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COMPACT WEIGHTED COMPOSITION
OPERATORS ON FUNCTION SPACES ON

LOCALLY CONNECTED SETS

Abstract

Let X be a locally connected compact metric space and C (X) denote the
space of all continuous complex-valued functions on X equipped with sup-norm.
In this paper we investigate compactness of weighted composition operators on a
uniformly closed subspaces of C (X) and give as some applications compactness
criterion on uniform algebras.

1. Introduction
Let X be a compact metric space and C (X) denote the space of all continuous

complex-valued functions defined on X equipped with sup-norm. Let A = A (X) be
a uniformly closed subspace of C (X). We will consider the operators T : A→ C (X)
of the form T : f 7−→ u · f ◦ϕ (the symbol “◦” denote the composition of functions),
where u ∈ C (X) is a fixed function and ϕ : X → X is a selfmapping of X which is
continuous on the support of u, i.e., on the open set

S (u) = {x ∈ X : u (x) 6= 0}

(in particular, we can choose the function u and the selfmapping ϕ such that the
operator may be acting in A (X), i.e., T : A (X) → A (X)). The operators of these
forms are called the weighted composition operators induced by the function u (the
weighted function) and by selfmapping ϕ. Since the endomorphisms of any semisim-
ple commutative Banach algebras (also, any bounded linear operator on a Banach
space) can be represented as operators of these forms, so the weighted composition
operators are very interesting to study. Composition operators (i.e., the operators
of the forms as operator T with the weighted function u ≡ 1) and weighted composi-
tion operators on the concrete uniform algebras are being investigated from different
points of view (such as compactness, nuclearity, spectrum, closedness of ranges, etc.)
by many authors. The aim of this paper is to clarify the compactness conditions
of such operators. Kamowitz [1] in particular, gave the compactness criterion for
the weighted composition operators acting in the disc-algebra A (D) (the uniform
algebra of functions analytic on the open unit disc D = {z ∈ C : |z| < 1} of complex
plane C and continuous on its closure D̄), when u, ϕ ∈ A (D) and ‖ϕ‖ ≤ 1 : the
operator T of the form f 7−→ u · f ◦ ϕ in A (D) is compact if, and only if, ϕ is
constant, or |ϕ (z)| < 1 whenever u (z) 6= 0. In [2] (see also [3]) was given suffi-
ciently simple necessity condition of compactness of the operator T in general case
(i.e., when A (X) has no any additional structures, such as algebraic, analytic, etc.),
which in concrete situations for the algebras with good structure turn into com-
pactness criterion. Here we give analogous general compactness criterion as above
mentioned necessity condition in the case, when X is a locally connected compact set
and its applications for concrete uniform algebras (in particular, including multidi-
mensional analogues of disc-algebra), which reduces to easily verifiable constructive




