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Aytekin I. ISMAYLOVA

ESTIMATIONS FOR ROOT FUCNTIONS OF DIRAC

OPERATOR

Abstract

In the paper, Dirac’s one-dimensional operator is considered. A shift for-
mula is derived for its root vector-function, and a priori estimations, the es-
timations between different Lp norms of the root vector-functions of the given
operator are established.

1. Formulation of the results
In the paper we establish bilateral estimations of the root vector-functions re-

sponding to the Dirac one-dimensional operator

Du = B
du

dx
+ P (x) u, (1)

where

B =
(

0 1
−1 0

)
, P (x) = (Pij(x))2i,j=1, u(x) = (u1(x), u2(x))T .

The coefficient P (x) is a complex-valued matrix-function determined on an ar-
bitrary interval G of a real line.

Let L2
p(G), p ≥ 1 be a space of two component vector-functions with the norm

‖f‖p,2 =

∫
G

|f(x)|p dx

 1
p

,

(
‖f‖∞,2 = sup

x∈G
vrai |f(x)|

)
.

Denote by ‖P (x)‖ the norm of the matrix P (x), i.e.

‖P (x)‖ =
2∑

i=1

2∑
j=1

|Pij(x)| .

The estimations of the root functions of ordinary differential operators were earlier
established in the papers [1]-[6]. These estimations found their wide applications
in investigation of the problems of basicity and equiconvergence with trigonometric
series of spectral expansions [7]-[9].

In the present paper, based on the shift formula obtained in [10], a new for-
mula for the vector-functions is derived and different estimation for the root vector-
functions of Dirac operator are established with its help.

Following V.A. Il’in [1], introduce the notion of the root vector-functions of the
operator in the generalized sense.

Definition. Under the eigen vector-function or adjoint zero order vector-function
responding to the complex eigen value λ, we’ll understand any vector-function

0
u(x)
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that differs from identity zero and that absolutely is continuous on each compact of
the interval G and almost everywhere in G satisfies the equation D

0
u = λ

0
u.

If the adjoint function
`−1
u (x) of order ` − 1 ≥ 0 is determined, then under the

adjoint vector-function of order ` responding to the eigen value λ and the eigen
function

`
u(x), we’ll understand the vector-function

`
u(x) that is absolutely continu-

ous on any compact of interval G and almost everywhere in G satisfies the equation
D

`
u = λ

`
u− `−1

u .

The following theorems are proved in the paper.
Theorem 1 (Shift formula). Let Pij(x) ∈ Lloc

1 (G), i, j = 1, 2 and (c, d) be
inside of the interval G. Then there exists a positive number R∗ such that for any
t ∈ (0, R∗] and each [c+ t, d− t], the shift formula

`
u(x± t) =

∑̀
j=0

F±j (t)
`−j
u (x), (2)

is valid and the following estimations are fulfilled for the matrix F±j (t)∥∥F±0 (t)− cosλtI ± sinλtB
∥∥ ≤ ω(t)ch(tJmλ); (3)∥∥∥F±j (t)

∥∥∥ ≤ 5(8t)jch(tJmλ), j = 0, `, (4)

where ω(t) is a non-negative function that monotonically tends to zero as t→ 0+0, I
is a unit matrix in E2.

Fix an arbitrary segment K = [a, b] ⊂ G and such a segment KR = [a+R, b−
R] that it contains, that R = dist(KR, ∂K) <

mesK

2
.

Theorem 2. Let P11(x) = p(x), P22(x) = q(x), P12(x) = P21(x) ≡ 0 and
p(x), q(x) ∈ Lloc

1 (G). Then for the segments K and KR there exits positive constants
Ci(K, `), i = 1, 3; Ci(K,KR, `), i = 4, 5, independent of λ such that the following
estimations are true:

C1

∥∥∥ `
u
∥∥∥

p,2,K
≤ [1 + |Jmλ|]

1
s
− 1

p

∥∥∥ `
u
∥∥∥

s,2,K
≤ C2

∥∥∥ `
u
∥∥∥

p,2,K
, 1 ≤ p < s ≤ ∞; (5)

∥∥∥`−1
u
∥∥∥

p,2,K
≤ C3 [1 + |Jmλ|]

∥∥∥ `
u
∥∥∥

p,2,K
, p ≥ 1; (6)

C4 [1 + |Jmλ|]−`
∥∥∥ `
u
∥∥∥

p,2,K
≤
∥∥∥ `
u
∥∥∥

p,2,KR

exp(R |Jmλ|) ≤

≤ C5 [1 + |Jmλ|]`
∥∥∥ `
u
∥∥∥

p,2,K
, p ≥ 1, ` ≥ 0,

(7)

where
−1
u (x) ≡ 0, ‖·‖p,2K = ‖·‖L2

p(K)

Remark. Under the condition p(x), q(x) ∈ L1(G), mesG <∞, in estimations
(5)-(7) the segment K may be replaced by the domain G.
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2. Shift formula
Derivation of the shit formula (2) for the root functions

`
u(x) is based on the

following lemma.
Lemma [10]. If the functions Pij(x) ∈ Lloc

1 (G), i, j = 1, 2 and the points
x− t, x, x+ t are in the domain G, the following formulae are true:

`
u(x± t) = (cosλt · I ∓ sinλt ·B)

`
u(x) +

t∫
0

(sinλ(t− r) · I±

± cosλ(t− r) ·B)
[
P (x± r)

`
u(x± r) +

`−1
u (x± r)

]
dr,

(8)

`
u(x− t) +

`
u(x+ t) = 2

`
u(x) cosλt+

x+t∫
x−t

(sinλ(t− |x− ξ|) · I+

+sgn(ξ − x) cosλ(t− |x− ξ| ·B)
(
P (ξ)

`
u(ξ) +

`−1
u (ξ)

)
dξ.

(9)

Notice that for deriving formula (8), it suffices to act on the equation

D
`
u (x± r) = λ

`
u (x± r) +

`−1
u (x± r)

by the operator λ(t− r) · I± cosλ(t− r) ·B, integrate with respect to the parameter
r from 0 to t, and carry out integration by parts in the expression of the form

t∫
0

(sinλ(t− r) · I ± cosλ(t− r) ·B) ·Bd `
u (x± r) .

Now, derive the shift formula (2) by the mathematical induction method. Solve

equation (8) for ` = 0 with respect to
0
u(x) by successive iterations. Denoting

A±(t, λ) = cosλt · I ∓ sinλt ·B;

T±ψ(t) =

t∫
0

A∓(t− r, λ)P (x± r)ψ(r) dr, (10)

where ψ(t) is a matrix function of dimension 2× 2, as a result of the first iteration
we get the equality

`
u(x± r) =

A±(t, λ) +

t∫
0

A±(t− t1, λ)P (x± t1)A±(t1, λ)dt1

 0
u(x)+

+

t∫
0

A∓(t− t1, λ)P (x± t1)

t1∫
0

A∓(t− t2, λ)P (x± t2)
0
u(x± t2)dt2dt1 =

= (I + T±)A±(t, λ)
0
u(x) +

t∫
0

A∓(t− t1, λ)P (x± t1)×
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×
t1∫

0

A∓(t1 − t2, λ)P (x± t2)
0
u(x± t2)dt2dt1.

Continuing the unrestricted iteration process, we arrive at the formal equality

0
u(x± r) =

A±(t, λ) +

t∫
0

A∓(t− t1, λ)P (x± t1)A±(t1, λ)dt1+

+

t∫
0

A±(t− t1, λ)P (x± t1)

t1∫
0

A∓(t1 − t2, λ)P (x± t2)A±(t2, λ)dt2dt1 + ...+

+

t∫
0

A∓(t− t1, λ)P (x± t1)

t1∫
0

A∓(t1 − t2, λ)P (x± t2)...

...

tk−1∫
0

A∓(tk−1 − tk, λ)P (x± tk)A±(tk, λ)dtkdtk−1...dt1 + ...

 0
u(x) = F±0 (t)

0
u(x),

where

F±0 (t) =

(
I +

∞∑
k=1

T k
±

)
A±(t, λ). (11)

Consequently, for ` = 0, the formula (2) is valid (formally).
Now, assume that formula (2) is valid for some (l − 1), l > 1.
Then by formula (8)

i
u(x± t) = A±(t, λ)

i
u(x) +

t∫
0

A∓(t− r, λ)
{
P (x± r)

i
u(x± t)+

+
i−1∑
j=0

F±j (r)
i−1−j
u (x)

 dr = A±(t, λ)
i
u(x) +

t∫
0

A∓(t− r, λ)P (x± r)
i
u(x± r)dr+

+
i−1∑
j=0

t∫
0

A∓(t− r, λ)F±j (r)
i−1−j
u (x).

Carrying out successive iteration with respect to
i
u(x;λ), from the last equality

we find
i
u(x± r) =

(
I +

∞∑
k=1

T k
±

)
A±(t, λ)

i
u(x) +

i−1∑
j=0

×

×

(I +
∞∑

k=1

T k
±

) t∫
0

A∓(t− r, λ)F±j (r)dr

×
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×
i−j−1
u (x) = F±0 (t)

i
u(x, t) +

i∑
j=1

F±j (t)
i−j
u (x) =

i∑
j=0

F±j (t)
i−j
u (x),

where the functions F±0 (t) are determined by (11), and the functions F±j (t) for j ≥ 1
by the formulae

F±j (t) =

(
I +

∞∑
k=1

T k
±

) t∫
0

A∓(t− r, λ)F±j−1(r)dr, (12)

The formal derivation of formula (2) is completed.
For grounding formula (2) it suffices to show that series (11) and (12) converge

absolutely and uniformly for 0 < t ≤ R∗.

Denote

ω(t) = 32 max

 sup
c<x<d−t

x+t∫
x

‖P (τ)‖ dτ, sup
c+t≤x<d

x∫
x−t

‖P (τ)‖ dτ

 , t ≤ d− c

4
.

Choose the number R∗ ≤ d− c

4
so that ω(R∗) < 1. Then for an arbitrary

t ∈ (0, R∗] the inequality ω(t) < 1 will be fulfilled.
By definition of the quantity ω(t) we have:

‖T±ψ(t)‖ ≤
t∫

0

∥∥A∓(t− r, λ)
∥∥ ‖P (x± r)‖ ‖ψ(r)‖ dr ≤

≤
t∫

0

‖P (x± r)‖ {4ch(Jmλ(t− r)) ‖ψ(r)‖} dr ≤

≤ 4 sup
0≤r≤t

{ch (Jmλ(t− r)) ‖ψ(r)‖}
t∫

0

‖P (x± r)‖ dr ≤

≤ 1
8
ω(t) sup

0≤r≤t
{ch (Jmλ(t− r)) ‖ψ(r)‖} .

Therefore∥∥T±A±(t, λ)
∥∥ ≤ 1

8
ω(t) sup

0≤r≤t

{
ch (Jmλ(t− r))

∥∥A±(r, λ)
∥∥} ≤

≤ 1
8
ω(t) sup

0≤r≤t
{ch (Jmλ(t− r)) 4ch(Jmλt)} ≤ 1

2
ω(t)ch(Jmλt),

∥∥T 2
±A

±(t, λ)
∥∥ =

∥∥T± (T±A±(t, λ)
)∥∥ ≤

≤ 1
8
ω(t) sup

0≤r≤t

{
ch (Jmλ(t− r))

∥∥T±A±(r, λ)
∥∥} ≤
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≤ 1
8
ω(t) sup

0≤r≤t

{
ch (Jmλ(t− r))

1
2
ω(r)ch(Jmλr)

}
≤

≤ 1
16
ω2(t)ch(Jmλt) ≤

(
1
2
ω(t)

)2

ch(Jmλt).

Continuing this process, we get

∥∥∥T k
±A

±(t, λ)
∥∥∥ ≤ (1

2
ω(t)

)k

ch(Jmλt), (13)

where k = 1, 2, ...
Applying these estimations, from (11) we find that for t ∈ (0, R∗],

∥∥F±0 (t)− cosλtI ± sinλtB
∥∥ ≤ ∞∑

k=1

(
1
2
ω(R∗)

)k

exp (|Jmλ|R∗) ≤ exp (|Jmλ|R∗) ;

∥∥F±0 (t)− cosλtI ± sinλtB
∥∥ =

∥∥F±0 (t)−A±(t, λ)
∥∥ =

∥∥∥∥∥
∞∑

k=1

T k
±A

±(t, λ)

∥∥∥∥∥ ≤
≤

∞∑
k=1

(
1
2
ω(t)

)k

ch(Jmλt) ≤ ω(t)ch(Jmλt).

Estimation (3) is proved.
Now, investigate series (12) by the mathematical induction method and prove

estimation (4). Estimation (4) for j = 0 directly follows from estimation (3). Let
estimation (4) be valid for j − 1, prove it for j.

∥∥∥F±j (t)
∥∥∥ ≤

∥∥∥∥∥∥
t∫

0

A∓(t− r, λ)F±j−1(r)dr

∥∥∥∥∥∥+
∞∑

k=1

∥∥∥∥∥∥T k
±

t∫
0

A∓(t− r, λ)F±j−1(r)dr

∥∥∥∥∥∥ ≤

≤
t∫

0

4ch(Jmλ(t− r)5(8t)j−1ch(Jmλr)dr+

+
∞∑

k=1

∥∥∥∥∥∥T k
±

 t∫
0

A∓(t− r, λ)F±j−1(r)dr

∥∥∥∥∥∥ ≤
≤ 5

2
(8t)jch(Jmλt) +

∞∑
k=1

∥∥∥∥∥∥T k
±

 t∫
0

A∓(t− r, λ)F±j−1(r)dr

∥∥∥∥∥∥ . (14)

By definition of the operators T± and induction supposition∥∥∥∥∥∥T±
 t∫

0

A∓(t− r)F±j−1(r)dr

∥∥∥∥∥∥ ≤ 1
8
ω(t) sup

0≤r≤t
{ch (Jmλ(t− r)) ×
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×

∥∥∥∥∥∥
r∫

0

A∓(r − τ)F±j−1(r)dr

∥∥∥∥∥∥ ≤ 1
8
ω(t) sup

0≤r≤t
{ch (Jmλ(t− r)) ×

×
r∫

0

4ch (Jmλ(r − τ)) 5(8τ)j−1chJmλτ)dτ

 ≤ 1
8
ω(t) sup

0≤r≤t
×

×
{
ch (Jmλ(t− r)) 20rchJmλr)(8r)j−1

}
≤ 1

8
ω(t)20tch(Jmλt)(8t)j−1 ≤

≤ 5
2
(8t)j

(
ω(t)
2

)
ch(Jmλt),

∥∥∥∥∥∥T k
±

 t∫
0

A∓(t− r, λ)F±j−1(r)dr

∥∥∥∥∥∥ ≤ 5
2
(8t)j

(
ω(t)
2

)k

ch(Jmλt).

Allowing for these inequalities, from (14) we get∥∥∥F±j (t)
∥∥∥ ≤ 5

2
(8t)jch(Jmλt)

[
1 +

1
2
ω(t) + (

1
2
ω(t))2 + ...

]
≤

≤ 5(8t)jch(Jmλt).

(15)

Estimation (4) is proved. Uniformity of convergence of series (12) follows from
(15) for t = R∗ and ω(R∗) < 1. So, derivation of shift formula (2) is completed.

It follows from the obtained estimations (3), (4) and shift formula (2) that
all the solutions of the equation Du − λu = f with absolute `y continuous on
[a, b] right hand side and summable on (a, b) coefficient P (x) have finite limits as
x → a + 0 and as x → b − 0. Therefore, all of them will be absolutely contin-
uous on the closed interval [a, b]. Consequently, the eigen and adjoint functions
of the operator D will be absolutely continuous on G = [a, b], mesG < ∞. If
P (x) ∈ Lp(G), p ≥ 1, then the belonging of the components of the root functions

in W 1
p (G), G = (a, b), mesG <∞ follows from the equation D

`
u− λ

`
u =

`−1
u .

3. Proof of theorem 2
At first we establish the right hand side of estimation (5). It is known that (see

[10], estimation (12)) that for p ≥ 1 it is valid∥∥∥ `
u
∥∥∥
∞,2,K

≤ C(K, `)(1 + |Jmλ|)
1
p

∥∥∥ `
u
∥∥∥

p,2,K
. (16)

Using estimation (16) and considering p < s, we find

∥∥∥ `
u
∥∥∥

s,2,K
=

∫
K

∣∣∣ `u(x)∣∣∣s−p ∣∣∣ `u(x)∣∣∣p dx


1
s
≤
∥∥∥ `
u
∥∥∥ s−p

s

∞,2,K

∫
K

∣∣∣ `u(x)∣∣∣p dx
 1

s

≤
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≤ (C(K, `))
s−p

s [1 + |Jmλ|]
s−p
ps

∥∥∥ `
u
∥∥∥ s−p

s

p,2,K

∥∥∥ `
u
∥∥∥ p

s

p,2,K
=

= (C(K, `))
s−p

s [1 + |Jmλ|]
1
p
− 1

s

∥∥∥ `
u
∥∥∥

p,2,K
.

Hence, it follows the right hand side of estimation (5), i.e.

[1 + |Jmλ|]
1
s
− 1

p

∥∥∥ `
u
∥∥∥

s,2,K
≤ C2(K, `)

∥∥∥ `
u
∥∥∥

p,2,K
, (17)

where C2(K, `) = (C(K, `))
s−p

s .

Now, establish the left hand side of estimation (5). For that we prove the fol-
lowing statement.

Statement. For any ` = 0, 1, ... on any segment [α, β] ⊂ [a, b] = K, for which

‖‖P (x)‖‖L1[α,β] ≤
1

2`+2
, it is valid the inequality

m`,α,β ≤M`,α,β

∥∥∥ `
u
∥∥∥
∞,2,[α,β]

, (18)

where

m`,α,β ≡ max
x∈[α,β]

{∣∣∣ `u(x)∣∣∣ (1 + |Jmλ| dα,β(x))−` exp (|Jmλ| dα,β(x))
}
,

dα,β(x) ≡ min {|x− α| , |x− β|} .

Proof of the statement. Apply the mathematical induction method. Let
` = 0, and [α, β] be an arbitrary segment contained in K = [a, b], moreover

‖‖P (x)‖‖L1[α,β] ≤
1
4
. Let the maximum of the left hand side of (18) be attained at

the point y ∈ [α, β] , and t = dα,β(y). Using the inequality

exp (|Jmλ|)− 1 ≤ |2 cosλt|

and the mean value formula (9), we find

m`,α,β(1 + |Jmλ| t)` −
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

≤
∣∣∣ `u(y)∣∣∣ (exp(|Jmλ| t)− 1) ≤

≤ |2 cosλt|
∣∣∣ `u(y)∣∣∣ = ∣∣∣2 `

u(y) cosλt
∣∣∣ ≤ ∣∣∣ `u(y − t) +

`
u(y + t)

∣∣∣+
+

∣∣∣∣∣∣
y+t∫

y−t

(sinλ(t− |y − ξ|) · I + sgn(ξ − y) cosλ(t− |y − ξ| ·B)×

×
(
P (ξ)

`
u (ξ) +

`−1
u (ξ)

)
dξ |≤ 2

∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+

+2 ‖‖P (x)‖‖L1[α,β] max
|y−ξ|<t

{∣∣∣ `u (ξ)
∣∣∣ (1 + exp(|Jmλ| (t− |y − ξ|)))

}
+
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+4t max
|y−ξ|<t

{∣∣∣`−1
u (ξ)

∣∣∣ (1 + exp(|Jmλ| (t− |y − ξ|)))
}
≤ 2

∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+

+2 ‖‖P (x)‖‖L1[α,β]

{∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+m`,α,β(1 + 2 |Jmλ| t)`

}
+

+4t
{∥∥∥`−1

u
∥∥∥
∞,2,[α,β]

+m`−1,α,β(1 + 2 |Jmλ| t)`−1

}
, (19)

For ` = 0, (19) yields (allowing for
−1
u (x) ≡ 0)

m0,α,β −
∥∥∥0
u
∥∥∥
∞,2,[α,β]

≤ 2
∥∥∥0
u
∥∥∥
∞,2,[α,β]

+
1
2

{∥∥∥0
u
∥∥∥
∞,2,[α,β]

+m0,α,β

}
.

Hence we get
m0,α,β ≤ 7

∥∥∥0
u
∥∥∥
∞,2,[α,β]

.

Now, let inequality (18) be valid for some ` − 1, ` ≥ 2. Establish inequality
(18) for the case `. For that we fix an arbitrary segment [α, β] ⊂ [a, b] for which

‖‖P (x)‖‖L1[α,β] ≤
1

2`+2
. Then from (19) we find

m`,α,β (1 + |Jmλ| t)` −
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

≤ 2
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+

+
1

2`+2

{∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+m`,α,β (1 + 2 |Jmλ| t)`

}
+

+4t
{∥∥∥`−1

u
∥∥∥
∞,2,[α,β]

+m`−1,α,β (1 + 2 |Jmλ| t)`−1

}
.

(20)

Since
1

2`+1
≥ 1

2`+2
≥ ‖‖P (x)‖‖L1[α,β], then the inequality

m`−1,α,β ≤M`−1,α,β

∥∥∥`−1
u
∥∥∥
∞,2,[α,β]

will be valid for m`−1,α,β. On the other hand, it is known that (see [10])∥∥∥`−1
u
∥∥∥
∞,2,[α,β]

≤ C(`, α, β)(1 + |Jmλ|)
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

. (21)

Therefore, from (20) we get

m`,α,β (1 + |Jmλ| t)` ≤ 3
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+

+
1

2`+1

{∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+m`,α,β (1 + 2 |Jmλ| t)`

}
+

+4tC(`, α, β)(1 + |Jmλ|)
{

1 +M`−1,α,β(1 + 2 |Jmλ| t)`−1
}∥∥∥ `

u
∥∥∥
∞,2,[α,β]

≤

≤
(

3 +
1

2`+2

)∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+
1
2
m`,α,β (1 + |Jmλ| t)` +

+2`+3C(`, α, β)(t+ |Jmλ| t)(1 +M`−1,α,β)(1 + |Jmλ| t)`−1
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

≤
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≤
{

3 +
1

2`+2
+ 2`+3C(`, α, β)(1 + β − α)(1 +M`−1,α,β)

}
×

× (1 + |Jmλ| t)`
∥∥∥ `
u
∥∥∥
∞,2,[α,β]

+
1
2
m`,α,β (1 + |Jmλ| t)`

Having cancelled each side of the last relation by (1 + |Jmλ| t)` , we find

m`,α,β ≤
1
2
m`,α,β+

+
{

3 +
1

2`+1
+ 2`+3C(`, α, β)(1 + β − α)(1 +M`−1,α,β)

}∥∥∥ `
u
∥∥∥
∞,2,[α,β]

.

Consequently,
m`,α,β ≤M`,α,β

∥∥∥ `
u
∥∥∥
∞,2,[α,β]

,

where
M`,α,β = 6 +

1
2`

+ 2`+4C(`, α, β)(1 + β − α)(1 +M`−1,α,β).

The statement is proved.
It follows from the proved statement that there exists a constant M1

`,α,β such
that for any x ∈ [α, β] .∣∣∣ `u(x)∣∣∣ ≤M1

`,α,β exp
{
−1

2
|Jmλ| dα,β(x)

}∥∥∥ `
u
∥∥∥
∞,2,[α,β]

. (22)

Partition the segment [a, b] into the finite number n(`) equal segments [αi, βi] so

that the inequality ‖‖P (x)‖‖L1[αi,βi]
≤ 1

2`+2
be fulfilled for each of them.

Then, applying inequality (22), we find

∥∥∥ `
u
∥∥∥p

p,2,[a,b]
=

n(`)∑
i=1

∥∥∥ `
u
∥∥∥p

p,2,[αi,βi]
≤

n(`)∑
i=1

((
M1

`,αi,βi

)∥∥∥ `
u
∥∥∥
∞,2,[αi,βi]

)p

βi∫
αi

exp
(
−p

2
|Jmλ| dαi,βi

(x)
)
dx ≤ 4

p |Jmλ|

∥∥∥ `
u
∥∥∥p

∞,2,[a,b]

n(`)∑
i=1

(
M1

`,αi,βi

)
.

Hence for |Jmλ| ≥ 1, we get

∥∥∥ `
u
∥∥∥

p,2,[a,b]
≤

n(`)∑
i=1

(
M1

`,αi,βi

)p

 1
p

4
1
p p

1
p |Jmλ|

1
p

∥∥∥ `
u
∥∥∥
∞,2,[a,b]

≤

≤ 8(1 + |Jmλ|)
1
p

n(`)∑
i=1

(
M`,αi,βi

)p 1
p ∥∥∥ `
u
∥∥∥
∞,2,[a,b]

.

Consequently, for |Jmλ| ≥ 1, the estimation∥∥∥ `
u
∥∥∥

p,2,K
≤M(p, `)(1 + |Jmλ|)−

1
p

∥∥∥ `
u
∥∥∥
∞,2,K
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is fulfilled.
And for |Jmλ| < 1,∥∥∥ `

u
∥∥∥

p,2,K
≤ (b− a)

1
p

∥∥∥ `
u
∥∥∥

p,2,K
≤ 2(1 + b− a)(1 + |Jmλ|)−

1
p

∥∥∥ `
u
∥∥∥
∞,2,K

.

is valid.
It follows from the last two inequalities that∥∥∥ `

u
∥∥∥

p,2,K
≤M1(p, `)(1 + |Jmλ|)−

1
p

∥∥∥ `
u
∥∥∥
∞,2,K

.

Hence, allowing for (17), for s = ∞, p = s, we get the estimation∥∥∥ `
u
∥∥∥

p,2,K
≤M2(p, `)(1 + |Jmλ|)

1
s
− 1

p

∥∥∥ `
u
∥∥∥
∞,2,K

.

for p < s. The left hand side of estimation (5) is established.
Estimation (6) follows from estimations (5) and (21). Really,∥∥∥`−1

u
∥∥∥

p,2,K
≤ C−1

1 [1 + |Jmλ|]−
1
p

∥∥∥`−1
u
∥∥∥
∞,2,K

≤

≤ C−1
1 C(`,K) (1 + |Jmλ|)−

1
p
+1
∥∥∥ `
u
∥∥∥
∞,2,K

≤ C−1
1 C(`,K) (1 + |Jmλ|)−

1
p
+1×

×C2 (1 + |Jmλ|)
1
p

∥∥∥ `
u
∥∥∥

p,2,K
≤ C3 (1 + |Jmλ|)

∥∥∥ `
u
∥∥∥

p,2,K
.

Now, prove estimation (7). Let R∗ be the number chosen in theorem 1. Fix
an arbitrary number r from the interval (0, R∗) and consider the segments K =

[a, b], Kr = [a+ r, b− r], r ≤ min
{
b− a

4
;

1
16

}
. Applying the shift formula (2) and

estimation (4), we have:∥∥∥ `
u
∥∥∥

p,2,K
≤
∥∥∥ `
u(·+ r)

∥∥∥
p,2,Kr

+
∥∥∥ `
u(· − r)

∥∥∥
p,2,Kr

≤

≤
∑̀
i=0

{∥∥∥F+
j (r)

∥∥∥+
∥∥∥F−j (r)

∥∥∥}∥∥∥∥`−j
u

∥∥∥∥
p,2,Kr

≤

≤
∑̀
i=0

10(8r)jch(rJmλ)
∥∥∥∥`−j
u

∥∥∥∥
p,2,Kr

≤ 10 exp(r |Jmλ|)
∑̀
i=0

2−j

∥∥∥∥`−j
u

∥∥∥∥
p,2,Kr

.

Consequently, it is valid the inequality

∥∥∥ `
u
∥∥∥

p,2,K
≤ 10 exp(r |Jmλ|)

∑̀
i=0

2−j

∥∥∥∥`−j
u

∥∥∥∥
p,2,Kr

, (23)

where ` = 0, 1, ...; p ≥ 1.
Let ` = 0. Then it follows from (23) that∥∥∥0

u
∥∥∥

p,2,K
≤ 10 exp(r |Jmλ|)

∥∥∥0
u
∥∥∥

p,2,Kr

. (24)
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For ` = 1, using (24) and (6), from (23) we get

∥∥∥1
u
∥∥∥

p,2,K
≤ 10 exp(r |Jmλ|)

1∑
i=0

2−j

∥∥∥∥1−j
u

∥∥∥∥
p,2,Kr

≤

≤ 10 exp(r |Jmλ|)
{∥∥∥1

u
∥∥∥

p,2,Kr

+
1
2

∥∥∥0
u
∥∥∥

p,2,Kr

}
≤

≤ 10 exp(r |Jmλ|)
{

1 +
1
2
C3[1 + |Jmλ|]

}∥∥∥1
u
∥∥∥

p,2,Kr

≤

≤ 10(1 +
1
2
C3)(1 + |Jmλ|) exp(r |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,Kr

. (25)

Continuing this process, we get the left hand side of estimation (7) for the seg-
ments K and Kr, i.e.∥∥∥ `

u
∥∥∥

p,2,K
≤ C(K,Kr)[1 + |Jmλ|)]` exp(r |Jmλ|)

∥∥∥ `
u
∥∥∥

p,2,Kr

, (26)

Now, let R be an arbitrary fixed number satisfying the condition 0 < R <

<
b− a

2
. Choose a natural number k so that r =

R

k
∈ (0, R∗] and

r ≤ min
{
b− a

4
;

1
16

}
. Consider the segments K = [a, b], Kr,K2r,...,Kkr = KR.

Applying k times the inequality (23) for ` = 0, we get∥∥∥0
u
∥∥∥

p,2,K
≤ 10k exp(kr |Jmλ|)

∥∥∥0
u
∥∥∥

p,2,Kkr

= 10k exp(R |Jmλ|)
∥∥∥0
u
∥∥∥

p,2,KR

. (27)

Applying two times repeatedly inequality (23) for ` = 1 and considering (24),
(25), for Kr,K2r we find

∥∥∥1
u
∥∥∥

p,2,K
≤ 10 exp(r |Jmλ|)

1∑
i=0

2−j

∥∥∥∥1−j
u

∥∥∥∥
p,2,Kr

≤

≤ 10 exp(r |Jmλ|)
{∥∥∥1

u
∥∥∥

p,2,Kr

+
1
2

∥∥∥0
u
∥∥∥

p,2,Kr

}
≤

≤ 10 exp(r |Jmλ|)
{

10
(

1 +
1
2
C3

)
(1 + |Jmλ|) exp(r |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,K2r

+

+
1
2
10 exp(r |Jmλ|)

∥∥∥0
u
∥∥∥

p,2,K2r

}
≤

≤ 102 exp(r |Jmλ|)
(

1 +
C3(Kr)

2
+
C3(K2r)

2

)
(1+|Jmλ|) exp(r |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,K2r

≤

≤ C(K,K2r)(1 + |Jmλ|) exp(2r |Jmλ|)
∥∥∥1
u
∥∥∥

p,2,K2r

.

Thus, ∥∥∥1
u
∥∥∥

p,2,K
≤ C(K,K2r)(1 + |Jmλ|) exp(2r |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,K2r

, (28)
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In order to establish the estimation between the norms
∥∥∥1
u
∥∥∥

p,2,K
and

∥∥∥1
u
∥∥∥

p,2,K3r

,

we must write inequality (23) for ` = 1, and estimate the norms
∥∥∥0
u
∥∥∥

p,2,Kr

in it by

means of inequality (27) by
∥∥∥0
u
∥∥∥

p,2,K3r

, estimate
∥∥∥1
u
∥∥∥

p,2,Kr

with the help of inequality

(28) by
∥∥∥1
u
∥∥∥

p,2,K3r

, and then apply anti a priori estimation (6) to
∥∥∥0
u
∥∥∥

p,2,K3r

. As a

result of these operations we get the estimation∥∥∥1
u
∥∥∥

p,2,K
≤ C(K,K3r)(1 + |Jmλ|) exp(3r |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,K3r

.

Continuing this process to the segment Kkr, we get the estimation∥∥∥1
u
∥∥∥

p,2,K
≤ C(K,Kr)(1 + |Jmλ|) exp(R |Jmλ|)

∥∥∥1
u
∥∥∥

p,2,KR

Applying sequentially the above mentioned scheme for ` = 2, ` = 3, ... we get validity
of the left estimation of (7) for the segments K and KR = Kkr.

Now, establish the right hand side of estimation (7). Write the mean value
formula obtained from shift formula (2):

`
u(x+ r) + u(x− r) = 2 cosλr

`
u(x) +

[
F+

0 (r)− cosλr · I + sinλr ·B
]
×

× `
u(x) +

[
F−0 (r)− cosλr · I − sinλr ·B

] `
u(x)+

+
∑̀
j=1

[
F+

j (r) + F−j (r)
]

`−j
u (x), x ∈ Kr, 0 < r ≤ R∗, K = [a, b]

Fixing r, applying the inequality chJmz ≤ 2 |cos z| , |Jmz| ≥ 1 and estimations

(3), (4), from the mean value formula we find that for |Jmλ| ≥ 1
r

ch (rJmλ)
2

∣∣∣ `u(x)∣∣∣ ≤
∣∣∣ `u(x+ r)

∣∣∣+ ∣∣∣ `u(x− r)
∣∣∣

2
+ ch (rJmλ)ω(r)

∣∣∣ `u(x)∣∣∣+
+5
∑̀
j=1

(8r)jch (rJmλ)
∣∣∣`−1
u (x)

∣∣∣ .
Hence, in its turn we find

ch (rJmλ)
(

1
2
− ω(r)

) ∣∣∣ `u(x)∣∣∣ ≤ 1
2

{∣∣∣ `u(x+ r)
∣∣∣+ ∣∣∣ `u(x− r)

∣∣∣}+

+5ch (rJmλ)
∑̀
j=1

(8r)j
∣∣∣`−1
u (x)

∣∣∣ .
Choose the fixed r so that ω(r) ≤ 1

4
be fulfilled. Then it follows from the last

relation that

ch (rJmλ)
∣∣∣ `u(x)∣∣∣ ≤ ∣∣∣ `u(x− r)

∣∣∣+ ∣∣∣ `u(x+ r)
∣∣∣+ 10ch (rJmλ)

∑̀
j=1

(8r)j
∣∣∣`−1
u (x)

∣∣∣
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Hence we find

ch (rJmλ)
∣∣∣ `u(x)∣∣∣

p,2,Kr

≤ 2
∣∣∣ `u(x)∣∣∣

p,2,K
+ 10ch (rJmλ)

∑̀
j=1

(8r)j
∥∥∥`−1
u (x)

∥∥∥
p,2,Kr

.

Here, applying the inequality
1
2

exp (|Jmλ| r) ≤ ch (rJmz) ≤ exp (|Jmλ| r) and

requiring r ≤ 1
320

, we get

∥∥∥ `
u(x)

∥∥∥
p,2,Kr

≤ 4
∥∥∥ `
u(x)

∥∥∥
p,2,K

exp(− |Jmλ| r) +
∑̀
j=1

2−j

∥∥∥∥`−j
u (x)

∥∥∥∥
p,2,Kr

. (29)

From (29) for ` = 0 it follows the right hand side of estimation [7] for the eigen

function
0
u(x) for K and Kr, i.e.∥∥∥0

u(x)
∥∥∥

p,2,Kr

≤ 4
∥∥∥0
u
∥∥∥

p,2,K
exp(− |Jmλ| r), (30)

For ` = 1, applying (29), (30) and a priori estimation (6), we get∥∥∥1
u
∥∥∥

p,2,Kr

≤ 4
∥∥∥1
u
∥∥∥

p,2,K
exp(− |Jmλ| r) +

1
2

∥∥∥0
u
∥∥∥

p,2,Kr

≤ 4 exp(− |Jmλ| r)
∥∥∥1
u
∥∥∥

p,2,K
+

+2
∥∥∥0
u
∥∥∥

p,2,K
exp(− |Jmλ| r) ≤ 4 exp(− |Jmλ| r)

∥∥∥1
u
∥∥∥

p,2,K
+

+2C3(K)(1 + |Jmλ|) exp(− |Jmλ| r)
∥∥∥1
u
∥∥∥

p,2,K
≤

≤ C(K,Kr)(1 + |Jmλ|) exp(− |Jmλ| r)
∥∥∥1
u
∥∥∥

p,2,K
.

Continuing this process for ` = 2, ` = 3,..., we get the estimation∥∥∥ `
u
∥∥∥

p,2,Kr

≤ C(K,Kr, `)(1 + |Jmλ|)` exp(− |Jmλ| r)
∥∥∥1
u
∥∥∥

p,2,K
.

Consequently, the right hand side of estimation (7) is valid in the case of the seg-

ments K and Kr (in the case |Jmλ| < 1
r

this estimation follows from the inequality∥∥∥ `
u
∥∥∥

p,2,Kr

≤
∥∥∥ `
u
∥∥∥

p,2,K
and boundedness of the quantity exp (|Jmλ| r) /(1 + |Jmλ|`).

To prove the right hand side of estimation (7) for the segments K and KR, R <
b− a

2
, we choose a natural number k so that r =

R

k
∈ (0, R∗) , ω(r) ≤ 1

4
, r ≤ 1

320
.

Consider the case |Jmλ| ≥ 1
r

(for |Jmλ| < 1
r

the right hand side of estimation (7)

is fulfilled trivially). Fixing k (the same number r), again we consider the segments
K = [a, b], [Kj,r = [a+ jr, b− jr], j = 1, k.

For the function
0
u(x), the right hand side of estimation (7) is obtained by k

times successive application of estimation (30). Derivation of the right hand side of
estimation (7) in the cases ` = 1, 2, ... is the same as in derivation of the left hand
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side of estimation (7). Thereby, inequality (29) and anti a priori estimations (6) are
used.

Theorem 2 is proved.
Remark. Notice that estimations (5)-(7) are valid also in the case when the coef-

ficients P12(x), P21(x), are not identically equal to zero, and Pij(x) ∈ Lloc
1 (G), i, j =

1, 2.
The author is thankful to professor V.M. Kurbanov for the problem statement

and useful discussions of the results.
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