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SOLVABILITY OF SOME BOUNDARY VALUE
PROBLEMS FOR LAPLACE EQUATION

Abstract

One of the important solution methods of boundary value problems for ellip-
tic equations is the method of potentials theory used by many authors [1]-[3].

When boundary conditions of the considered problems contain higher deriva-
tives, the use of classic potentials of simple or double layers doesn’t lead to the
aim.

In the given paper, we introduce special potentials [4]-[7] that allow to solve
boundary value problems for elliptic equations when a boundary condition may
contain higher derivatives. Here, consideration of Laplace equation is caused by
simplification of notation. As a matter of fact, these problems are solved for
second order elliptic equations.

Denote m—dimensional real Euclidean space by R™, (m > 2), its points by
= (x1,Z2,...2m)y, 2, € and |z| = (2 + z3+..4+22)/2. Let G be a bounded,
simply-connected, open domain in R™ and S its surface.

Problem Statement. Find the solution of the equation
Au(x) =0, z €, (1)

satisfying the boundary condition

(5) @1 =wuta) €5, 2)

or

() @ =il =€ ®)

where n = n, is an external normal to S at the point z € S, a = (a1, ag,...,a),

0 0?
is some direction, |a| = 1, <u> (z) and < Y > (z) are the tame derivatives

oa ) daon )
on S from within S, ¢;(z), (i =0,1) are some given functions on S, A is Laplace
82 82 2
operator, i.e. A = — + —+...+4——; u(x) is a desired solution.
P oz?  0x3 ox2, (@)

It is assumed that the following restrictions are fulfilled:

19. Let S be a Lyapunov surface.

20, Domain G is convex in the direction of a.

30. The functions ¢ (z) and ¢, (z) are continuous on S.

It follows from restriction 2° that surface S may be divided into two disjoint
parts S7 and S5 so that the half-lines z + ta, z € 57, 0 <t < oo and z—ta, z €



52 A ] Transactions of NAS of Azerbaijan
E.A.Gasimov

Sa, 0 <t < oo don’t intersect with domain G. By P(z) we denote a fundamental
solution of Laplace operator. As is known [2]

1
P(x) = %En lz|  for m =2,

1
P(z) = — or m >3,
(@) (m — 2)o, |z|™ 2 / -

where g, is surface area of a unit sphere in R"™.
We’ll look for the solution up(x) of problem (1), (2) in the form

a(z)
OeP(x —
up(z) = —/uo(z)dsz / 58(25) |le=ztta dt+
4 o (@)

Z

b(
OeP(z
/ 2)ds, g T s) 8nz Is ta dt, € G,
So 0
the solution u;(z) of problem (1), (3) in the form
a(z)
(@)= [m@ds. [ Ple =) lesiadtt

S 0
"o (5)

+ [m@ds. [ Pla-9lesiadt, 26,
Sa

(see [4]-[7], where p;(2z), (i =0,1) are the unknown desired densities, a(z) and b(z)
are some continuous functions satisfying the inequalities

a(z) > R, z€ 51, b(z) >R, z¢€ Sy, (51)

R is some number satisfying the inequality

R>dy, + <25 ) , (52)

Om

dy, is diameter of the surface S, §,, is area of surface S. Here and in the sequel,
695})(13-— f)
op

function of £ in the direction of 3. A priori we assume that the unknown densities

under the notation we’ll understand the derivative of P(z — &), as a

to(z) and pq(2) are continuous in Sy and Sy respectively and bounded. Then, from
(4) we have

Oup(x) )
do / dsz/ 8nz le=stia di+

S1 0
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b(z)
Py —
+/u0(z)dsz Ox 9Pz = §) le=z—ta dt, x€G.

O on,
So 0
Consequently,
ouo(z) "0 0P - ©
up\r . 76 3 xTr — B
S1 0
"o 0cP(a— )
T —
_//,LO(Z)dSZ / (aisa,rl?;) ‘5:2:7t04 dt, T € G
So 0
Hence "
Qug(z) _ 0 [0eP(z =)
9o /Mo(z)dsz / ot { on. le=z4ta ¢ A+
S1 0
Vo foru—g
x —
+/u0(z)d82 / E {58nz le=2—ta } dt, z€G.
Sa 0
Consequently,
Oup(z) 0.P(x — z) O¢P(x — &)
Jo —/No(z)anzdsﬁ/uo(fz)% |e=s+a()a ds=+
’ GePz—€), (6)
+/,u0(z)anz |£=sz(z)a ds,, r€G.
Sa

Conducting similar calculations, from (5) we have

812(57) =— /M(Z)P(x —&)ds, + //h(Z)P(”U —¢) e=stao)a D52
5 St (7)
+/N1(2)P(f —&) ‘ézﬂ(zm dsz, z€G.
Sa

Further, we note that if u(y) is integrable on S and continuous at the point
z € S, then for the potentials

vla) = [ P —yutds,, viie) = [ 2T 0,
S

Ony
S
the following jump formulae [2] hold:
0 0,P(z
((;:)) ( +/ - )dsilh

s (8)
(r1)-(2) )+ / OyPég y
S

Ty
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Using (6), (7) and (8), for defining the density yu;(z), (i =0,1) from boundary
conditions (2) and (3) we get

Hi(2) = (~1)7120,(2) + / (Ha(z,y) + His(z,9)) %
5 9)

X:ui(y)dsya KAS S: I = Oa 17

where 9, P( ) BeP(z — )
B Z—Yy _ ol Z—
HOl(z,y) = —2yT7 HOZ(Zvy) = 287% ‘f:df(y) ’
0.P(z —vy) 0.P(z—¢)
Hii(z,y) = QT, Hya(z,y) = —2T \s:w(w )

Y(y) =y +a(y)a for ye Sy and P(y) =y —b(y)a for y€ S, (10)

For z,y € S, using the inequality
lz=¥(y)| =2 R—]z—yl =2 R — dm,

from (10) we have

2

; <

m>2, oo =2m i=0,1. (11)

Remark 1. Inequality (11) shows that |H;2(z,y)| (for z,y € S) may be arbi-
trarily small at the expense of choice of the number R sufficiently large.
As is known [2], the integral equations

pi(2) = gi(2) + / His(2,9)pi(0)dsy, =€ S, gi(z) € C(S),i =01,
S

are second kind Fredholm equations with weak singularities and they have unique
continuous solutions p;(z), respectively. Consequently, according to remark 1, under
conditions (51) and (52) integral equations (9) have unique continuous solutions
1;(2), respectively.

Thus, we established

Theorem 1. Under restrictions 1° — 3°, problem (1), (2) has a solution repre-
sented by formula (4), where the density jg(z) is determined from (9).

Theorem 2. Under restrictions 1° — 3°, problem (1), (3) has a solution repre-
sented by formula (5), where the density p,(z) is determined from (9).

Ouy ()

Remark 2. As it is seen from (7), the principal part for
@

is a simple
layer potential vo(z).
Consequently, if by means of simple layer potential v(z) one can find the solution

of equation (1) satisfying the boundary condition

(5) @=w). =es
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where § = 6, is some direction at the point z € S, then the solution of equation (1)
satisfying the boundary condition

<8aazga> (2) =p1(z), z€6,

may be find in the form of potential (5).

Remark 3. As it is seen from the reasonings mentioned above, if we’ll add to
boundary conditions (2) and (3) a linear combination of small order derivatives of
u(z), (with respect to order contained in (2) and (3), respectively) then we can solve
such problems by the suggested potentials (4) and (5).

In conclusion we note that the solution of the considered problems (1), (2) and
(1), (3) as Neumann’s classic problems, is not unique. For example, on the plane,
the solution of equation (1) satisfying the boundary condition

0%u
<8x18n> (2) =0, z€8,

is defined to within linear summand
ax1 + bxs + ¢,

where a, b, ¢ are arbitrary constants.

References

[1]. Agranovich M.S., Vishik M.I. Elliptic problems with parameter and parabolic
problems of general form. —UMN, 1964, vol. 19, issue 3, pp. 53-161 (Russian).

[2]. Vladimirov V.S. Equations of mathematical physics. M.: Nauka, 1976 (Rus-
sian).

[3]. Kamynin L.I. To Jevrey theory for parabolic potentials. Diff. Uravn., 1972,
vol. 8, No6, pp. 1015-1025 (Russian).

[4]. Gasimov E.A. Integral transformations and parabolic potentials; their appli-
cation to solution of some mized problems. PhD thesis, M.V. Lomonosov MGU, M.:
1984 (Russian).

[5]. Gasimov E.A. On solvability of mized problems for second order parabolic
equations in domains with curvilinear boundaries. Diff. Uravn., 1987, vol. 23, No3,
pp. 514-516 (Russian).

[6]. Gasimov E.A. Application of integral transformation to the solution of a
mixed problem for a non-classic equation. Diff. Uravn. 1989, vol. 25, No5, pp.
909-911 (Russian).

[7]. Gasimov E.A. Mized problems on conjugation of different order parabolic
systems with non-local boundary conditions. Diffren., Uravn., 1990, vol. 26, NoS§,
pp. 1364-1374 (Russian).



56 Transactions of NAS of Azerbaijan
[E.A.Gasimov]
Elmaga A. Gasimov
Baku State University
23, Z.1.Khalilov str., AZ1073/1, Baku, Azerbaijan.
Tel.: (99412) 510 32 42 (off.)

Received February 17, 2009; Revised May 26, 2009;



