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Abstract

We consider the Cauchy problem for systems of second and fourth order
semilinear hyperbolic equations.

In the paper we established the criterion analogous to Fujit’s criterion for
global solvability: the conditions on nonlinearity increase ensuring the existence
of global solution are obtained. The mentioned example shows that the condi-
tions on nonlinearity increase are exact.

In the domain R+ × Rn we consider the Cauchy problem for the systems of
semilinear hyperbolic equations

utt + ut −∆u = f1 (u, v) ,

vtt + vt + ∆2v = f2 (u, v)

 (1)

with the initial conditions

u (0, x) = ϕ1 (x) , ut (0, x) = ψ1 (x) ,

v (0, x) = ϕ2 (x) , vt (0, x) = ψ2 (x) ,

 , (2)

where f1, f2 ∈ C1
(
R2
)
.

It is known that at any ϕi ∈ W i
2 (Rn) , ψi ∈ L2 (Rn) , i = 1, 2 the problem has a

local solution (u, v) ∈ C[0, T ]; W 1
2 (Rn)×W 2

2 (Rn) ∩ C1 ([0, T ];L2 (Rn)× L2 (Rn)) ,
where T = T

(
‖ϕ1‖W 1

2 (Rn) , ‖ϕ2‖W 2
2 (Rn) , ‖ψ1‖L2(Rn) , ‖ψ2‖L2(Rn)

)
.

Let T ′ be length of maximum interval of existence of the solutions (u, v) ∈
C
(
[0, T ′) ; W 1

2 (Rn)×W 2
2 (Rn)

)
∩ C1 ([0, T ′) ; L2 (Rn)× L2 (Rn)), then either T ′ =

+∞, or lim
t→T ′−0

E (t) = +∞, where

E (t) = ‖u (t, ·)‖W 1
2 (Rn) + ‖v (t, ·)‖W 2

2 (Rn) + ‖ut (t, ·)‖L2(Rn) + ‖vt (t, ·)‖L2(Rn) .

Hence if follows that for global extension of the given solution it is sufficient to
obtain a priori estimate

E (t) ≤ c, t ∈
[
0, T ′

)
. (3)

The existence and absence of global solutions of the Cauchy problem for semi-
linear dissipative wave equations have been investigated in the papers of various au-
thors (see [1-7]), and existence of global solutions for higher order pseudo-hyperbolic
equations has been investigated in the paper [8].
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In the present paper the existence and uniqueness of global solutions of the
problem (1), (2) are investigated.

At the end of the paper it is cited an example of the Cauchy problem for systems
of hyperbolic equations of the form (1), on absence of global solutions that shows
the exactness of the obtained result.

Assume that the following conditions are satisfied:

|fi (u, v)| ≤ c |u|pi |v|qi , u, v ∈ R, i = 1, 2. (4)

Here
Pi ≥ 0, qi ≥ 0, pi + qi > 0

Pi +
qi
2
>

2
n

+ ϕ (pi, qi) , i = 1, 2, (5)

where ϕ (p, q) =


1
2

p ≥ 0, q > 0

1 p > 0, q = 0

.

Theorem 1. Let the condition (4), (5) be satisfied, then there exists such δ > 0
that at any

((ϕ1, ψ1) , (ϕ2, ψ2)) ∈ Uδ ≡ {((ϕ1, ψ1) , (ϕ2, ψ2)) :

(ϕ1, ψ1) ∈
[
W 1

2 (Rn) ∩ L1 (Rn)
]
× [L2 (Rn) ∩ L1 (Rn)]

}
(ϕ2, ψ2) ∈

[
W 2

2 (Rn) ∩ L1 (Rn)
]
× [L2 (Rn) ∩ L1 (Rn)] ,

2∑
i=1

[
{
∥∥∇iϕi

∥∥
L2(Rn)

+ ‖ϕi‖L1
+ ‖ψi‖L1(Rn) + ‖ψi‖L2(Rn)

]
< δ}

the problem (1), (2) has a unique weak global solution

(u, v) ∈ C
(
[0,∞) ;W 1

2 (Rn)×W 2
2 (Rn)

)
∩ C1 ([0,∞) ;L2 (Rn)× L2 (Rn))

for which the following estimates hold:

‖u (t, ·)‖L2(Rn) ≤ c (1 + t)
−n

4
, (6)

‖∇u (t, ·)‖L2(Rn) ≤ c (1 + t)
−( 1

2+ n
4 )
, (7)

‖ut (t, ·)‖L2(Rn) ≤ c (1 + t)
−λ0

, (8)∑
|α|=r

‖Dαv (t, ·)‖L2(Rn) ≤ c (1 + t)
−n+2r

8
, r = 0, 1, 2, (9)

‖vt (t, ·)‖L2(Rn) ≤ c (1 + t)
−λ1

, (10)

where

λ0 = min
{

1 +
n

4
,
n

2

(
p1 +

q1
2

)
− n

2

(
1
ρ

+
1

2ρ′

)}
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λ1 = min
{

1 +
n

8
,
n

2

(
p1 +

q1
2

)
− n

2

(
1
ρ

+
1

2ρ′

)}
, ρ > 1, ρ′ > 1,

1
ρ

+
1
ρ′

= 1.

Proof. Let û0 (t, ξ) , û1 (t, ξ) , v̂0 (t, ξ) and v̂1 (t, ξ) be solutions of the following
problems

L1ξû0 = 0; û0 (0, ξ) = 1, û0t (0, ξ) = 0;

L1ξû1 = 0; û1 (0, ξ) = 0, û1t (0, ξ) = 1;

L2ξ v̂0 = 0; v̂0 (0, ξ) = 1, v̂0t (0, ξ) = 0;

L2ξ v̂1 = 0; v̂1 (0, ξ) = 0, v̂1t (0, ξ) = 1,

where
L1ξûi = ûitt (t, ξ) + ûit (t, ξ) + |ξ|2 ûi (t, ξ) ,

L2ξ v̂i = v̂itt (t, ξ) + v̂it (t, ξ) + |ξ|4 v̂i (t, ξ) .

It is known that (see [3])

‖u0 (t, x) ∗ ϕ1 (·)‖L2(Rn) ≤ c (1 + t)
− n

4
(
‖ϕ1‖L1(Rn) + ‖ϕ1‖L2(Rn)

)
, (11)

‖∇ (u0 (t, ·) ∗ ϕ1 (·))‖L2(Rn) ≤

≤ c (1 + t)
−( 1

2+ n
4 ) (

‖ϕ1‖L1(Rn) + ‖ϕ1‖W 1
2 (Rn)

)
, (12)

‖u1 (t, ·) ∗ ψ1 (·)‖L2(Rn) ≤ c (1 + t)
− n

4
(
‖ψ1‖L1(Rn) + ‖ψ1‖L2(Rn)

)
, (13)

‖∇u1 (t, x) ∗ ψ1 (·)‖L2(Rn) ≤ c (1 + t)
−( 1

2+ n
4 ) [

‖ψ1‖L1(Rn) + ‖ψ1‖L2(Rn)

]
. (14)

Similarly (see [6,8])

‖v0 (t, ·) ∗ ϕ2 (·)‖L2(Rn) ≤ c (1 + t)
− n

8
[
‖ϕ2‖L1(Rn) + ‖ϕ2‖L2(Rn)

]
, (15)

∑
|α|=2

‖Dα (v0 (t, ·) ∗ ϕ2 (·))‖L2(Rn) ≤

≤ c (1 + t)
−( 1

2+ n
8 ) [

‖ϕ2‖L1(Rn) + ‖ϕ2‖W 2
2 (Rn)

]
, (16)

‖v1 (t, ·) ∗ ψ2 (·)‖L2(Rn) ≤ c (1 + t)
− n

8
[
‖ϕ2‖L1(Rn) + ‖ϕ2‖L2(Rn)

]
, (17)∑

|α|=2

‖Dα (v1 (t, ·) ∗ ψ2 (·))‖L2(Rn) ≤

≤ c (1 + t)
−( 1

2+ n
8 ) [

‖ϕ2‖L1(Rn) + ‖ϕ2‖L2(Rn)

]
. (18)

Here ui = F−1 [ûi] , vi = F−1 [v̂i] , i = 1, 2, F−1 is an inverse Fourier transformation,
∗ is convolution by the variable x.
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We can represent a solution of the problem (1), (2) in the following form

u (t, x) = u0 (t, x) ∗ ϕ1 (x) + u1 (t, x) ∗ ψ1 (x) +

+

t∫
0

u1 (t− τ , x) ∗ f1 (u (τ , x) , v (τ , x)) dτ , (19)

v (t, x) = v0 (t, x) ∗ ϕ2 (x) + v1 (t, x) ∗ ψ2 (x) +

+

t∫
0

v1 (t− τ , x) ∗ f2 (u (τ , x) , v (τ , x)) dτ. (20)

Using (11)− (14) from (19) we obtain the following inequalities

‖u (t, ·)‖L2(Rn) ≤ c (1 + t)
− n

4
E1 (ϕ1, ψ1) + c

t∫
0

(1 + t− τ)
−n

4 ×

×
[
‖f1 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f1 (u (τ , ·) , v (τ , ·))‖L2(Rn) dτ

]
, (21)

‖∇u (t, ·)‖L2(Rn) ≤ c (1 + t)
−( 1

2+ n
4 )
· E1 (ϕ1, ψ1) + c

t∫
0

(1 + t− τ)
−( 1

2+ n
4 )
×

×
[
‖f2 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f2 (u (τ , ·) , v (τ , ·))‖L2(Rn)

]
dτ, (22)

where

E1 (ϕ1, ψ1) = ‖ϕ1‖L1(Rn) + ‖ϕ1‖W 1
2 (Rn) + ‖ψ1‖L1(Rn) + ‖ψ1‖L2(Rn)

Analogously, using (15)-(18) from (20) we obtain the following inequalities

‖v (t, ·)‖L2(Rn) ≤ c (1 + t)
− n

8
E2 (ϕ2, ψ2) + c

t∫
0

(1 + t− τ)
−n

8 ×

×
[
‖f2 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f2 (u (τ , ·) , v (τ , ·))‖L2(Rn)

]
dτ (23)

∑
|α|=2

‖v (t, ·)‖L2(Rn) ≤ c (1 + t)
−( 1

2+ n
8 )
E2 (ϕ2, ψ2) + c

t∫
0

(1 + t− τ)
−( 1

2+ n
8 )
×

×
[
‖f2 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f2 (u (τ , ·) , v (τ , ·))‖L2(Rn)

]
dτ, (24)

where

E2 (ϕ2, ψ2) = ‖ϕ2‖L1(Rn) + ‖ϕ2‖W 2
2 (Rn) + ‖ψ1‖L1(Rn) + ‖ψ1‖L2(Rn) .

Further we’ll assume that pi > 0, qi > 0, i = 1, 2. In other cases the proof is
conducted similarly.
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Applying the Hölder inequality, from (4) we obtain that

‖f1 (u, v)‖L1(Rn) ≤ c ‖u‖p1

Lp1ρ(Rn) · ‖v‖
q1

Lq1ρ′
(25)

where
1
ρ

+
1
ρ′

= 1, ρ, ρ′ > 1.

Further, applying multiplicative inequality (see [9]) we have

‖u‖p1

Lp1ρ(Rn) ≤ c ‖u‖p1(1−θ11)
L2(Rn) ‖∇u‖p1θ11

L2(Rn) (26)

‖v‖q1

Lq1ρ′ (R
n) ≤ c ‖v‖q1(1−θ12)

L2(Rn) ·

∑
|α|=2

‖Dαv‖L2(Rn)

q1θ12

, (27)

where

θ11 = n

(
1
2
− 1
p1ρ

)
, (28)

θ12 =
n

2

(
1
2
− 1
q1ρ′

)
. (29)

It follows from (25)-(27) that

‖f1 (u, v)‖L1(Rn) ≤

≤ c ‖u‖p1(1−θ11)
L2(Rn) ‖∇u‖p1θ11

L2(Rn) · ‖v‖
q1(1−θ11)
L2(Rn) ·

∑
|α|=2

‖Dαv‖L2(Rn)

q1θ12

. (30)

Analogously we obtain the inequality

‖f1 (u, v)‖L2(Rn) ≤

≤ c ‖u‖p1(1−θ21)
L2(Rn) ‖∇u‖p1θ21

L2(Rn) · ‖v‖
q1(1−θ22)
L2(Rn) ·

∑
|α|=2

‖Dαv‖L2(Rn)

q1θ22

, (31)

where

θ21 =
n

2

(
1− 1

p1ρ

)
, θ22 =

n

4

(
1− 1

q1ρ′

)
. (32)

Allowing for condition (4) we obtain also the following inequalities

‖f2 (u, v)‖L1(Rn) ≤

≤ c ‖u‖p2(1−θ′11)
L2(Rn) ‖∇u‖p2θ′11

L2(Rn) · ‖v‖
q2(1−θ′12)
L2(Rn) ·

∑
|α|=2

‖Dαv‖L2(Rn)

q2θ′12

, (33)

‖f2 (u, v)‖L1(Rn) ≤
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≤ c ‖u‖p2(1−θ′21)
L2(Rn) ‖∇u‖p2θ′21

L2(Rn) · ‖v‖
q2(1−θ′22)
L2(Rn) ·

∑
|α|=2

‖Dαv‖L2(Rn)

q2θ′22

, (34)

where

θ′11 = n

(
1
2
− 1
p2ρ

)
, θ′12 =

n

2

(
1
2
− 1
q2ρ′

)
, (35)

θ′21 =
n

2

(
1− 1

p2ρ

)
, θ′22 =

n

4

(
1− 1

q2ρ′

)
, (36)

1
ρ

+
1
ρ′

= 1, ρ, ρ′ > 1.

Let’s introduce the notation

ε1 (t) = (1 + t)
n
4 ‖u (t, ·)‖L2(Rn) + (1 + t)

( 1
2+ n

4 )
‖∇u (t, ·)‖L2(Rn) ,

ε2 (t) = (1 + t)
n
8 ‖v (t, ·)‖L2(Rn) + (1 + t)

( 1
2+ n

4 ) ∑
|α|=2

‖Dαv (t, ·)‖L2(Rn) .

Allowing for (30)-(36) from (21)-(24) we obtain that

ε1 (t) = c1E1 (ϕ1, ψ1) + c (1 + t)
n
4

t∫
0

(1 + t− τ)−
n
4 (1 + τ)−γ1 εp1

1 (τ) εq1
2 (τ) dτ+

+c (1 + t)
1
2+ n

4

t∫
0

(1 + t− τ)−( 1
2
+n

4 ) (1 + τ)−γ2 εp1
1 (τ) εq1

2 (τ) dτ . (37)

ε2 (t) = cE2 (ϕ2, ψ2) + c (1 + t)
n
8

t∫
0

(1 + t− τ)−
n
8 (1 + τ)−γ′1 εp2

1 (τ) εq2
2 (τ) dτ+

+c (1 + t)
1
2+ n

8

t∫
0

(1 + t− τ)−( 1
2
+n

8 ) (1 + τ)−γ′2 εp2
1 (τ) εq2

2 (τ) dτ , (38)

where

γ1 = p1 (1− θ11)
n

4
+ p1θ11

(
1
2

+
n

4

)
+ q1 (1− θ12)

n

8
+ q1θ12

(
1
2

+
n

8

)
;

γ2 = p1 (1− θ21)
n

4
+ p1θ21

(
1
2

+
n

4

)
+ q1 (1− θ22)

n

8
+ q1θ22

(
1
2

+
n

8

)
;

γ′1 = p2

(
1− θ′11

) n
4

+ p2θ
′
11

(
1
2

+
n

4

)
+ q2

(
1− θ′12

) n
8

+ q2θ
′
12

(
1
2

+
n

8

)
;

γ′2 = p2

(
1− θ′22

) n
4

+ p2θ
′
22

(
1
2

+
n

4

)
+ q2

(
1− θ′22

) n
8

+ q2θ
′
22

(
1
2

+
n

8

)
.
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It follows from (28),(29),(32) and (36) that

γ1 =
n

2

(
p1 +

q1
2

)
− n

2

(
1
ρ

+
1

2ρ′

)
> 1;

γ2 =
n

2

(
p1 +

q1
2

)
− n

4

(
1
ρ

+
1

2ρ′

)
> 1;

γ′1 =
n

2

(
p2 +

q2
2

)
− n

2

(
1
ρ

+
1

2ρ′

)
> 1;

γ′2 =
n

2

(
p2 +

q2
2

)
− n

4

(
1
ρ

+
1

2ρ′

)
> 1;

Then by virtue of Sigal lemma (see [10])

(1 + t)
n
4

t∫
0

(1 + t− τ)−
n
4 (1 + τ)−γ1 dτ ≤ c,

(1 + t)
1
2+ n

4
t∫
0

(1 + t− τ)−( 1
2
+n

4 ) (1 + τ)−γ2 dτ ≤ c,

(1 + t)
n
8

t∫
0

(1 + t− τ)−
n
8 (1 + τ)−γ′1 dτ ≤ c,

(1 + t)
1
2+ n

8
t∫
0

(1 + t− τ)−( 1
2
+n

8 ) (1 + τ)−γ′2 dτ ≤ c


(39)

Allowing for (39), from (37) and (38) we obtain that

ε̃1 (t) = cE1 (ϕ1, ψ1) + c1ε̃
p1
1 (t) ε̃q1

2 (t) , (40)

ε̃2 (t) = cE2 (ϕ2, ψ2) + c1ε̃
p2
1 (t) ε̃q2

2 (t) , (41)

where ε̃1 (t) = max
0≤τ≤t

ε1 (τ) , ε̃2 (t) = max
0≤τ≤t

ε2 (τ) .

Denoting by X (t) = ε̃1 (t) + ε̃2 (t) , X0 = cE1 (ϕ1, ψ1) + cE2 (ϕ2, ψ2) from (40)
and (41) we obtain that

X (t) ≤ X0 + c1
(
Xp1+q1 (t) +Xp2+q2 (t)

)
. (42)

Let P = max (p1 + q1, p2 + q2) , then applying the Young inequality from (42) we
obtain that

X (t) ≤ (X0 + ε) +
(
c1 +

c1
ε

)
XP (t) .

Hence it follows that
X (t) ≤M, t ∈

[
0, T ′

)
. (43)

It follows from (43) that for u (t, x) and v (t, x) the estimations (6),(7) and (9)
are valid, respectively.

Further, from (19) and (20) we obtain that

‖ut (t, ·)‖L2(Rn) ≤ c (1 + t)
−(1+ n

4 )
E1 (ϕ1, ψ1) + c

t∫
0

(1 + t− τ)
−(1+ n

4 )
×
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×
[
‖f1 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f1 (u (τ , ·) , v (τ , ·))‖L2(Rn)

]
dτ, (44)

‖vt (t, ·)‖L2(Rn) ≤ c (1 + t)
−(1+ n

8 )
E2 (ϕ2, ψ2) + c

t∫
0

(1 + t− τ)
−(1+ n

8 )
×

×
[
‖f1 (u (τ , ·) , v (τ , ·))‖L1(Rn) + ‖f2 (u (τ , ·) , v (τ , ·))‖L2(Rn)

]
dτ. (45)

On the other hand, from (4),(30),(31) and (43) it follows

‖f1 (u (τ , ·) , v (τ , ·))‖L1(Rn) ≤

≤ CM (1 + t)−γ1 , ‖f1 (u (τ , ·) , v (τ , ·))‖L2(Rn) ≤ CM (1 + t)−γ2 ;

‖f2 (u (τ , ·) , v (τ , ·))‖L1(Rn) ≤

≤ CM (1 + t)−γ′1 , ‖f2 (u (τ , ·) , v (τ , ·))‖L2(Rn) ≤ CM (1 + t)−γ′2 .

Allowing for these estimations in the inequalities (43) and (44), we obtain that

‖ut (t, ·)‖L2(Rn) ≤ c (1 + t)
−(1+ n

4 )
E1 (ϕ1, ψ1) +

+c · cM

t∫
0

(1 + t− τ)
−(1+ n

4 ) [
(1 + τ)−γ1 + (1 + τ)−γ2

]
dτ ≤ c1 (1 + t)

−min{1+ n
4 ,γ1}

.

Analogously it follows from (43),(45) that

‖vt (t, ·)‖L2(Rn) ≤ c1 (1 + t)
−min{1+1

8 ,γ′1}
, t ≥ 0.

The following example shows that conditions (5) are exact.
In the domain R+ ×R3 we consider the Cauchy problem

utt + ut −∆u = |v|7/3

vtt + vt + ∆2u = |u|5/3

 (46)

u (0, x) = ϕ1 (x) , ut (0, x) = ψ1 (x)

v (0, x) = ϕ2 (x) , vt (0, x) = ψ2 (x)

 (47)

and assume that

ϕj (x) , ψj (x) ∈ L1

(
R3
)
, j = 1, 2 (48)

2∑
i=1

∫
R3

(ϕi (x) + ψi (x)) dx ≥ 0. (49)
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The function (u, v) ∈ L5/3,lok

(
R3
)
∩ L7/3,lok

(
R3
)

satisfying the system

−
∫
R3

ψ1 (x) ξ1 (0, x) dx+
∫
R3

ϕ1 (x)
∂ξ1
∂t

(0, x) dx+

∞∫
0

∫
R3

u
∂2ξ1
∂t2

dxdt−

−
∞∫
0

∫
R3

u
∂ξ1
∂t

dxdt+

∞∫
0

∫
R3

u∆ξ1dxdt =

∞∫
0

∫
R3

|v|7/3 ξ1 (0, x) dxdt,

−
∫
R3

ψ2 (x) ξ2 (0, x) dx+
∫
R3

ϕ2 (x)
∂ξ2
∂t

(0, x) dx+

∞∫
0

∫
R3

v
∂2ξ2
∂t2

dxdt−
∞∫
0

∫
R3

v
∂ξ2
∂t

dxdt+

+

∞∫
0

∫
R3

v∆2ξ2dxdt =

∞∫
0

∫
R3

|u|5/3 ξ2 (0, x) dxdt,

for any non-negative functions ξ1 (t, x) , ξ2 (t, x) ∈ C∞ (R+ ×Rn) with compact sup-
port is called a weak solution of systems of equations with the initial data (47)-(49).

Following [1], let’s introduce the trial function

ξ1 (t, x) = ξ2 (t, x) = h

(
tµ + |x|2µ

d2

)
, h (·) ∈ C∞

0
(R) ,

0 ≤ h (r) ≤ 1, h (r) =


0, r ≥ 2

1 r ≤ 1,

where d > 0 and µ > 1 are some parameters. From (47),(48) we obtain that

2∑
i=1

∫
|x|<2d2

[ϕi (x) + ψi (x)]h

(
|x|2µ

d2

)
dx+

+

∞∫
0

∫
R3

|v|7/3 ξ (t, x) dxdt+

∞∫
0

∫
R3

|u|5/3 ξ (t, x) dxdt =

=

∞∫
0

∫
R3

u (ξtt − ξt −∆ξ) dxdt+

∞∫
0

∫
R3

v
(
ξtt − ξt + ∆2ξ

)
dxdt. (50)

Applying the Young and Hölder inequalities, hence we obtain the following esti-
mation

2∑
i=1

∫
|x|2µ<2d2

(ϕi (x) + ψi (x))h

(
|x|2µ

d2

)
dx+

+(1− 3ε)

∞∫
0

∫
R3

|v|7/3 ξ (t, x) dxdt+ (1− 3ε)

∞∫
0

∫
R3

|u|5/3 ξ (t, x) dxdt ≤
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≤ 1
ε

∞∫
0

∫
Rn

u
[
|ξtt|

p′ ξ1−p′ + |ξt|
p′ ξ1−p′ + |∆ξ|p

′
ξ1−p′

]
dxdt+

+
1
ε

∞∫
0

∫
Rn

[
|ξtt|

q′ + |ξt|
q′ +

∣∣∆2ξ
∣∣q′] ξ1−q′dxdt.

Making substitution t = d
2
µ τ , xi = d

1
µ yi, i = 1, 2, 3, we obtain that

2∑
i=1

∫
|x|2µ<2d2

(ϕi (x) + ψi (x))h

(
|x|2µ

d2

)
dx+

+(1− 3ε)

∞∫
0

∫
R3

|v|7/3 ξdxdt+ (1− 3ε)

∞∫
0

∫
R3

|u|5/3 ξdxdt ≤ c0 + c1d
− p′

µ + c2d
− q′

µ .

Hence, taking into account (50)

∞∫
0

∫
R3

|u|5/3 dxdt < +∞,

∞∫
0

∫
R3

|v|7/3 dxdt < +∞. (51)

From (51) we obtain that

2∑
i=1

∫
|x|2µ<2d2

(ϕi (x) + ψi (x))h
(
|x|µ

d2

)
dx+

∞∫
0

∫
R3

|u|5/3 ξdxdt+

∞∫
0

∫
R3

|v|7/3 ξdxdt ≤

≤

 ∫∫
d2≤tµ+|x|2µ≤2d2

|u|5/3 dxdt


3/5

×

 ∫∫
d2≤tµ+|x|2µ≤2d2

|Φ1 (t, x)|5/2 dx


2/5

+

+

 ∫∫
d2≤tµ+|x|2µ≤2d2

|v|7/3 dxdt


3/7

·

 ∫∫
d2≤tµ+|x|2µ≤2d2

|Φ2 (t, x)|7/4 dxdt


4/7

, (52)

where Φ1 (t, x) = ξtt − ξt −∆ξ, Φ2 (t, x) = ξtt − ξt −∆2ξ. Taking into account (51)
we get

lim
d→∞

∫∫
d2≤tµ+|x|2µ≤2d2

(
|u|5/3 + |v|7/3

)
dxdt = 0. (53)

It follows from (52) and (53) that

2∑
i=1

∫
R3

(ϕi (x) + ψi (x)) dx+

∞∫
0

∫
Rn

(
|u|5/3 + |v|7/3

)
dxdt = 0

i.e.
u (t, x) ≡ 0, v (t, x) ≡ 0, (t, x) ∈ R+ ×R3.
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Thus, if condition (49) is satisfied, then the problem (47),(48) has not a nontrivial
weak global solution.
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