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ON THE SOLUTION OF A FRACTIONAL
DERIVATIVE BOUNDARY VALUE PROBLEM

Abstract

A boundary value problem is considered for an equation containing a frac-
tional derivative of order 1 < a < 2 in the Riemann-Liouville sense. The
problem is reduced to Fredholm integral equation of second kind and is solved by
the approximate method.

Let a fractional derivative differential equation
d*u (x)
dxt

be given. Here I' (3 — a) is Euler’'s gamma function, \ is a real parameter, f (z)
is a given continuous on [0,1] function and D§,u (z) is a derivative from u (x) of
fractional order « in the Riemann-Liouville sense determined by the formula [1]:

=3 —a)Dgu(z)+ f(z), ze(0,1), (1)

a 1 d2 | 11—
0
We give the boundary conditions:
w(0) = o (0) = u” (1) =" (1) = 0. (3)

Under the solution of problem (1)-(3) we mean the function u (x) possessing the
following properties:

19, it has a continuous derivative to fourth order inclusively in (0,1);

20, it satisfies boundary conditions (3);

30. it possesses a partial derivative D§,u (z), 1 < o < 2 in (0,1);

49, it reduces equation (1) to an identity.

We write the desired solution of the stated problem by means of the Green func-

4
tion of the equation d ; (433) = 0 with boundary conditions (3) that is represented
x
by the formula
1
5 (3x2£ — 933) for z <¢,
G (z,8) =

1
6
Thus, for the solution of problem (1), (3) we’ll have the representation:

(3:1:2§ — 53) for ¢ <ux.

u(z) =AI'(3 —«a) /é (3z¢* — &%) Dieu (§) d€ + /(13 (32¢% — 2?) Dieu () d§ | +
0 0
1
+[6o 5@ (1

0
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Now, by integration by parts we represent formula (2) for fractional derivative, in
the form:

! u(k fk:fa y
D 1 o // t dt.
o (& z;)f‘(l-{—k‘—a / ®)
0

Considering boundary conditions (3) and the last formula we can represent the
solution of (4) as follows:

1 3
1
u(x) = (322 — (& —t)'d" (t)dt | de+
raso (formo |
zl 13 1
-0t [e-owma) i)+ [cwor@e o
0 0 0

Further, for the solution of equation (5) we’ll use the small kernel method. There-
fore, along with equation (5) we consider the following equation:

1
u(z) = m/é (32%¢ — 2°) x
0

£ 1
x / (6 —t)'=om" (tydt | dt + /G(za, ) £ (€)de. (6)
0 0

Having differentiated the last equality twice with respect to z and denoted
u" (x) =z (x), we get

1 13
2 (2) = 2_(){ { (€— O () dt | de+ F (x),

where

If we integrate with respect to the variable £, the last equality is reduced to the
most convenient form:

1

_ 3~
z(a:):/\/<(1t)+(1—:1;)(1—t)2_°‘>z(t)dt+F(:v). (7)

3—«
0

Thus, we get a Fredholm equation of second kind with degenerate kernel:

(1 - t)3—0¢

s - (1-n*

K (x,t) = —
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The resolvent that corresponds to equation (7) is calculated by the known method

A (z,t,\)

R(z,t,\) = A

3—a
A(x,t,)\):(l_t) (1—4A +<1_$)A>+

— 33—«

+0-0" (gmaemg 00 (o nma)

By direct calculation we get that for 1 < o < 2, the discriminant corresponding
to the square trinomial A () is:

D=B-a)@-a)*G-a)(l-a)<0.
Thus, we get that the resolvent R (z,t, \) has no real eigen values. So, equation
(7) has a unique solution represented by the formula:

1
Z (x) —F(x)—l—)\/R(:c,t,)\)F(t)dt.
0

Further, using the denotation @” (x) = Z (z) and conditions (3), we get that the
solution of equation (6) has the representation:

T x 1
u(m)_[(x—s)F(s)dsHZ(x—S)ZR(s,t,A)F(t)dtds.

Repeating the above mentioned reasonings, we can compose a relation corre-
sponding to equation (5):

1 3—a
z(z) = )\/ <(13__t)a+(1x) (17t)27a+G0 (x,t)) z(t)dt+ F (z), (8)
0
here -
%, for t<u,
Go (z,t) = -

0 for z <t.

If by L (x,t) we denote a kernel corresponding to equation (8), we easily get the
difference estimate:

1 T

(x —t)> 1
sup [ |L(z,t) — K (z,t)|dt = sup dt <

x€[0,1] ) x€[0,1] ) 3-a B-a)(d-a)
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Now, let’s estimate the resolvent R (x,t,\) of equation (7):
1
/]R(x,t,)\)\ dt < R,
0
where

B-—a)(d—a)(5—a)+ (a®—9a+21)
MNoA2-a)B-a)d-a)b-—a)+B-a)d—a)G-a)
It is known that [2] if there exists a number A for which
A

(9)

l—-—F— 14+ AR)>0 10
equation (8) has a unique solution such that
_ MA(1+ AR)?
— 11
@) 2Ol G a) AT AR) (D)

where
M = sup F(x).
z€[0,1]

It is easy to verify that any number 0 < A < 3 — a, 1 < o < 2 satisfies relation
(10), where R is determined by formula (9). So, equation (8) has a unique solution
and its difference with the solution of equation (7) is estimated by formula (11).
Then, the difference of the solution u (x) of initial equation (5) and u (x) of equation
(6) will have the estimate:

T

lu(z)—u(z)|= /(m—s) (z(s)—z (s))ds| < 5

0

M (1+AR)?
(B—a) (4—a)= A1 +AR))’

(12)

Thus, we get the following

Theorem. For 0 < A <3 —a, 1 < a < 2, equation (5) has a unique solution
u(z) and its difference with exact solution of equation (6) is estimated by inequality
(12).

Notice that the multiplier ' (3 — ) on the right hand side of equation (1) was
taken for convenience of calculations.
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