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ESTIMATIONS FOR ROOT FUCNTIONS OF DIRAC
OPERATOR

Abstract

In the paper, Dirac’s one-dimensional operator is considered. A shift for-
mula is derived for its root vector-function, and a priori estimations, the es-
timations between different L, norms of the root vector-functions of the given
operator are established.

1. Formulation of the results
In the paper we establish bilateral estimations of the root vector-functions re-
sponding to the Dirac one-dimensional operator

d
Du:Bﬁ—i—P(m) u, (1)

where

0 1
B= (1) PO = ()i, ) = () )"
The coefficient P(x) is a complex-valued matrix-function determined on an ar-
bitrary interval GG of a real line.
Let Lg(G), p > 1 be a space of two component vector-functions with the norm

1Ly = G/ F@Pdr | (HfHoog::‘elgvmﬂf(x)\)-

Denote by ||P(z)|| the norm of the matrix P(x), i.e.

2 2

1P@)l =) 1Py()]-

i=1 j=1

The estimations of the root functions of ordinary differential operators were earlier
established in the papers [1]-[6]. These estimations found their wide applications
in investigation of the problems of basicity and equiconvergence with trigonometric
series of spectral expansions [7]-]9].

In the present paper, based on the shift formula obtained in [10], a new for-
mula for the vector-functions is derived and different estimation for the root vector-
functions of Dirac operator are established with its help.

Following V.A. I’in [1], introduce the notion of the root vector-functions of the
operator in the generalized sense.

Definition. Under the eigen vector-function or adjoint zero order vector-function

. . .0
responding to the complex eigen value X\, we’ll understand any vector-function wu(x)
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that differs from identity zero and that absolutely is continuous on each compact of
the interval G and almost everywhere in G satisfies the equation DlOL = )\g.

If the adjoint function gﬁl(x) of order £ —1 > 0 is determined, then under the
adjoint vector-function of order £ responding to the eigen value A and the eigen
function 5(3:), we’ll understand the vector-function 5(3:) that is absolutely continu-
ous on any compact of interval G and almost everywhere in G satisfies the equation
D= —‘u.

The following theorems are proved in the paper.

Theorem 1 (Shift formula). Let Pij(z) € L'*(G), i,j = 1,2 and (c,d) be
inside of the interval G. Then there exists a positive number R* such that for any
t € (0, R*] and each [c+t,d —t], the shift formula

]~
<
-
~—
~
=1
8
:—/

W £t) = 2)

j=0
is valid and the following estimations are fulfilled for the matriz Fji(t)

HFOi(t) — cos At +sin At B|| < w(t)ch(tJmA); (3)

HF].“—L(t)H < 5(8t)Y ch(tJm)), j = 0,7, (4)

where w(t) is a non-negative function that monotonically tends to zero as t — 040, I
is a unit matriz in E2.

Fix an arbitrary segment K = [a,b] C G and such a segment Kr = [a + R, b —
R] that it contains, that R = dist(Kpr,0K) < mesk

Theorem 2. Let Pii(x) = p(z), Pa(x) = q(z), Pia(z) = Pai(z) = 0 and
p(z),q(z) € L'°°(Q). Then for the segments K and Kg there exits positive constants
Ci(K,0),i =1,3; Ci(K,Kg,¥), i = 4,5, independent of X such that the following
estimations are true:

1 1
o HéH <L+ |JmA])s
p,2,K

V4
<C’HuH 1<p<s<oo; 5
K= 2 p,Z,K, =P = ) ( )

0
u

8327

-1 l
< C371+ | JmA H H > 1 6
9, <sts ], 02 0

Cu [l + [ JmA] Hﬁ” < Hﬁ” exp(R |JmA|) <
p,2,K p,2,KRr

<G+l i op=1oez0,
p,2,K

where
—1
w(z) =0, |2 = [z
Remark. Under the condition p(z), ¢(x) € L1(G), mesG < oo, in estimations
(5)-(7) the segment K may be replaced by the domain G.
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2. Shift formula

Derivation of the shit formula (2) for the root functions 5(1’) is based on the
following lemma.

Lemma [10]. If the functions Py;(x) € L'Y*(G), i,j = 1,2 and the points
x—t,z,r+1t are in the domain G, the following formulae are true:

t
i

u(x £t) = (cos A\t - I Fsin At - B (sinA\(t—7r) - I+

0/ (5)
tcosA(t—r)-B) P(xir) (x£7r)+ “u (xir)} dr
x4t

5(x —t) —|—5(:L‘+t) = 25(:@ cos At + /(sin)\(t — |z —¢[)- I+

2 (9)

+sgn(§ ) cos At — |v — €| - B) (P(©)u(¢) + u'(€) ) de.

Notice that for deriving formula (8), it suffices to act on the equation
¢ i —1
Du(zxtr)y=Mu(zxr)+ u (x+x7r)

by the operator A(t —r)- I £cos A\(t — ) - B, integrate with respect to the parameter
r from 0 to ¢, and carry out integration by parts in the expression of the form

¢
/sm/\t—r I:l:cos)\(t—r)-B)~Bd1€(xj:r).
0

Now, derive the shift formula (2) by the mathematical induction method. Solve

. . 0 .. . .
equation (8) for ¢ = 0 with respect to u(z) by successive iterations. Denoting

A% (t, A) =cos At - I Fsin At - B,

Ti(t) = /Aﬂt —r, N)P(x £ r)(r) dr, (10)
0

where 9 (t) is a matrix function of dimension 2 x 2, as a result of the first iteration
we get the equality

o £r) = { AZ(t,N) +/Ai(t—tl,/\)P(:gitl)Ai(tl,)\)dtl )+
0

t t1
+/A3F(t NP ) /Aqt(t o NP2 = 1) ) dladly =
0 0

= (T 4 T A NI (@) + /ﬁ(t NP+ ) x
0
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t1
X /A:F(tl — i, )\)P(l‘ + tz)’a(l‘ + tg)dtgdtl.
0

Continuing the unrestricted iteration process, we arrive at the formal equality

t
Wz £7) = Ai(t,A)+/A¢(z&tl,/\)P(xitl)Ai(tl,)\)dt1+
0

t t1
+/Ai(t—tl,)\)P(xj:tl)/A:F(tl — 1o, \)P(x & to) AL (ty, N)dtodt;, + ...+
0 0

t t1

—i—/AjF(t—tl,)\)P(gcitl)/AjF(tl — 1o, )Pz £ to)...

0 0

tr—1

. / AT (o — b, N P(2 % t) A (b, N dtdtp_1...dty + ... p u(z) = FE(t)u(a),
0
where .
FiE(t) = (I + Zﬁ) AE(t,N). (11)

k=1

Consequently, for ¢ = 0, the formula (2) is valid (formally).
Now, assume that formula (2) is valid for some (I — 1), > 1.
Then by formula (8)

o ) = AE(E () + /AﬂF(t —r ) [Pl i £ 0+
0

i1 o . ! .
3 FEE) W () b dr = A (1 N i) + / AF(t— v NPz + r)i(e + r)dr+
Jj=0 0

i—1

> / AF(t—r NFE() 0 (@),
0

j=0

Carrying out successive iteration with respect to 'LZL($7 A), from the last equality
we find

) 00 ) i—1
u(x £7) = (1 + ZTj;) AE(t, Nu(z) + ) X

k=1 7=0

X <I+iT§)/A*(t—r,A)F;—“(r)dr X
0

k=1
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A (@) = By (bl t) + SO FF(0) W (2) = Y FF )W (@)
j=1 §=0

where the functions Fji(t) are determined by (11), and the functions FjjE (t) forj > 1
by the formulae

— (1 + iﬂg) /AﬂF(t — A (), (12)
k=1 0

The formal derivation of formula (2) is completed.

For grounding formula (2) it suffices to show that series (11) and (12) converge
absolutely and uniformly for 0 < ¢t < R*.

Denote

T+t

w(t) = 32max {  sup /HP( lidr, suw. /HP War b e <
c<x<d—t c+
x

d—c
T

Choose the number R* < < so that w(R*) < 1. Then for an arbitrary
t € (0, R*] the inequality w(t) < 1 will be fulfilled.
By definition of the quantity w(t) we have:

[T @) < / [AT (= r N[ 1P £ )] )] dr <

< / 1Pz £ )] {4eh(TmA(t — ) ()]} dr <
0

<4 sup {ch (JmA(t —r)) W(?’)H}/!P(fcir)\dr <
0<r<t

._n

w(t) sup {ch (JmA(t —1)) [[¢(r)[}-

8 0<r<t

Therefore

[T A=(02)] < gld) s {eh (TmA(: =) [ 4% )} <

[

< gw(t) sup {ch (JmA(t —r))4dch(JmAt)} < %w(t)ch(Jm)\t),
0<r<t

IT2A% ()| = [T (TeA® (5 N) || <

< ;w(t)oiligt {ch (JmA(t — 1)) HTiAi(r, /\)H} <
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< é (t)osslifg)t {ch (JmA(t — 1)) ;w(r)ch(Jm/\T)} <

2
< S (D)eh(TmAr) < (;Mt)) ch(TmAL).

Continuing this process, we get

|t ase, 0 < (;w(t)>k ch(JmAL), (13)

where Kk =1,2, ...
Applying these estimations, from (11) we find that for t € (0, R*],

00 1 k
HFOi(t) — cos MI £sin M B|| < Z <2w(R*)> exp (|[JmA| R*) < exp (|[JmA| R*);
k=1

> TEAE(L,A)

k=1

|| F5(t) — cos \tT £ sin AtB|| = || Fi(t) — A=(t, \)|| =

< Z ( > h(JmAt) < w(t)ch(JmAt).

Estimation (3) is proved.

Now, investigate series (12) by the mathematical induction method and prove
estimation (4). Estimation (4) for j = 0 directly follows from estimation (3). Let
estimation (4) be valid for j — 1, prove it for j.

t

pr(t)Hg /A:F(t—r,)\)F r)dr +Z Ti/ (t = \NFE (r)dr|| <

0 0
t
< / Seh(TmA(t — 1)5(88) L eh(JmAr)dr+
0

. t

Z / (t—=r, NFE (r)dr| || <

- 0

00 t

< g( Teh(JmAt) + > ||T //ﬁ (t=r, NF=  (r)dr ||| (14)
k=1 0

By definition of the operators T+ and induction supposition

Ty AT (t— T)Fji_l(T)dT' < éw(t) sup {ch (JmA(t —r)) x

0<r<t

o
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X /A:F(r - T)F’ji_l(r)dr < ;w(t)os;?lngt {ch (JmA(t — 1)) %
J <r<

X /4ch (JmA(r — 7)) 5(87) " LehJmAT)dr <
0

T /AjF(t—r, )\)Fjil(r)dr] < g(St)j ()kch(Jm)\t).
0
(

IA

HFji(t)H < g(St)jch(Jm)\t) [1 + %w(t) + (%w(t))Q + ]
(15)

< 5(8t)7ch(JmAt).

Estimation (4) is proved. Uniformity of convergence of series (12) follows from
(15) for t = R* and w(R*) < 1. So, derivation of shift formula (2) is completed.

It follows from the obtained estimations (3), (4) and shift formula (2) that
all the solutions of the equation Du — Au = f with absolute ¢, continuous on
[a, b] right hand side and summable on (a,b) coefficient P(z) have finite limits as
x — a+ 0 and as * — b — 0. Therefore, all of them will be absolutely contin-
uous on the closed interval [a,b]. Consequently, the eigen and adjoint functions
of the operator D will be absolutely continuous on G = [a,b], mesG < oco. If
P(z) € Ly(G), p > 1, then the belonging of the components of the root functions

in Wy (G), G = (a,b), mesG < oo follows from the equation Dt — xi="u.

3. Proof of theorem 2

At first we establish the right hand side of estimation (5). It is known that (see
[10], estimation (12)) that for p > 1 it is valid
(16)

< C(K, )1+ |JmA|)7 ||

L
U .
00727K p727K

Using estimation (16) and considering p < s, we find

ok (ﬂ/\f‘(@ o (K/ i) dr | <

0 =

1
s—p P s
}’5(1‘)’ dx < Hﬁ’

¢
u
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s

< (C(K.0)F [+ [TmA) 7

D,2, K

¢
Uu
p,2 K

= (C(K,0))" [1+ |JmAl)7~ ||

p2K
Hence, it follows the right hand side of estimation (5), i.e.

1
s

[+ [JmA|])"~

101e
P U

< Oy(K, 0) H H (17)

5727K p727K

where Cy(K, 0) = (C(K,0)) =
Now, establish the left hand side of estimation (5). For that we prove the fol-
lowing statement.

Statement. For any ¢ = 0,1,... on any segment [a, 3] C [a,b] = K, for which
. . . .
NP @I L0, < S052 it is valid the inequality

?
M8 < Mia,p HUH (18)

00,2,o3]
where

J4 _
meas = max {[@)] (14 17mA] dos ()™ exp (7mA| das(w)) }

da,ﬁ(x) = Hlln{|£L‘ - Oé’ ) |:L‘ - ﬁ|} .

Proof of the statement. Apply the mathematical induction method. Let
¢ = 0, and [, ] be an arbitrary segment contained in K = [a,b], moreover
NP @) Ly 0,8 < % Let the maximum of the left hand side of (18) be attained at
the point y € [a, ], and t = dy g(y). Using the inequality

exp (|[JmA|) — 1 < |2 cos At

and the mean value formula (9), we find

4

< |uly)| (exp(lTmalt) 1) <

L ma )’ = [ |
méa,ﬁ( +| m | 00,2,[a, 5]

< |2 cos M| lé(y)’ = ‘25(34) cos)\t‘ < ‘6(y—t) +5(y+t) +

y+t
+ / (SiA(E — |y — €]) - T+ sgn(é — y) cos A(t — |y — €| - B)x

—t

x (P©u(©) + "' ©) del<2 [

00,2 [avﬁ

2P oy v { i €] (1 exp(lTma (¢~ y — D) | +

€\t
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+4t max {‘Zﬂl (5)‘ (1 +exp(|JmA| (t — |y — £|)))} <2 H{;H

ly—¢l<t

00727[a“8]

J4
2P { ] e+ 2 1m0} 4

{7, e reat 2l 0, (19)

For ¢ =0, (19) yields (allowing for ﬂl(x) =0)

1 0
M0,0.6 — H HOO2 [a,8] H HooQ[a,,@] 2{HUHOO,2,[0¢,,3} +m0,a,,3}'
Hence we get

0
=
M08 = O o 208

Now, let inequality (18) be valid for some ¢ — 1, ¢ > 2. Establish inequality
(18) for the case ¢. For that we fix an arbitrary segment [a, ] C [a,b] for which

1
NP @) 1y 0,8 < e Then from (19) we find

i U L L
+24+2 {H“Hoo’z’[aﬁ] +m€,a,ﬁ( +2[JmAlt) ? (20)
+4t{H£u1H +m“,aﬁ(1+2umw)f—1}.
00,2,[a, 3]
1 1 . .
Since o 2 2€+2 = 1P|l 1[5 then the inequality
mecrs € Mot [
E_l7a’ﬁ o Z_l7a’ﬁ 00727[a7ﬂ}
will be valid for my_; o g. On the other hand, it is known that (see [10])
H‘alH < C(t,, B)(1+ |TmA|) H{iH (21)
00,2,[e,8] Y 00,2,[a, ] ’
Therefore, from (20) we get
Meas (14 |JmA[ 1) < 3 HéH
’ ’ m’27[a7/8]

1 l 1
5 g o 4 - 2bmain

H4tO(¢, a,ﬁ)(1+!Jm)\|){1+Mg Las(1+2|TmA[ )" 1}H HM, S

1
3 H H - 1+ | JmAl )
< +2“2> T e

F250( 0, 0)(0 + [TmA (14 My ) (14 LTmA ) i <
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{3 ¥ oy + 20 @ B+ B a)(1+ Me_l,a,m} <

1
+ —mpap (1+ | JmA|t)

x (1+ |JmA|t)° HUHOO,Q,[Q,,@‘} 2

Having cancelled each side of the last relation by (1 + |JmA]| t)g, we find

1
5Me,a,p1

m€7a7ﬁ S 2

1
{3 + g 2P, B+ B—a)(1+ M“,aﬂ)} HuHm[aﬁ} .

Consequently,

Mt M@a,ﬂ” HooQ [,8]

where 1
Mpap =6+ o + 20 0, B)(1+ 6 = a)(1+ Me—1.0,8).

The statement is proved.
It follows from the proved statement that there exists a constant ]\@1 a8 such
that for any z € [a, 5]
’ 14

(x )‘ <Mgaﬁexp{—|Jm)\|da5 } (22)

[

Partition the segment [a, b] into the finite number n(¢) equal segments [«;, 3;] so
1
that the inequality [|[|P(z)|l|1, [, 5. < YT be fulfilled for each of them.
Then, applying inequality (22), we ﬁnd

- " e , p
[0 sy = 00y = 2 (o) )

B, n(€)
D 4 2P
/eXp <_§ [7mAl d“i’ﬁi(x)) 4 < p|JmA| HUHOO 2,[a,b] <M€1’a“ﬂi> '

o i=1
Hence for |JmA| > 1, we get

n(f)
EH ( 1 )p 11 1
u < M; ) 4ppp Jm\l»
H p.2,[a.b] ; 0,0,3; \ \

<
w72’ [a’7b}

n(f)

1
8(1+ |JmA|)7 Mays)” | |4 .
( +’ m |)p Zz;( Z,Oézﬂz) u s0.2.[ab]
Consequently, for |JmA| > 1, the estimation
< M(p,£)(1+|JmA|) »
[i, . < M0G0+ mayT= i,
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is fulfilled.
And for |JmA| < 1,

< (b—a)%

ﬁ” <2(1+b—a)(1+|JmA) >
p,2,K

| d
U U .
p,2,K 00,2,K

is valid.
It follows from the last two inequalities that

H’f”Hp,g,K < My (p, £)(1 + |JmA) >

¢
u .
00,2, K

Hence, allowing for (17), for s = oo, p = s, we get the estimation

4

H é
u

1_1
s v llu

< M: 1
o <MD, 01+ TmA)

Hoo,zj('
for p < s. The left hand side of estimation (5) is established.
Estimation (6) follows from estimations (5) and (21). Really,

1

. <O+ | JJmA| TR HeﬂlH

N

/-1
u

Hp,2, 00727K o

< CTIOWK) (1 + |JmA|) 7t Hé”m L SCTIOK) (1+ | TmA|) "
i

Now, prove estimation (7). Let R* be the number chosen in theorem 1. Fix

xCy (1 + |JmA|)?

< O3 (1 + [Jm)|) HfQH

p2,K P2K

an arbitrary number r from the interval (0, R*) and consider the segments K =
b—a 1

[a,b], K, =[a+7rb—7r], r<min {4(1; 16} . Applying the shift formula (2) and

estimation (4), we have:

i, o <l ]+ 6=, <
P2, K 0,2, Ky p,2,Kr

o
< o’

= ol+ o}

¢
<
=0 p,2, K7
K .
< Z 10(8r) ch(rJmA)

=0

)4
< 10exp(r|JmA|) Z 277
p,2,Ky i=0

l—j

=y
U U

p,2,Kr

Consequently, it is valid the inequality

£—j
U

, (23)

?
U
p,2,Kr

¢
< 10exp(r |JmA 27J
o = p(r | D;

where £ =0,1,...;p > 1.
Let £ = 0. Then it follows from (23) that

0 0
<10 JmA H H .
Hqu,Q,K B exp(r| " |) " p,2,Ky
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For ¢ =1, using (24) and (6), from (23) we get

<
p729K7‘

k

1
< 10exp(r|JmA|) Z 27
i=0

p,2,K

1 10
< — <
< wesptrlmA) {4, + 58, | <

1
< 10exp(r [JmA|) {1 + 251 + \Jm)\]]} I . <
2 p,2, K,

<10(1 + %cg)(l + | JmA|) exp(r | JmA|) H& (25)

p»2zK7‘ '

Continuing this process, we get the left hand side of estimation (7) for the seg-
ments K and K,, i.e.

< O(K, K)[1 + | JmA)] exp(r | Jm|) H H (26)

|
p72’K p, 2 KT

Now, let R be an arbitrary fixed number satisfying the condition 0 < R <

b— R
< ® Choose a natural number k so that r = 7 € (0, R*] and
b— 1
r < min{lla;lﬁ}. Consider the segments K = [a,b], K;, Kop,...,K, = KRp.
Applying k times the inequality (23) for £ = 0, we get
0
< 10% exp(kr | Jm\ Hu = 10F exp(R Jm|) H H . 27
H Hp727K p( | ’) p727Kk7" p( ’ | p7 ) R ( )

Applying two times repeatedly inequality (23) for £ = 1 and considering (24),
(25), for K,, Ko, we find

1
Uu
2, K

1 10
< exp(rimAD g, + 54, 5 <
< 10exp(r|Jm D{ B p,2,KT+2 B p2.K )

1
< 10exp(r|Jm)\|){1O <1+203> (1 TmA exp(r|JmA]) 4| -+
D4, K2y

<
p727K7‘

1
< 10exp(r|JmA|) Z 277
i=0

1
+510 exp(r [JmA|) Hng,z KQT} =

3(K) Ky,
< 102 exp(r | Jm|) ( 4 Gl 2)>(1+]Jm)\|)exp(rJm)\|)H11LH <
2 p,2,K2r
< O(K, Ko)(1 + | JmA]) exp(2r | JmA|) H H .
,2,Kor
Thus,
2
H HMK C(K, Ko )(1 + | JmA|) exp(2r | JmA|) H i (28)
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. . . 1 1
In order to establish the estimation between the norms HUH and HUH ,
p’27K p727K37‘
we must write inequality (23) for £ = 1, and estimate the norms H H in it by
p7 kl T
means of inequality (27) by H H , estimate H H with the help of inequality
p,2, 37“ p,2,Kr
(28) by H , and then apply anti a priori estimation (6) to H H - . As a
p,2,K3r Py4,183r
result of these operations we get the estimation
< C(K, Kay)(1 + [JmA|) exp(3r [ JmAl) [
H Hp,Q,K ( ar)(1+| ) exp(3r| D p2,Ks

Continuing this process to the segment Kj,, we get the estimation

< C(K, K,)(1+ [JmA]) exp(R [ TmA]) | i

H Hp,Q7 p,2,KRr

Applying sequentially the above mentioned scheme for £ = 2, ¢ = 3, ... we get validity
of the left estimation of (7) for the segments K and Kr = K, .

Now, establish the right hand side of estimation (7). Write the mean value
formula obtained from shift formula (2):

ﬁ(w +7) 4+ u(x —r) =2cos )\ré(a:) + [Ff (r) — cos A - I + sin Ar - B] x
xu(z) + [Fy (r) — cos Ar - I — sin \r - B] 5(@—}—

¢ )
+3 [ )+ )] W), reK, 0<r<R, K=ab]
i=1

Fixing r, applying the inequality chJmz < 2|cosz|, |Jmz| > 1 and estimations

(3), (4), from the mean value formula we find that for |JmA| > —
,

14 V4

‘ﬁ(fn)‘ +

Yeh( er)\)’ ( )’

”M“

Hence, in its turn we ﬁnd

e (3 -o0) o] = e e[}
+5¢h (rJm) Zzz ’ ’
j=1

be fulfilled. Then it follows from the last

I

Choose the fixed r so that w(r) <

relation that

1

ch (rdmA) ‘é(m)‘ < ‘5(1‘—7’ ‘+’ x—i—r)’ + 10ch (rJmA) ZK: 8r)’ ‘E (az)‘
j=1
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Hence we find

l
+ 10ch (rJmA) Z H
7=1

ch (rJm) (5( )

<2l

p,2, K lp,zK sz,m '

1
Here, applying the inequality — exp (|JmA|r) < ch (rdJmz) < exp (|JmA|r) and
2

1
requiring r < 320” we get

Hé@)H <4 Hé@:) (@) (29)

p727K’I‘ HP,ZK

)4
exp(— |[JmA|r) + Z 277
j=1 P,2,Kr

From (29) for £ = 0 it follows the right hand side of estimation [7] for the eigen

function u( ) for K and K,, i.e.

Hﬁ(x)u <4H H exp(— | JmA| 1), (30)

p,2,Kr p,2,K

For ¢ =1, applying (29), (30) and a priori estimation (6), we get

1 1
<4H H —|TmA *ll H < dexp(— |JmA
H Hp,g,m = p,Q,KeXp( [ JmAlT) + 2 p,2, K, exp(— [JmA|r) ||u p,2,K+
+2H exp(—lJm)\lr) < 4dexp(—|JmA|r) Hu” +
p,2,K p,2,K

+2C3(K) (1 + [JmA]) exp(— [JmA| 1) Héllp,z

< O(K, K,)(1 + | JmA|) exp(— | JmA| ) H&H ,

p7 b
Continuing this process for £ =2, £ = 3,..., we get the estimation
i
U

< C(K, K, 0)(1 AN exp(— [JmA HH .
o < CE R 0+ LTl exp(— L1 ) [i]

Consequently, the right hand side of estimation (7) is valid in the case of the seg-

ments K and K, (in the case |[JmA| < — this estimation follows from the inequality
r
l .
< HUH and boundedness of the quantity exp (|JmA|r) /(1 + |JmA[%).
p,2,Kr p.2,K

H e
u
To prove the right hand side of estimation (7) for the segments K and Kgr, R <

b
a’ we choose a natural number k so that r = — € (0, R*), w(r) <

1

2 k =17 300
Consider the case |JmA| > — . (for |JmA| < ; the right hand side of estimation (7)

is fulﬁlled trivially). Fixing k (the same number r), again we consider the segments

= [a,b], [Kjr =[a+jr, b—jr], j=1k.

For the function g( ), the right hand side of estimation (7) is obtained by k
times successive application of estimation (30). Derivation of the right hand side of
estimation (7) in the cases ¢ = 1,2, ... is the same as in derivation of the left hand
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side of estimation (7). Thereby, inequality (29) and anti a priori estimations (6) are
used.

Theorem 2 is proved.

Remark. Notice that estimations (5)-(7) are valid also in the case when the coef-
ficients Pi2(x), Pa1(z), are not identically equal to zero, and Pyj(z) € LI°(G), i,j =
1,2.

The author is thankful to professor V.M. Kurbanov for the problem statement
and useful discussions of the results.
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