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ON n-DIMENSIONAL ANALOGUE OF

HIRSCHMAN’S INEQUALITY

Abstract

In the paper we obtain n- dimensional analogue of Hirschman inequality.

Let f̂ is Fourier transform of the function f(x):

f̂(ξ) =
1

(2π)n/2

∫
Rn

ei(x,ξ)f(x)dx

and ‖·‖ is a norm in L2(Rn).
Theorem 1. It is valid the integral inequality:

I(f) + I(f̂) ≤ KH . (1)

Here

I(f) =
∫
Rn

|f(x)|2

‖f‖2
ln

(
|f(x)|2

‖f‖2

)
dx,KH = −n ln(πe).

Inequality (1) is exact in the following sense: the equality therein is attained for

f(x) = a exp(−b
∣∣∣x− 0

x
∣∣∣2 + (c, x)), where a is any complex number differ from zero,

b is any real positive number, c is any complex vector of dimension n, ∀0
x ∈ Rn

It is assumed that the integrals I(f) and I(f̂) exist.
The proof of the theorem is based on the following.
Proposition 1 (On Titchmarsh-Hausdorff-Young inequality). Let 1 ≤ p ≤ 2

and f(x) ∈ L2(Rn) ∩ L1(Rn). Then it is valid the following Titchmarsh-Hausdorff-
Young inequality with Beckner-Babenko best constant:∥∥∥f̂∥∥∥

p/(p−1)
≤ KB ‖f‖p (2)

where

KB(p) =

[( p
2π

)1/p
/

(
p

2π(p− 1)

)(p−1)/p
]n/2

. (3)

Remark 1. Inequality (2) was proved by Young ([1]) and Hausdorff ([2]) for
series with best constant KB = 1; for Fourier integrals for n = 1 with in exact
constant KB = 1-by Titchmarsh ([3]); Babenko ([4]) derived inequality (2) for p =
2k/(2k − 1) k = 2, 3, 4, .... and for n = 1 with exact constant (3); Beckner ([5])
proved inequality (2) with exact constant (3) for any n ∈ N and for all 1 < p < 2;




