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NECESSARY AND SUFFICIENT CONDITIONS FOR
THE BOUNDEDNESS OF B-RIESZ POTENTIAL IN

MODIFIED B-MORREY SPACES

Abstract

We consider the generalized shift operator, associated with the Bessel (Han-

kel) differential operator B =
∂2

∂x2
+
γ

x

∂

∂x
, γ > 0. The maximal operator

Mγ(B-maximal operator) and the Riesz potential Iα,γ (B-Riesz potential), as-
sociated with the generalized shift operator are investigated. At first, we prove
that the B-maximal operator Mγ is bounded from the modified B-Morrey space
L̃p,λ,γ to L̃p,λ,γ for all 1 < p <∞ and 0 ≤ λ < 1 + γ.

We study the B-Riesz potential and their modified version in the modified
B-Morrey space. We prove that B-Riesz potential Iα,γ , 0 < α < 1+γ is bounded
from the modified B-Morrey space L̃p,λ,γ to L̃q,λ,γ if and only if, α/(1 + γ) ≤
1/p− 1/q ≤ α/(1 + γ − λ), 1 < p < (1 + γ)/α.

Introduction. Assume γ > 0 and define as the class of all measurable functions
f defined on (0,∞)

Lp,γ ≡ Lp,γ(0,∞) ≡ Lp((0,∞), xγdx), (1 ≤ p <∞),

which

‖f‖Lp,γ ≡

 ∞∫
0

|f(x)|pxγdx

1/p

<∞,

and by L∞,γ(0,∞) = L∞(0,∞) the space of the essentially bounded measurable
functions with respect to the Lebesgue measure on (0,∞).

We recall some basic results in harmonic analysis related to the Hankel (Fourier-
Bessel) transform. More details can be found in [28], [29]. The Hankel transform
appears taking different forms in the literature (see, for instance, [23], [25], [28],
[29]). Here we define the Hankel transformation hγ through [28], [29]

hγ(f)(x) =

∞∫
0

jγ(xy)f(y)yγdy, x ∈ (0,∞),

where jγ(s) = 2γΓ(γ + 1)s−γJγ(s), with Jγ the Bessel function of the first kind and
index γ.

Remark 1. As is well known (see [28]), the function jγ is just the solution of
the differential equation

Lγu = −u, u(0) = 1, u′(0) = 0,
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