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Allahveran Dzh. DZHABRAILOV, Leyla Sh. KADIMOVA

ON INEQUALITIES BETWEEN "WEIGHT” NORMS
OF PARTIAL DERIVATIVES OF DIFFERENTIABLE
FUNCTIONS

Abstract

One form of "weight” integral representation of differentiable functions f =
f(z) at the points x = (x1,...,x,) € G C E, is cited, and by means of this
integral representation, validity of imbedding theorem type “weight” integral in-
equalities

15¢) D f Ol e {Z h

b (- f(-)HLP(G)}, (0.1)

D : kﬁOL;m’“> (Gsbi) C Ly (Gsb). (0.2)

are proved.

§ 1. One form of ”weight” integral representation of differentiable
functions. Let the vectors

m? = (ml,...,md),
mk = (mf,...,mk) (1.1)
(k=1,..,n)

be ”integer and non-negative”, i.e.
m? >0 (j=1,2,...,n)-are entire (1.1%)

forall k=0,1,2,....n
Further we assume that system of vectors

mb = <m’fm’,§> (k=1,2,..,n), (1.2)

from (1.1) define linearly independent system of vectors, i.e. a determinant

1 1 1
m; Mmg ... my,
2 2 2
V=] "t 72 n#£0. (1.3)
n n n
my Mmg ... my,

We assume, that system of vectors (1.2) satisfy the condition of ”x- arrange-
ments”, i.e.

sup pm* O {k} } ’ (1.4)

(k=1,2,...,n)
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where through suppm* we will designate a support of the corresponding vector

mF = (m’f, e mfl), more precisely, sup pm” is a set of indices of non zero coordinates

of this vector, mF = (m]f, ...,mfl), hence (1.4) means, that

mi >0 (k=1,2,..,n). (1.5)
Let now ”an integer, non-negative vector”
v=(V1,.,Vn) (1.6)

satisfy the condition ”*- communications” with vectors (1.1), i.e. this means, that
(1.7)

In the monograph [1], different integral representations of differentiable functions
f = f(x) are given at the points x € G C E,, from which in special case ”weight”
integral representation of differentiable functions f = f (x) follows in the form of
integral identity

b() D" (x) = Bos (D™ f (2)) + ZBH(DW 7). (1.8)

The integral operators standing in the right part of equalities (1.8), are defined
by formulas:

Bos (Dmof (x)) |m —v| o H a; (h /bo (z + ) pm’ flz+y)x
En
bo () d
) <bo((;c+y)> Pos <w (JZU/, h)> mes (Rj- En),’ (1.9)

and for each k € e,, = {1,2,...,n}

Bis (Dm’“ f(x)) -

h n
= (g, / I (aj ()™= da’“ / (x+9) D™ f (@ +y) x
0 E

L(x) Y dy
. <bk (x + y)) ks <w (x,v)) mes (Rs - Eyp),’ (1.10)
In equalities (1.9) and (1.10)

mes (Rs - Ep), = H (z,v) (1.11)
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for each v € (0, h], and the vector 6 = (d1, ..., 0,) has the coordinates
dj=4+1 or §;=-1 (j=1,2,...,n). (1.12)
The vector function-function
¥ (,0) = (1 (@,0) 00 (2,0)) (1.13)

with coordinates functions

v; (2,0) = a; (v) {<b0< D=0 T (e <x>>(T7W) } (1.14)
k=1
j=12,..,n), (O<wv<h),
here
wo = (1.15)

Let’s notice that in equalities (1.9) and

Yy o Y1 Un
oo b ntm) 10
for v € (0, h], and the functions
bo Zbo (.%'), bk :bk (.73) (k?z 1,2,...,n) (1.17)

are measurable and non-negative functions in domain G C F,, i.e. these functions
(1.17) in equalities (1.9) and (1.10) are "weight”, functions in domain G.
The kernels

Qo5 <1j)(z,h)> y Prs (1#(5:!,1))) (k=1,2,...n)

in "weight” integral representations (1.8) - (1.10) are sufficiently smooth and finite
functions in F,,, the supports

supp®is5 (y) (k=0,1,...,n)
belong to corresponding sets
{ye En;0<y;6; <1 (j=1,2,..,n)}

for each £ =0,1,2,...,n.
The support of integral representation (1.8) - (1.10) is ”a varying v (x, h)-horn”

x + Rs (¢ (2, h))

with a vertex at the point z € G C E,,.
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In "weight” integral representations of functions f = f (z) in the form of (1.8),
in the domain G C E,, , "weight”, function b = b (z) standing before the function
D” f (z), in the form b (x) DY f (x), is defined by the equality

b(x) = (bo ()™ [T (bn (2))", (1.18)

k=1
where 1 n
1-— 6];1 v;V;
By = o ’ (1.19)
1— €J§1m?Vj
o= 3= ) A (51,2000, (1.20)
j=

Let’s notice, that in equalities (1.14), (1.15), (1.19), (1.20), by V the determi-
nant from (1.3) is designated, and the determinant V; (j = 1,2, ..,n) differs from a
determinant V (see (1.3)) only by the elements of corresponding j-th column where
there are units, i.e.

1 1 1 1 1
mip My m;_y mjyq my,
2 2 2 2 2
my my .. mj_; 1 mi, ... mj
Vi=1| .. . (1.21)
n n n n n
my my ... miy 1 miy, my,

for each j € e, = {1,2,...,n}.

In equalities (1.20), by Ay ; a complement of determinant V (see (1.3)), corre-
sponding to the element standing on intersection of k-th line and j-th column is
designated at corresponding k,j € e, = {1,2,...,n}.

The domain G C E,, satisfies the condition of ”a varying 1 (z, h)-horn”, thus
coordinates of a vector-function

(0 (.%', h) = (% (337 U) gy Uy, (.%','U))

are defined by equalities (1.14), where the coordinates of a vector-function

a(v) = (a1 (v),...,an (v)) (1.22)

in (0, h] are subjected to conditions

a; =aj(v) >0 (v#0),
. . : 1.23
Uli%iaj(v):() (1=1,2,.,n) (1.23)
and they are smooth in (0, k| and
d
—a;(v) >0 (j=1,2,...,n) (1.24)

dv
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in (0, h].

§ 2. ”Weight” integral inequalities

The ”weight” integrated identities (1.8) given in § 1, are devices of research of
functions from corresponding ”weight” spaces of differentiable functions with whose
help validity of ”weight” integral inequalities of imbedding type theorems are proved.

2.1. Definitions and necessary designations
Definition. ”Weight” space

M Ls™> (G, by) (2.1)
k=0

is a closure of a set of enough smooth and finite in E, functions f = f(x) with

respect to
k
b () D™ f (. ) . .
>o[eromrof, <o (2.2)
k=0
Let’s notice that 1 < P < oo, and the functions
by = bo (x)v br = by (x) (k: 1727"'7n) (23)

are arbitrary ”weight” functions, in domain G C E,,.
Let’s recall, that the subdomain Q C G is called as a subdomain, satisfying
the condition of "a varying 1 (x, h)-horn”, if there is a vector § = (01, ...,0,) with

coordinates
for which
x+ Rs (¢ (x,h)) CG (2.5)
for all z € Q.
Here 5
y € Ep;c; < ——— < ¢
Rs (¢ (z,n) = |J 7= () T (2.6)
0<v<h (j=1,2,...,n)

is combination of sets of all possible points y € E, whose coordinates are subjected
to corresponding inequalities

c; < m <cj (cj,c- = const) (2.7)
(j=12,..,n)
for each v € (0,h].
The set
o+ Rs (4 (2, 1) (2.5)

is called ”a varying v (z, h)-horn”, with a vertex at the point z € G C E,.
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Definition. The domain
G C E, (2.9)

is called a domain satisfying the condition of ”a changing 1 (x,h)-horn” if there is
a set of subdomains

01,0, ...,0r C G, (210)

satisfying the condition of ”a varying 1 (x,h)-horn”, covering the domain G, i.e.
such, that

K
Ua=¢ (2.11)
=1

2.2 Formulation of the basic results. We cite the basic results from
the series of ”weight” integral inequalities, in the case when differentiable functions
f = f(x) are from ”weight” spaces (2.1), thus they are defined in the domain
G C E,, satisfying the condition of ”a varying v (x, h)-horn”.

We assume, that a vector function

’(/)(l‘,v) = (7!)1 (xvv)v"'a¢n ($,U)) (2'12)

in (0, h] has coordinates of the functions defined by equality (1.14) for

aj(v)=v"(0; >0) (j=1,2,...,n). (2.13)

Theorem 1. Let "
e L5™ (Gsbw). (2.14)

k=0

Here we suppose the followings:
1) 1 < p<q< oo, and vectors

0 0 0 k
m° = (mh...,mn), m" = (ml,...,mn

(2.15)

x>
x
N———
—
o
I
—
vl\D
S
~—

are “integer and non-negative” i.e. mg‘: >0 (j=1,2,...,n) are entire for all k =
0,1,...,n, thus vectors (2.15) "x- located” i.e.

suppm® D {k} (k=1,2,...,n), (2.16)
from which it follows, that

mi>0 (k=1,2,..,n). (2.17)

2) Further, it is supposed that a determinant ¥V # 0 from (1.3), i.e. a system of
vectors
mk = (m’f, m’;) (k=1,2,..,n) (2.18)

18 a linearly-independent system.
3) It is supposed that domain
GCE, (2.19)
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satisfies the condition of "a varying ¥ (x,h)-horn”, thus coordinates of a vector-
function

?l}(!EaU) = (wl ("L‘av)a--'vwn (l‘,U)) (220)
in (0, h] are defined by equalities (1.14) for
aj=a;(v)=0v"(0; >0) (j=1,2,...,n), (2.21)

i.e. in (0,h] (see (1.14)

(2.22)

| oY T ()
¥ (z,0) = 0% {(bo (2)) IT e (2)) }
k=1
(j=12,..,n).
Let now ”an integer non-negative vector”

v= V1. Vn),

i.e. the vector, with coordinates v; > 0 (j =1,2,...,n) entire, satisfy the condition
of 7x-coordination” with vectors (2.15), in the form

V. 0(]_12 )
s %(for j# k:), v <mf (for j=k) (k=1,2,..,n) } (2.23)

thus let the following conditions be satisfied
. 11 N 11
er=|m —v——+—-,0 :Z m; —vij——+—10;>0 (2.24)
poq = P q

(k=1,2,..,n) 1<p<qg<oo),

and the equality
e = 0 (for some k € e, ={1,2,...,n}) (2.25)

18 supposed, only in the case 1 < p < g < 0.
Then, in the specified conditions, there are generalized derivatives D" f (x) in
domain G C E,, such that

b(z) D" f (z) € Ly (G) (2.26)

and the "weight” integral inequalities are valid

: 2.27
Ly(G) (2.27)

1) D (g < czh%k b () D" f ()

where @y, (k=1,2,...,n) are defined by equalities (2.24), (2.25), and

n
3e0:(mo—l/—l—i-l,a):Zoj<m?—l/j—1+1)<0, (2.28)
p g p q

J=1
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c is a constant independent of the function f = f(x) and of h > 0.
Let’s notice, that in inequalities (2.27) "weight” function (in domain G C Ej,)
b = b(x) is defined by the equality

b(x) = (bo (2))" T (bk ()7, (2.29)
k=1

thus the numbers v, v, (kK = 1,2,...,n) are defined by formulas

1 1 «
Yo = Fo <1 v ; Vi (1>> (2.30)

1 n
Bo = 1_§Zvjv(mo) )
j=1

where (recall that)

1 1
Vi, (1/ + P q) (for each k € e, = {1,2,...,n})

is a determinant which differs from a determinant V (see (3.1)) only by the elements
of k-th line instead of which there are corresponding coordinates of a vector

1 1 1 1 1 1
'U+_:<V1+_q7”'7yn+_>7 (2'32)

the determinant V,j (1) differs from a determinant V (see (3.1)) only by the elements
of k-th columns instead of which there are corresponding coordinates of a vector
1=(1,...,1), the determinant V;, (m") differs from a determinant V (see (3.1)) only

by the elements of j-th line, instead of which there are corresponding coordinates of

a vector m® = (m(l), e m[l))

On "weight” functions
b() Zbo (.%'),bk Zbk (.%') (kz 1,2,...,71) (2.33)

the condition of ”slow growth” is imposed additionally in the form

R < = const (k=0,1,2,..., 2.34
bty < ¢ = const ( n) (2.34)

for all
y€x+ Ry (¢ (x,h)) (2.35)

for each i = 1,2,..., K, andé® = (61, ..., 0,,) with coordinates

dj=4+1 ord;=-1(j=1,..,n),
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namely the vector, for which
z+ Rsi (Y (x,h)) CG (2.36)
for all z € €.

2.3 Special variants of Theorem 1. Let’s consider a variant when vectors
(2.15) are given in the form

0 _ k _
m® = (0,...,0),m" = (0,...,0,my, 0, ..., 0) ' (2.37)
(k=1,2,..,n)
In this case (2.37), the determinant V (see (3.1)) is given by the equality
v=| 0 m2 0 =] m; #o. (2.38)
i
0 0 ... my
hence
Vj == V,j (1) == H mg=mjg-m2...Mm;—1Mj4q...Mnp. (239)
ki
Then it is obvious that - .
= (j=1,2,..,n). 2.40
¢ = =120 (2.40)
In case of (2.37) it follows, from equalities (1.20) - (1.22), that
0 for j # k,
Akj = HmZ forj=k (k‘,] €en = {1a2a ...,TL}), (2'41)
ik
NV
H=1-3 2, (2.42)
7j=1
Br =% (k=1,2,..,n) (2.43)
k pum— mk —_— 9 PICEXE] . .

It follows from (2.39) - (2.43), that the ”weight” function b = b (x) from integral
representation (1.8) (see (1.18)) is given by the equality

) . ,
17

(bi ()™ . (2.44)
1

1M
3‘5

b=b<x>=<bo<x>>( ’

k=

Let’s notice, that in case of (2.37), coordinates of vectors of the function

lb(fl%v) - (% ({L‘,’U),...,?,/)n (x,v)), (2'45)
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from equalities (1.14), for all v € (0, ] it is given by the formula

__1 n 1

W (2,0) = a; (v) S (o () " [ Gw (@) ™ 3, (2.46)
k=1
k#j
for all j =1,2,...,n, but in Theorem 1, it is considered the case

aj(v) =v"(o; >0) (j=1,2,...,n),

i.e. in Theorem 1 (in case (2.37)) the domain G C E satisfies the condition of
”a varying ¢ (z, h)-horn”, when coordinates

__1 1

Wy (z,0) =07 { (b (2)) T or @) ™} (2.47)
k#j

for v e (0,h] and 0; >0 (j =1,2,...,n).
In inequalities (2.27) of Theorem 1, in a case of vectors (2.37), ”weight” function
b =b(z) is defined by the equality (see (2.29)):

1
1™

Let’s notice, that in case (2.37) conditions of ”*-agreement” of a vector v =
(v1, ..., vp) with vectors (2.37) is written in the form

S

1
Vet
my,

1=

b(z) = (bo (af:»< ’ (2.48)

I on (2))
k=1

v; >0 (=12..,n), vy<my (k=12,..n), (2.49)

thus it is supposed, that

- 11
%k:mkak—z<uj+—>aj20 (k=1,2,..,n), (2.50)

et P g

where 1 < p < ¢ < 0.
Definition. ”Weight” space

W (Gibo, b, bn) = Ly (Gibo) () L™ (G br) (2:52)
k=1

is a closure of a set of sufficiently smooth and finite in E,, functions f = f (x) with
respect to

oMk
oxy,

b (+)

() < 00. (2.53)

Ly(G)

b0 () £ Ol gy + D
k=1
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Space (2.52) in a case of "weight” functions

bo = (p ()™, br=(p(z)™ (k=12,..n), (2.54)

where p = p(z) is distance from the point z € G C E,, to boundary G of domain
G is "weight” space of S.L. Sobolev — L.D. Kudryavtsev, investigated in the works
[4] of L.D. Kudryavtsev and his followers.

It is obvious, that spaces (2.52) are contained in definitions of the general
"weight” spaces (2.1), as a special case.

Theorem 1, in special case, for spaces (2.52) is given in the following form.

Theorem 2. Let

fe W (G bo, by, ...y bn) (2.55)

where 1 < p < o0, and
mg >0 (k=1,2,...,n)-are entire. (2.56)
1) Assume that "weight” functions
bo=0bo(x), bp =bx () (k=1,2,....,m) (2.57)

possess property of "slow growth” of type (2.34).
2) Let the domain G C E, satisfy the condition of "a varying ¢ (x,h)-horn”,
thus coordinates a vector-function

w (1’, ’U) = (wl (1’, ’U) PR wn (.T,’U)) )
for v € (0,h], are defined by equalities

1

_ 1
o

Y (@) =v7 S (bo(x) [ k@) ™ (G=1,2,..n). (2.58)
oy
3) Let "an integer vector”
v=(v1,.,Vn), (2.59)

with coordinates v; > 0 (j =1,2,...,n)-are entire, are subjected to conditions of
7x-distributions” of kind

v;i >0 (j#k),vp<myg (k=1,2,...,n), (2.60)
thus let
= 11
%k:mkak—z <Vj+p—q> 0; >0 (k=1,2,...,n), (2.61)
j=1

for 1 <p<q< oo, and equality s, = 0, for some k € e,, = {1,2,...,n} is supposed
only in the case 1 < p < q < o0.
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Then, in the specified conditions, there are generalized derivatives D" f (z) (in
domain G C E,,) which with ”"weight” (2.48) belong to L, (G) i.e.

(-2 %) = b
j=1 ""J m
b(z) DV f (z) = (bo (z))" [Tc@) ™ DfeLy@), (262
k=1
and the following integral inequalities are valid
15C)D¥F Ol < {kg_% e by () D <->HLQ<G)} <o, (269)

where ¢ is a constant independent of the function f = f (x) and of h > 0.
The numbers &y (k = 1,2, ...,n) will be defined by equalities (2.61), & is defined
by the equality

n

1 1
%0——Z<llj+—>0j.

= P q

Corollary from theorem 2. We assume that "weight” functions (in Theorem
2) are defined as

bo = (p ()™, bp = (p(x))*™* (k=1,2,...,n), (2.64)
where by p = p () are designated distance from the point x € G to boundary G of
domain G C E,, and ag > 0,a, >0 (k=1,....,n) are the fixred numbers.

Then "weight” function b = b(x) in inequalities (2.63), is defined by equality

b=(p(a))", (2.65)
where
"1 = 11
y=ap (1Y — | + O‘<uk+—>, (2.66)
= mj 1 Tk p q
and the following integral inequalities hold
107 () D" f () <
<e {hwo 16 0 £ Ol + 30K o7 () DI <->HLP<G>} S e
k=0

where ¢ is a constant independent of the function f = f(x) and of h > 0.

8§3. The scheme of the proof of the basic theorem

3.1. A set of auxiliary functions. By the condition of basic Theorem 1,

the domain G C E,, satisfies the condition of ”a varying 1 (z, h)-horn”, hence there
is a set of subdomains

GuCG (n=1,2..K)), (3.1)
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satisfying the condition of ”a varying 1 (x, h)-horn” and covering the domain G C F,
ie.

K
G = U G, (3.2)
pn=1

thus there is a corresponding set of vectors

o= (01, ....,08) (u=1,2,..,K) (3.3)
with coordinates
(55 =+1 or (55 =—1(G=1,...,n), (p=12,....K) (3.4)
such that
Gu+ Rse (¢ (z,h)) C G (3.5)

at corresponding (u = 1,2, ...,K).
We define, a set of auxiliary functions

fVQGH'i‘R(SM (J)) (M = 1727 7’C)

by means of ”weight” integral representation (1.8)-(1.10) of functions f = f (z), by
the equalities

b () fuicyt i (2) = Bogn (X (G + Bon) D™ f (1)) +

n
k
+3" Bro (x (G + Bs) D™ f () (3.6)
k=1
at corresponding p = 1,2, ..., KC, where x = x (G, + Rsn) are characteristic functions
of the set G, + Rsu.

Let’s notice, that the integral operators standing in the right part of equalities
(3.6), are defined by formulas:

Bo,s» (X (G + Rse) D™ ¢ (;1;)> =

= (—1)Im* ] o (m°=v0) /x (Gy + Ryn) {bo (z+y) D™ f (z + y)} x
En

(o) v (s mes e my (37)

Bk,é“ (X (Gﬂ + R(gu) Dmkf (JU)) —

for k = 0;

1— (U,m’C —v
En

h
— )" o [ B [X Gt Ro) {ela+0) D™ o)} x
0
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(rterw) v (5m) mes i, (38)

in the case k € e, = {1,2,...,n} for corresponding u = 1,2, ..., K.
In equalities (3.7) and (3.8)

‘mkfl/‘ = (mg?fvj) (k=0,1,...,n), (3.9)

(J,mk — 1/) = o; (méC — 1/]-> (k=0,1,...,n), (3.10)

;>0 (j=12,..n),
and ¢ (k=0,1,...,n) are the defined fixed constants in dependent of the function
f=f(x) and of h > 0, thus

mes (Rgn - Ey) Hw] x,v) (3.11)

for v € (0, h] and the coordinates-functions
Y, =, (r,v) (j=1,2,..,n)
are defined from equalities (1.14) at
aj (v) =v" (j=1,2,...,n). (3.12)

f(z) from spaces (2.14) are

1.10) in the conditions (3.12).

From construction of a set of auxiliary functions (3.6) it is seen, that each aux-
iliary function

We can easily see that differentiable functions f =
represented in the form of integral identities (1.8) - (

b (IL’) fl/;G#JrR(; (:C) ) (313)
coincides with the function
b(x) D" f (), (3.14)

in the subdomain G, + Rs» C G for each p=1,2,..., K.
This affirms, that

Hb() Dyf HL < CZ Hb fV;G#—&-Rw ()HLq(En) ) (3'15)

whence it follows, that

n

b6 D Ol <3 |Bro (x (Gut Bs) D™ £ ()]

pn=1k=0

. 3.16
Lq(En) ( )



Transactions of NAS of Azerbaijan 61
[On inequalities between ”weight” norms...]

This means, that the proof of the basic theorem is reduced to corresponding esti-
mations of integral operators

|Brar (x (G + Ry) D™ £ ()] (3.17)

Lq(En)

for each p=1,2,....,K and for £k =0,1,...,n.

3.2. Estimations of integral operators (3.17) is given in the form of the following
lemma.

Lemma 1. In conditions of Theorem 1, for the functions f = f(x), belonging
to "weight” space (2.14), the following "weight” integral inequalities hold

<

s (xR0 0)

< ch®* , (k=0,1,....,m; p=1,....K), (3.18)

Lyp(Gu+Rsu)

b () D" F ()

where ¢ is a constant independent of the function f = f(x) and of h > 0 and the
numbers @y (k =1,2,...,n) are defined by equalities (2.24), (2.25), &q is defined by
equality (2.28).

From two inequalities (3.16) and (3.18), it follows, that

Lp(Gu+Rsn)

n K
16C) D"F Ol < e RS b () D™ £ ()]
k=0 p=1

<oy nm bek«)Dm’“f(-)}

k=0 p=1

1
e (7 (3.19)

that proves inequality (2.27) of Theorem 1. In a ”weightless ” case, the results of
Theorem 2 coincides with the results from [5] (see [2] - [6]).
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