/~", 5
R —1) 21,0 { /H. aof7) )

where v = v(€) > 0 is a constant from the Friedrichs inequality, namely,

/|v|2d:v < 7/2 lug, |2 dz Vv e HY(Q). (6)
5 o i=l1

We will say that the condition (V) holds if

(V).Kl_l——>0 Ky = po—g—>o.
ao 92,0

The following theorem is established.
Theorem 2. Suppose that conditions (A), (C), (G), (U), (V) are satisfied,
cog =0, cl,g,c(f > 0, and gi,g,glo > 0, where i = 1,2. If p1 = pas = p, and u is the
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global solution to problem (??)-(??), then there exist constants C > 0, w > 0 such
that
E(t) < CE(0)e ", t>0. (7)

Proof. Let u be the global solution to problem (?7)-(??). Then for all v €
HY Q) N LPE)(Q) we get

/

Q4

n
UV + Z i (T)Uz; Ve, + c1(T)ugv+
ij=1

+ gl(x)]ut|p(l’)*2utv + gg(:c)]u\p(x)zuv] dx = 0. (8)

Using equality (?7?) with v = u;, we obtain

dE

o /[uttut—i—z az]uxluwjt—&—gg\u]p( uut]d:):— /[cllut\2+g1|ut\p(x) dz. (9)

Q4 L= 1 Q4
Let us consider a function
J(t):E(t)—i—a/uutdx, e>0, t>0. (10)
Q¢
From (?7), (??) and (??) with v = u, we have

aJ
- = —i—a/]ut\de—i-a/uttudaf—/[cl\ut| + g1 |uel? x)] dx+

dt
Qy Q¢ Q

+€/!ut| d$—e/[z iU, Uz, + Crtgu + gr|ug [P 2upu + golulP@ }da? (11)
Q: Q4 1,j=1

Taking into account conditions (A), (C), (G) and using some transformations, we

obtain
Kie 2
< [ X vt esat1 10 [ uae-

,j=1

(1. & p() 7. 92, 1p(x)

(1 W)/glyut| dz — Koe p|uy dz (12)
Qt Qt

(see (7?) and (V). In view of (V), and choosing ¢ € (0, min{W,1/H}), from (??)
we get the inequality

S < —Ka(e)B(1), (13)

where K3(e) > 0.
Now we will obtain the additional estimates. From (?7) and (??) we find

50 < B0+ 5 [ |1+ P s <

Q4
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< E(t) + qu:lH— AUy Uy ; AT <
a0 J

Qt Q4 3,j=1

1 7\ — 1 1 .
< [[5(1+2) 3 agtan 450l o < a@p@, 0
t 2

where A(e) = max{l +ey/ap,1 +¢,1}.
In a similar way for 0 < ¢ < min{1, ap/v} we obtain the estimate

I(t) > / [ (1 _ ) Z ity i, + %(1 o)l + ;ggyuvﬂ(m)} de > N(e)E(t),

t

where N(¢) = min{l —evy/ap,1 —¢,1}.
Therefore if € € (0, L) (see (??)), then taking into account (??), (?77?), we get

di < _Kg(é)
at —  Ale)

J(#).

Hence
Kg (5)
Ale)

Since J(0) < A(e)E(0) and J(t) > N(e)E(t), we see that

J(t) < J(0)e ", where w=

IO _ IO o AG)
FOSNe v Snet0¢
Ae)

So this implies that (??) holds for C' =
2.

. This completes the proof of Theorem
N(e)

Now let us consider the case go < 0. Assume that p; = const, ps = const, and
use such denotation as

1/r
ol = llol 2y = ( / |v<x>\rdx> el
Q

To prove the following result we need the auxiliary lemma.
2
Lemma ([2]). Let c20,¢3 > 0, ¢ > 2 and, additionally, q¢ < n2 if n > 3.
n —

Then there ezists constant M = M(Q)) > 0 such that for all v € H}(Q) and for all
s € [2,q] the next inequality holds:

n
[l < M/ { Z iV, Ve, + colv2 + |v)?
G, Bi=1

Theorem 3. Suppose that the conditions (A), (C), (G) hold, and 2 < p; < p2
n2 ifn >3, c102>0,c0 >0, g10 >0,

ifn=1o0orn=2 2<p <p <
n
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920 <0, up € HY(Q), up € L*(2), f =0, E(0) < 0; then problem (??)-(??) can not
have a global solution, namely, there exist the points Ty > 0 and € > 0 such that

lim . [Hu(t);I}’Q(Q)Hlerz2 + s/ut(:):,t)u(:r,t) dx] = 400. (15)

t—To—

Proof. Assume that theorem’s conditions hold. By definition, put A = —FE(0),
H(t) = —E(t), where t > 0. Then A >0, E'(t) <0 (see (77)),

H'(t) = / [Cl|ut|2 + gl|ut|m} dz >0, t>0. (16)
Q
Let
L(t) = H™(¢t) —|—5/utud:v, ae(0,1), >0, t>0.
Q
Hence

L'(t)=(1—-a)H *(t)H (t) + 8/ [|ut\2 + uttu] dx.
Q

From (?7?) it follows that

L) = (l—a)H_a(t)H’(t)—|—5/|ut|2d:r—
Q¢

n
—€ Z @i ste; + crugu + ealul® + g1fug [P 2w + golulP? | da
O, L=t
Taking into account (?7), lemma’s statement, and theorem’s conditions, we will
obtain the following estimate

3

/ € —a 2 -«
> — - _ _ P1
L'(t) (1 a 261)H (t)/cﬂut] dx + (1 o' 62)H (t)/gl|ut] dx+
Qt Qt

n
+5/ lug|? da — 5(1 + 61K+ 672’1*11(5) / [ > ity + cz|u|2} dz+

Q4 Q4 1,J=1
01Ky + 53171}{5
+e( 1) [ galude, (17)
92,0 J
t

where o € (0, ]9(2—1?11)>’ 01,00 >0, ¢, K4,K5 > 0. If 61,62 > 0 are sufficiently
p2{P1 —
small, then using the equality

o 2
/ [ Z QiU U, + 02|u|2} drx = —2H(t) — / ug|? da — > /gg|u|p2 dz,

Q4 i,j=1 Q4 Qy
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from (??) we get
L(t) = Cu(e) [H(®) + lullz + i3], >0, (18)

where ¢ = £(§) > 0 is sufficiently small, C(¢) > 0 is some constant. It is easy to see
that

Ta 2
20| < Cale) |+l + EE | ez (19)
where Cy(g) > 0.
—2 -2 — 1 4
Setting a = P2 (notice that P2 < P2~ N , =2— — and
) P2 2p2  p2Api—1) 1-a p2+2
o = pg), by (??), (??) we obtain the inequality
— 2«
g__4
L'(t) > Cs(e) [L(t)] A} (20)
where Cs(g) > 0.
-«

Note that if € > 0 is sufficiently small, then L(0) = A" + ¢ [ uouy do >

Q
Therefore (??) implies that for all 7 € (0,7p) the following estimate holds

po+2
L(t) > b2+t 2 e
C3(p2 —2)(Tp — 1)
oriTe 2
po+2
where Ty = pzi (p2 +2) .

A2z Cs(py — 2)
It is obvious that L(7) — +oo if 7 — Tp — 0 and (??) holds which concludes the
proof of Theorem 3.
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