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EXISTENCE OF A GLOBAL WEAK SOLUTION OF
THE CAUCHY PROBLEM FOR SYSTEMS OF
SEMILINEAR HYPERBOLIC EQUATIONS

Abstract

We consider the Cauchy problem for systems of second and fourth order
semilinear hyperbolic equations.

In the paper we established the criterion analogous to Fujit’s criterion for
global solvability: the conditions on nonlinearity increase ensuring the existence
of global solution are obtained. The mentioned example shows that the condi-
tions on nonlinearity increase are exact.

In the domain Ry x R™ we consider the Cauchy problem for the systems of

semilinear hyperbolic equations

wy +up — Au = fi (u,v),
(1)
v + v + Ay = fa (u,v)

with the initial conditions

U(O,.%') = ¥1 (.7}) y Ut (va) = 1/}1 (x) >
: (2)
v(0,2) = @ (7)), vy (0,7) =y (x),

where fi, fo € C! (Rz).

It is known that at any o, € Wi (R"),4; € Ly (R™),i = 1,2 the problem has a
local solution (u,v) € C[0,T]; Wy (R™) x W2 (R") N C* ([0,T]; Ly (R™) x Ly (R")),
where T =T ”901||W21(Rn) ) ||902HW22(R") ) ”%HLZ(RTL) ) H%HLQ(R") .

Let T' be length of maximum interval of existence of the solutions (u,v) €
C ([0,T7); Wy (R™) x W3 (R™)) N C* ([0,T"); Ly (R") x Ly (R™)), then either T" =
+00, or tlijzl;lfoE (t) = 400, where

E () = llut, )llwp ey + 1o @ llwezrny + lue @)l ey + lve @)Ly gn) -

Hence if follows that for global extension of the given solution it is sufficient to
obtain a priori estimate

E(t)<cte0,T). (3)

The existence and absence of global solutions of the Cauchy problem for semi-

linear dissipative wave equations have been investigated in the papers of various au-

thors (see [1-7]), and existence of global solutions for higher order pseudo-hyperbolic

equations has been investigated in the paper [8].
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In the present paper the existence and uniqueness of global solutions of the
problem (1), (2) are investigated.

At the end of the paper it is cited an example of the Cauchy problem for systems
of hyperbolic equations of the form (1), on absence of global solutions that shows
the exactness of the obtained result.

Assume that the following conditions are satisfied:
lfi (w,v)] < cluff |0|", u,v € R, i =1,2. (4)

Here

[

Pit

2 .
>E+50(p27(h)7 Z:1727 (5)

1
5 p=0, ¢>0
where ¢ (p, q) =

1 p>0, ¢g=0
Theorem 1. Let the condition (4), (5) be satisfied, then there exists such 6 > 0

that at any
((p1,%1) 5 (02,2)) € Us = {((01, 1), (92,99)) :

(pr,91) € [Wy (R")N Ly (R™)] x [L2 (R") N Ly (R")]}
(02,%9) € [WE(R")N Ly (R")] x [La (R") N Ly (R™)],

2
Z [{“ViSOi“LQ(Rn) +llillp, + 1¥ill Ly (mey + H%HLQ(RTL)} <4}

=1

the problem (1), (2) has a unique weak global solution
(u,v) € C ([0,00) ;W5 (R™) x W5 (R")) N C* ([0, 00) ; Ly (R") X Lo (R™))

for which the following estimates hold:

o (t ) ey S (L4187 (6)
,(l+ﬂ)
IVt )y S c@+1) 77 (7)
-2
Hut (tv')HLQ(R”) Sc(l+t) 07 (8)
_ n42r
STD (t ) ey Sc(L+8) ° L r=0,1,2, ()
la|=r
-
lve (8 ) py ey < c(L+18) (10)

where

Ao :min{1—|—

Ty (L L
o LT o) T o\, Ty

=13
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. n n Q1 n {1 1 , 1 1
A = 1 —,—( —)—— -+ — ,p>1Lp >1,—+—=1.
' mm{ Tyt 2<p+2p’>} ronp p
(t,

&), a1 (t,€),00 (t,€) and 01 (t,£) be solutions of the following

Proof. Let g

problems
Lyt = 0;19 (0,§) = 1, 1o, (0,£) = 0;
Ligty = 0314 (0,€) =0, 44, (0,8) = 1;
Loctg = 0500 (0,&) =1, o, (0,£) = 0;
Locty = 0501 (0,£) =0, 91, (0,§) =1,
where

ngal = ’a”itt (ta g) + a’it (ta 5) + ‘£|2 (& (t7 g) >
LQE'&i = @itt (tv 5) + @it (tv 5) + ‘£|4 Uj (t7 f) :
It is known that (see [3])

Juo (t:2) % @1 Mgy 48" (et +lealgm ) s (1)

IV (o (£, ) % 1 (D)l y(mmy <

~(3+%

)
<c(l1+1%) (H‘PlHLl (R) T H(‘Olel Rn)> (12)

[Jur (¢, ) * by (')HLQ(RH) <c(l+ 75)7Z (HwIHLl(R") + ||w1HL2(Rn)> ’ (13)

-(3+%) [

[Vur (&, 2) % by ()l ey < (1 41)

Similarly (see [6,8])

Foly ey + 1l yem] - (14)

oo (&) # 02 gy < €U+ 8" [Iallzy (amy + Il ygam] - (15)

> ID* (vo (t,+) * 02 (Dl ey <

jal=2
c@+0 ) Tlally i+ loalhws )] (16)
[[vr (£, ) * ¥y (')”LQ(Rn) <c(l +t)_% [HSOz”Ll(Rn) + ||902||L2(R”)} J (17)
S 1D% 0 (1) s Ol gy <
aj=2
e+ 0" sl + ol ) - (18)

Here u; = F~'[a4;],v; = F~1[95], i = 1,2, F~! is an inverse Fourier transformation,

* is convolution by the variable x.
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We can represent a solution of the problem (1), (2) in the following form

u(t,x) = ug (t, ) * ¢y (x) +ur () * Py (z) +
+/u(ﬁ~r@*ﬁ&MﬂvaﬁJMdﬂ (19)
v (t,x) = vo (t, ) * oy () +v1 (L, ) * 1y () +

+/ (t—r,2)* fo(u(r,x),v(r,z))dr. (20)

0
Using (11) — (14) from (19) we obtain the following inequalities

M:

t
e (M < (148 El%w@+c/1+t—f x
0

% (11 (7,0 s DLy + 11 ()0 (7 D ey dr] 5 (21)

1Vt e <@t 6 B (o) +e

N
3

Att—n B,

O\m

% [ ()0 (D + 1o ( (7,) 0 (7 DLy | A7 (22)

where

Ey(e1,91) = el gy + leillwazny + 191l rry + 1011, m)

Analogously, using (15)-(18) from (20) we obtain the following inequalities
¢
o (6 My < e+ Balonu)ve [ (14t -m)F x
0

xMﬁ@h»mﬁ»MMWHthv»mv»wmmﬂm (23)

t
1+n +n
Z [0 (&) pyrmy < (1 +1) ¢ g) 2 (92, ¥2) +C/ —l—t—T g)x
|or|=2 0

X |:Hf2 (U (Ta ) y U (T7 ))HLl(R") + Hf2 (u (Tv ) U (T’ ))HLQ(R"):| dr, (24)
where
By (02,%2) = lpall L, (rry + l0allwzgny + 10112, rry + 1910y an) -

Further we’ll assume that p; > 0, ¢; > 0, ¢ = 1,2. In other cases the proof is
conducted similarly.
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Applying the Hoélder inequality, from (4) we obtain that

12 (00 ey < el gy - IO (25)

1 1
where — + — =1, p,p/ > 1.
pop
Further, applying multiplicative inequality (see [9]) we have

(1-6 0
ey < €l 9l (26)
q1012
(1-6
01,y < el00ZiGr™ - | 32 Ny | 27)
|ar|=2
where
1 1
011=n(=-—— 28
H <2 pm) 28)
n (1 1
b= (- - 29
T <2 Q1P’> (29)
It follows from (25)-(27) that
11 ()l gy ey <
q1012
(1-6 0 1-6
< cllulp e IV ul i ol el S Dl gy | - (30)
|a|=2
Analogously we obtain the inequality
11 (w )y mmy <
q1022
(1-6 0 1-6
< cllull oy IVl - oIy - | 2 1Dy | (3D)
|a|=2
where
n 1 n 1
oy == (1—— ), 039 =— . 32
2t 2( plp) - 4< Q1P/> (32)

Allowing for condition (4) we obtain also the following inequalities

|2 (w0l ey <

42075

(1-6 0 (1-6
< cflul 2 a2 ol 20 (Y 1Dl e . (33)
|a|=2

1f2 (w, )1, (mmy <
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‘12%2
(1-65 0! (1-6
< CHUWZ Rnfl IVl Gy - Nl qu? Rn”)‘ > 1Dy : (34)
|or|=2
where
1 1 n (1 1
(o) aciGod) e
H 2 pap 272\ 2 g (35)
, n 1 , n 1 )
=—|1-—], =—(1- , 36
2 2 ( P2P> & 4( G20’ (36)
1 1 ,
;+ Vi =1, pp >1
Let’s introduce the notation
% (3+%)
er(t) =@ +8)" flult,)llp,mm + 1 +1) IVu(t, ), gn) -
4 (4+%)
g2 () = (L+8)" [[o(t, ) pymny + (1 +1) D D () pyn)
|a|=2

Allowing for (30)-(36) from (21)-(24) we obtain that

¢
e1(t) =c1E1 (p,01) +e(1+1) / 1+t—77%(1+7)7715€1 (1) edt (1) dr+
0

+

c(1+1) / Att—r) G (g r) 2 (1)l (r)dr. (37)
0

m\»—‘
w3
-

t
g9 (t) = cEa (g, 19) + ¢ ( 14—1&g / (I+t—1) %(1+7') 7151172( )e2 (1) dr+
0

t
c(a) /1+t—T GH) (14 7) el (1) B (1) dr,  (38)
0
where
1 n 1 n
— (1 b (=42 (1-6 I
Y1 =p1(1—=011) +p1 11<2+4>+Q1 12) +QI 12<2+8>
1 n 1 n
— 1 (1 — O (= + 2 (1-6 O =+ 2
Yo =p1(1—021) +p1 21<2+4>+(I1 22) +Q1 22<2+8>
1 n 1 n
= (1 g =+ 2 (1- 0, (=+ 2
T =p2(1 +p2 <2+4>+qz +q2 <2+8)
1 n 1 n
L= — Ohy | = + — 1_ O [ =+ =
vy =p2 (1 +P2 <2+4>+QQ +q2 <2+8)
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It follows from (28),(29),(32) and (36) that

’hzg(lequl) Z<;+;p,)>1,
72—2(p1+q21)—z<;+21p,>>1,
i3 B) -5 ()
7’223(p2+q22)—z<;+21ﬂ>>1,

Then by virtue of Sigal lemma (see [10

—

)

1+ [Q+t—7)"F (1+7)dr <c,

o o

in t

A+6) [ +t—m)(
0

t\)\»—t
w3

N|—=

+%) (14+7)72dr <c,

(1+8)° [I+t—7)"5(14+7)Ndr<c,

T o3
oz O —

o o

[
m\»—x

%)(1—1—7) Yo dr <ec

W

(40" Ja4t—7)(

Allowing for (39), from (37) and (38) we obtain that
1 (t) = cEr (p1,91) + &y (H)EF (1), (40)

&3 (t) = cEs (pg, 1) + c127” () EF (1) (41)
where ¢ (t) = Jnax &1 (1), €2(t) = Jnax e2 (7).
Denoting by X (t) = 1 (t) + 82 (1), Xo = cE1 (p1,9,) + cEa (92,1,) from (40)
and (41) we obtain that

X (t) < Xo+c1 (XPH0(2) 4 XP2He (1)) (42)

Let P = max (p1 + q1,p2 + ¢2) , then applying the Young inequality from (42) we
obtain that
c
X (1) < (Xo+e)+ <cl—|—?1) xP (t).
Hence it follows that
X(t)<Mtel0,T). (43)
It follows from (43) that for w (¢,z) and v (¢,x) the estimations (6),(7) and (9)

are valid, respectively.
Further, from (19) and (20) we obtain that

t
,(1+") _(1+n)
e (& M gy oy < c 40T gol,w1+c/1+t—7 D
0
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11 G r,) 0 (7 Dy + 1 G (7,0 (Do | s (40)

t
—(1+ﬂ) +2)
lon (M < c(U48) " By (g, 16) + /mT N
0

1t (e (7)o (7 Dy oy + 12 (@ (7,2) 0 (73 Dl ey | - (45)
On the other hand, from (4),(30),(31) and (43) it follows
I ()0 (7)) |y emy <
<Cu (L+ )77 A (u ()0 (7, ) |y gny < Cnr (L4877
If2 (w ()0 (7)) |y amy <
< (L4877 |l f2 (u (7,) 0 (7 )|y () < Ot (141772

Allowing for these estimations in the inequalities (43) and (44), we obtain that

(1)

g &)l pygry < (1 +1) Ey (p1,¢1) +

— min{1+%,'y1}

te- CM/(1 i A )] dr < e (L4

Analogously it follows from (43),(45) that

7min{l+%,'y/1}
[or (8 ) Ly (rmy < 1 (1 + 1)

The following example shows that conditions (5) are exact.

In the domain R, x R? we consider the Cauchy problem

Ut +up — Au = \v[7/3

(46)
i + v+ A2 = |uf/?

u(0,2) = ¢y (z),ue (0,2) = ¥y (2)
(47)

v (0,2) = g (), 0 (0,2) = ¥y (2)

and assume that
pj (@), 0 (x) € Ly (R?) ,j =1,2 (48)
2

> [teila)+vi@)ds 0. (49)

i=1 3
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The function (u,v) € Ls/3 0k (R*) N L7310k (R?) satisfying the system

/1/)1 )&y O:E)dzv—l—/gol() (0,x) dx +//u2§1dxdt—

R3 0 R3
//u 1d1:dt+//uA§1dxdt //|v 7/351 0, z) dxdt,
0 R3 0 RS 0 R3

/% )&2 (0 iv)dx+/<p2( )852 ) dx +// 2£2d dt—//vézdxdw

0 RS 0 R3

//UA Eodadt = //|uy5/3§2 (0, z) dadt,

0 R3 0 R3
for any non-negative functions &, (t,z),&, (t,z) € C*° (R4 x R™) with compact sup-
port is called a weak solution of systems of equations with the initial data (47)-(49).
Following [1], let’s introduce the trial function

tH 4 ||

& (t2) =& (t0) = h (dz) () ECE(R),

0,r>2
0<h(r)<1, h(r)=
1r<1

where d > 0 and g > 1 are some parameters. From (47),(48) we obtain that

2

2u
Z / [ () + 95 ()] b <|xd]2 > dz+

=11z <2a2
+ w73 ¢ (t, ) dudt + u|?2 ¢ (t, 2) daedt =
/1 /1
- / / u(&y, — & — AE) dadt + / / v (& — & + A2E) dudt. (50)
0 R3 0 R3

Applying the Young and Holder inequalities, hence we obtain the following esti-

mation )

o
> / (‘Pz‘(%)wi(a?))h( 2 >da;+

—
a2 <242

(1 —3e¢) // /3¢ (t, ) dadt + (1 — 3¢) //]u\5/3 (t, ) dxdt <
0

0 R3
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1 i AT AT T
<2 [ [ullear € wiel € +1ag ] dodr

0 R»

(o]
1 ’ / 4 o
+5// [l€al” + [&? + |a%]" | €7 doat.
0 R'IL
2 1
Making substitution ¢t = d+#7,z; = dry;, i = 1,2,3, we obtain that

2

R AL ('Z‘;) ot

—
a2 <242

+ (1 — 3¢) / / \UWS Edxdt + (1 — 38)// |u|®? edadt < co + crd W+ epd
0 R3 0 R3

Hence, taking into account (50)

//]u5/3dxdt<+oo, //\0]7/3da:dt<+oo. (51)

0 R3 0 R3

From (51) we obtain that

Z / (p; () +9; () h <‘ |M)dﬂﬁ-l—//|u|5/3§dxdt+//|v!7/3£d:pdt<

\xﬁﬂ<zd2 0 R3 0 R3

3/5 2/5

// w2 dedt | x // Dy (t, )2 de |+

d?<th+|z|?*<2d? d?<th+4|z|*<2d?

IN

3/7 47

+ // w3 dzdt | - // |®y (t, )| dadt |, (52)

d?<th+|z|?*<2d? d?<th+4|z|*<2d?

where @ (t,7) = &, — &, — AL, Do (t,x) = &, — & — A%E. Taking into account (51)

we get
Jim // (\uy5/3 + yv\7/3) dxdt = 0. (53)

d2 <th+|z|?H <242

It follows from (52) and (53) that

2 [e'e)
Z/( (@) + s (@ dx+// (1" + of""%) dadt = 0
'i:lRS 0 Bn

ie.
u(t,z) =0,v(t,x) =0, (t,z) € Ry x R>.
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Thus, if condition (49) is satisfied, then the problem (47),(48) has not a nontrivial

weak global solution.
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