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ON THE BOUNDEDNESS OF THE MAXIMAL
OPERATOR IN MORREY SPACES ASSOCIATED
WITH THE DUNKL OPERATOR ON THE REAL

LINE

Abstract

On the real line, the Dunkl operators are differential-difference operators
associated with the reflection group Zs on R. We consider the generalized shift
operator, associated with the Dunkl operator. We study some embeddings into
the Morrey space (Dunkl-type Morrey spaces) associated with the Dunkl operator
on R. We obtain the boundedness of the Dunkl-type maximal operator in the
Dunkl-type Morrey spaces. As applications we get boundedness of the Dunkl-type
mazimal operator in the Dunkl-type Besov-Morrey spaces.

1. Introduction

On the real line, the Dunkl operators A, are differential-difference operators
introduced in 1989 by Dunkl [8]. For a real parameter a > —1/2, we consider the
Dunkl operator, associated with the reflection group Zs on R :

Al D) = g gy 2L (LI E0)

Note that A_;/, = d/dw.

In this paper we consider the generalized shift operator, generated by the Dunkl
operator A, in terms of which the maximal operator (Dunkl-type maximal operator)
in the Morrey space (Dunkl-type Morrey space) associated with the Dunkl opera-
tor on R is investigated. We obtain the boundedness of the Dunkl-type maximal
operator in the Dunkl-type Morrey spaces.

The paper organized as follows. In Section 2, we present some definitions and
auxiliary results. In section 3, we give some embeddings into the Dunkl-type Mor-
rey spaces. In Section 4, we give the our main result on the boundedness of the
Dunkl-type maximal operator in the Dunkl-type Morrey spaces. As applications of
this result, we prove the boundedness of the Dunkl-type maximal operator in the
Besov-Morrey spaces (Dunkl-type Besov-Morrey spaces) associated with the Dunkl
operator on R.

2. Preliminaries
Let o > —1/2 be a fixed number and p,, be the weighted Lebesgue measure on
R, given by
dpe () = (2°T' (o + 1))_1 |20 d.
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For every 1 < p < 0o, we denote by L, (R) = Ly(dp,)(R) the spaces of complex-
valued functions f, measurable on R such that

1/p
1l = 151, = ([P dala)) " <00 it pef1,o0)

and

[fllooa = Ifll .., = esssup|f(z)] if p=oc.
z€R

For 1 < p < oo we denote by WL, ,(R), the weak Ly, (R) spaces defined as the
set of locally integrable functions f(z), € R with the finite norm

1w, . =swp 7 (o fo €R : |f(2)] > rhVP.
Note that
Lyo CWhpa and |[fllyg,, <I[Ifll,q forall f e Lya(R).
For all z, y, z € R, we put
Wolz,y,2) = (1 =0yt 0zpy+ 02y2)Aa(z,y, 2)

where s
” ) == gﬂyfz if x,yeR\O,
T,z .
Y 0 otherwice

and A, is the Bessel kernel given by

{ dp, (el yD? =222 —(al —lw?D* "2 e ) e g,

lzyz|>

Ao(x,y,2) =
al ) 0 otherwice,

where do = (D(er+1))?/(2°7 /7 T(a + 5)) and Ay = [l = [yll, =] + [y]].
Proposition 1 (see Résler [17]). The signed kernel Wy, is even and satisfies
the following properties

Wal(z,y,2) = Waly, x, 2) = Wo(—2x, 2,9),

Wa(x,y, Z) = Wa(_za Y, _aj) = Wa(—ﬂf7 -Y, _Z)
and

/ W, . 2)| dpia(2) < 4.
R

In the sequel we consider the signed measure v, ,, on R, given by

Wal(z,y,2) dug(2) if z, y € R\O,
Vgy = doz(z) if y=0,
ddy(2) it x=0.

Definition 1. For z, y € R and f a continuous function on R, we put

ref(4) = /R F(2) vy (2).
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The operators 7., x € R, are called Dunkl translation operators on R and it can
be expressed in the following form (see ref. [17, 18])

T+ f(Yy) = ¢a /07r fe <\/x2 + 3% — 2|zy| cos 9) hi(z,y,6)(sin 9)2a do

—i—ca/ fo (\/:c2 + y2 — 2|xy] cos (9) ha(z, 7y, 0)(sin §)%* d6),
0

where f = fo. + fo, fo and f. being respectively the odd and the even parts of f,
with ¢ =T'(a+1)/(V7T(a+1/2)),

(z+y) [1—sgn(zy) cost] ¢ —
hi(x,y,0) =1—sgn(xy)cosf and ho(x,y,0) = Va2 —2|zy| cos 0 ,
0 if xzy =0.

Proposition 2 (see Soltani [15]).
(i) If f is an even positive continuous function, then T, f is positive.
(it) For all x € R the operator T, extends to L, o(R), p > 1 and we have for
f € Lpa(R),
|72 f

lp.o < 4llf

p,o

3. Dunkl-type Morrey spaces
Let B(xz,r) ={y € R: |y| €| max{0, |x| — 7}, |x| +r[} and » > 0. Then B(0,r) =
] —r,r[ and
pa (] = r]) = ba r?+2,

where by = [207 (@ + 1) D(a+ 1)] .

Definition 2. Let 1 <p < o0, 0 < A < 2a+ 2. We denote by Ly » o(R) Morrey
space (= Dunkl-type Morrey space), associated with the Dunkl operator as the set of
locally integrable functions f(x), © € R, with the finite norm

1/p
1fllpra = sup ("”_A / Tl f(y) P dua(y)> :
z€R, >0 B(0,r)

Note that
Lpa(R) Cs Lpo,a(R),

1, < 41FlL, .

p,0,a
and if A <0 or A > 2o + 2, then Ly, 5 o(R) = ©, where © is the set of all functions
equivalent to 0 on R.
Definition 3. Let 1 <p < 00, 0 <X < 2a+2. We denote by WL, o(R) weak
Dunkl-type Morrey space as the set of locally integrable functions f(x), © € R with
finite norm

1/p
”fHWLp .., =supt sup (T_A/ d/J'a(y)) :
A t>0 z€R,r>0 {yeB(0,r): 7| f(y)|>t}
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We note that

Lpra(R) CWLpxa(R) and |flly,, < If

2P e p’Ava

Lemma 1 [11]. Let 1 < p < oco. Then
Lp2a+2,a(R) = Lo (R)

and
1£1p 2020 = P8P 1 flloo -

On the Dunkl-type Morrey spaces the following embedding is valid.
Lemma 2 [11]. Let 0 < A < 2a+2 and 0 < f < 2a +2 — X. Then for
200 4+2 — A
P=——75—
g

Lpra(R) C Ligat2-pa(R) and | f 12042—B,a = b(lx/p ”pr,,\,av

where 1/p+1/p’ = 1.

4. Main result
Now we define the Dunkl-type maximal function (see [1, 10, 16]) by

1
M) = sup s /B o T )

In [1, 10, 16] was proved the following theorem (see also [6, 7]).
Theorem 1.1. If f € L1 o(R), then M f € WL o(R) and

IMfllwer o < Cillf]

1,a5

where Cp > 0 is independent of f.
2. If fe Lpa(R), 1 <p < oo, then Mf € Ly o(R) and

M f

‘p,a < CQHpr,on

where Cy > 0 is independent of f.
Corollary 1. If f € LY (R), then

Ye%

1
lim/ Tof(y) — f(x)|du,(y) =0
r—0 :uaB(OvT) B(O,’l")‘ ( ) ( )‘ ( )
for a. e. z €R.
Corollary 2. If f € LlfC (R), then

a

. 1 _
}1_1’)1(1) m /;(O’T) Txf(y)d:u‘oc(y) - f(l))

for a. e. z €R.
The following theorem is our main result in which we obtain the boundedness of

the Dunkl-type maximal operator M in the Dunkl-type Morrey spaces.
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Theorem 2.Let 0 < )\ < 2o + 2.
1. If f € Lixo(R), then M f € WL ) o(R) and

IMfllwes s < Csllfllpra

where C5 > 0 is independent of f.
2. If feLpra(R), 1 <p<oo, then Mf € Ly »o(R) and

1M fllpra < Call f

‘p,A,ou

where Cy > 0 is independent of f.

Proof. The maximal function M f(z) may be interpreted as a maximal function
defined on a space of homogeneous type. By this we mean a topological space X
equipped with a continuous pseudometric p and a positive measure p satisfying

u(E(x,2r)) < Cop(E(z,7)) (1)

with a constant Cj independent of z and r > 0. Here E(z,r) = {y € X : p(z,y) <
r}, p(z,y) = |z —y|. Let (X, p, ) be a space of homogeneous type. Define

1

Maf@) = sup s [ 150l

It is well known that the maximal operator M), is bounded from Li(X, A, 1) to
WLi(X, A p) for 0 < XA < 20+ 2 and is bounded on Ly(X, A, p) for 1 < p < and
0 <X <2a+2 (see [4, 13, 14]). We shall use this result in the case in which X =R,
p(x,y) = |z —y|, du(z) = du,(x). It is clear that this measure satisfies the doubling
condition (?7?).

We will shall show that

Mf(z) < C5M, f(z), (2)

where Cs > 0 is independent of f.

From the definition of the generalized shift operator it follows that T,xp( . (¥)
is supported in B(x,r).

Moreover

‘ QCa r 20+1
0 < TuXp(o,(y) < minq 1, o+ 1 <\az|> , Yy € B(z,r). (3)

In the case |z| < r this follows from the simple inequality 0 < 74X p(o,(y) < 1.
To prove (??) in the case |z| > r, we proceed as follows:

1
Ty - = ¢y sin 0)%“dh = ca/ 1— ) 12q <
XB(0, )(y) /{Ge(ovﬂ):zuyzﬂ <cost ( ) 22 4y2—r2 ( )

2|zy|

2|zy|

1 —1/2 2 2 2\ at1/2
< 2(a71/2)+ca (1 B t)afl/th _ ola=1/ )+Ca 1— rr+y —r <
22+y2—r2 a+1/2 2|zy|

2[wy|
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3 9%, B at+1/2 r— |z —y a+1/2
“2a+1 \ |z | ’

where a1 = a if a > 0 and ay =0 if a < 0.

In the case |y| > |z|

2¢a P\ 2ot
< T
TwXB(O,T)(y) =~ 2a+1 <‘CL”>

and in the case |y| < |z| the inequality r—||x’—y| < |7“7| s equivalent to r < [z,
Yy x
Therefore we have
QCa r 2a
< _
TeXBon) W) < 507 (!fﬂ) ,
which proves (??) in the case |y| < |z| as well.
Also
Bz, 1) = (2a+1F(oz+ 1))1/ |y’2a+1 dy <
B(z,r)
lzl+r  2a+1
1) 2 dy, r<
< (Hr(a 1)) ] 2l v A <
2foz Ty2etlay p > |z
2 et o <fa] 20T aags f (al/n)*TE v <Jal
ST U rzlel et L sl
Then
" x_sup/T dpie(y) =
f@) >0 1o B(0,7) Jr | F W XBom) (W) dHa(y)
1
= SUD O T d y =
r>1(:]) ,UJQB(O,’I") /R|f(y)| xXB(O,r)(y) :U’a( )
o,
~ B, F@ 72X 50,0 (W) dia(y).
>0 /’LQB(()?T) B(:C,?")| ( )| ZAB(0;r) o
Thus
M f(x) < My f(z) + My f(z),
where 1
wIm= / 7l f )] dpia(v),
r>la] HaB(0,7) S0 " @
1
M f(x) = sup / T2l f ()] dpg,(y)-
r<la] HaB0,7) J0m @
2a+1
If r > |z|, then p,B(z,r) < mr%&{ also 41, B(0,1) = b 22 and

TzXB(0,)(y) < 1forally € B(x,r). Thus yields

1
M) = s s /B Va0 W 0) <
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20+2 1
<292 (a4 1) f}ilg v B ~/B(17T) If(y)|du(y) < Cs M, f(x).

If r < |z|, then by (??) p,B(x,r) < %r’m‘2a+l and

2Ca ( r )2a+1

< -

for all y € B(x,r). Thus we have

1
Maf@) = s s [ W i (6) <

r<|z| Mo

1
SC'7SUP/ FW)ldu(y) < Cs M, f(x).
r>0 NQB(:Z:7T) B(z,r) ‘ ( >‘ ( ) g ( )
Therefore we get (?77), which completes the proof 1) and 2).
Theorem 2 has been proved.

For 1 <p,g<00,0<A<2a+2and 0 < s < 2, the Dunkl-type Besov-Morrey

BD;  o(R) consists of all functions f in Ly ) o(R) so that
1/q
Imaf () = FOIT
IflzD;, \ . = Iflzpn0 + (/R |20+ 2+sq PR dme (x) < o0.

Besov spaces in the setting of the Dunkl operators studied by C. Abdelkefi and
M. Sifi [2, 3], R. Bouguila, M.N. Lazhari and M. Assal [5], V.S. Guliyev and Y.Y.
Mammadov [7] and L. Kamoun [9]. In the following theorem we prove the bounded-
ness of the Dunkl-type maximal operator in the Dunkl-type Besov-Morrey spaces.
Theorem 3. Forl < p<o0,1<¢<00,0<A<2a+2 and0 < s < 2 the
Dunkl-type mazximal operator is bounded on BD,, ,(R). More precisely, there is a
constant C > 0 such that
1M fllBDs

Pa,A, 0

< C|fllBps

PqA,

hold for all f € BD,, , ,(R).
Remark Note that Theorem 3 in the case A = 0 was proved in [7].
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