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NECESSARY CONDITION OF BASICITY OF A

SYSTEM OF POWERS IN LEBESGUE SPACES

Abstract

In the paper, some necessary conditions are obtained for the power system
of the form

{A (t)ϕn (t) ;B (t)ϕn (t)}n≥0

to be a basis in Lebesgue spaces.

Investigation of spectral properties of differential operator pencils, especially in
concrete cases, requires studying the basis properties (completeness, minimality,
basicity) of systems of the form

a (t)ϕn (t) + b (t)ϕn (t) , n = 0, 1, ... (1)

in the Lebesgue spaces Lp ≡ Lp (a, b) , 1 ≤ p < ∞, where a (t) , b (t) , ϕ (t) are
complex-valued functions on [a, b] . In this connection, the basis properties of (1)
have been studied by many authors [1-10]. Under some conditions on the functions
a (t) , b (t) and ϕ (t) completeness and minimality of the system (1) have been com-
pletely studied in [7-9]. Thus, depending on approaches to the considered problems
various criterions of completeness and minimality have been obtained. Mainly, these
questions are reduced to the study of special boundary value problems of analytic
functions with Karleman translation. B.T. Bilalov [9,11] suggested another approach
to the study of the basis properties of (1) i.e. introduced ”double” power system{

A (t)Wn (t) ; B (t)W k (t)
}
n≥0,k≥0

, (2)

and investigation of basis properties of (1) have been reduced to the investigation of
analogous properties of this system, where A (t) , B (t) are complex-valued functions
on [a, b] , W {[a, b]} ≡ Γ is a Jordan curve (W (a) = W (b)). Under some conditions
on the functions A (t) , B (t) he completely studied completeness, minimality and
basicity (when W (t) ≡ eit, [a, b] ≡ [−π, π]) of this system in Lp. It is proved that
system (2) can be a basis for L2 only when W (t) ≡ const. The proof of this fact
essentially relies on the connection between basis properties and solvability of the
corresponding conjugation boundary value problem in the Hardy classes H±p .

This method is not applicable for p 6= 2. In this paper we develop the idea of
[11] to the case p 6= 2.

Let B be a Banach space over the field of complex numbers with the norm ‖·‖B
in which a ”double” system of elements {x+

n ;x−n }n≥0 is given.




