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A PROBLEM FOR A COMPOSITE TYPE
EQUATION OF THIRD ORDER WITH GENERAL
LINEAR BOUNDARY CONDITIONS

Abstract

The considered problem is devoted to the solution of a boundary value prob-
lem for a third order model equation. The boundary conditions are not local and
are obtained by means of necessary conditions. In the domain, the equation of

the considered problem has both real and complex characteristics.

The form of non-local boundary conditions for which the stated boundary
value problem is Fredholm is determined.

1. Introduction

Composite type equations of third order are considered.(see[2,3]). Unlike the
classic papers [1]-[4], the boundary conditions are not local. Our goal is to define
the kind of linear non-local boundary conditions under which the stated problem is
Fredholm. The problem is investigated proceeding from the refined kind of funda-
mental solution [4] of the considered equation. Necessary conditions similar to ones
in [9], [10] are obtained. After regularizing and combining them with the boundary
conditions, sufficient condition of Fredholm property of the given problem is found.
Similar problem for the Schrodinger equation and fist order parabolic type equation
was considered in [7]-[10].

Proceeding from the special kind of the considered equation, the boundary con-
ditions are chosen so that for the boundary values of the second derivative we get
normal kind relations. Further, as for boundary values for minor derivatives we get
second order Ferdholm integral equation for these unknowns proceeding from nec-
essary conditions.

2. Problem Statement

Let D be a bounded, convex in the direction x9, plane domain with sufficiently
smooth boundary I' (Lyapunov line [4]).

Considered the following problem:

Pu(z)  Bu(x) 9
=0 DCR 2.1
ox3 * Ox20wy ’ pELCR, (2.1)
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2 b
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where all the data of boundary condition (2.2) are real-valued continuous functions,
v (x1) (k=1,2) are the equations of open lines I'y (I'y UT'y =T') obtained from
the boundary I' of the domain D by means of orthogonal projection of this domain
onto the axis x1, and [a1,b1] = npy, I'1 = npg, s, moreover v, (1) < v4 (x1), =1 €
(a1,b1).

3. Fundamental solution and its basic properties
Proceeding from the Fourier transformations [1], [4] for the equation (2.1)

we get the fundamental solution in the form

U= L [0 (3.1
v 547r2/a2(0g+ag) @ 1
R2

2
where (o, z — &) = ) a; (:vj - §j) is a scalar product. Considering that the inte-

j=1
grals (3.1) are hyper-singular, we regularize it by means of the Hormander ladder

method[11], make some corrections and get:

U —¢) = L;& [ln\/‘xl & (e - &)~ 1| +

2
|71 — & T2 — &9
+ 5 arctgm1 ral (3.2)
As is seen from (3.1) and (3.2)

87U_e(x1—£1) T2 — &9
T arctgp:l . (3.3)
oo = pe i/l — 61+ (22— &) (3.4)

0*U 1 xT9 —

I R DLICT N IR e (35

8le1 2m |21 — &7 + (32 — &)
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AUz — &) =e(x2 — &) 6 (21 — &) (3.6)

and finally
o3U 3U 0
— = —AU(x =& =z -9, 3.7
Ox3 ~ 0x20my Oy (z=2) (x=¢) (37)
where §(z — &) = § (1 — &) d (2 — &) is Diracs d—function, e (z1 — £;) is Heav-

isede’s symmetric function [1], [4].

4. Necessary conditions

Multiplying the equation (2.1) by the fundamental solution of the equation U (z—
¢) and integrating with respect to the domain D, applying the Ostrogradskiy-Gauss
formula [1], [4]and properties of Dirac’s d—function [4] we have:

/U(:v — &) Au(z) cos(v, za)dx — gg . gde—i—
2
[ u(©), ¢eD,
0 (oU
# [uong (52 )ae =1 Jute), cer, (a1
r
0, £¢D

\
where v is an external normal to the boundary I' of domain D.

In the same way, similar to [5]-[10] we have:

du(§)
, €D,
08
ou O oU oUu 0 Ou
- e de— | == gy = 10u(€ 4.9
/ax2 IR N P R 5 ag( ) ger, (4.2)
T r 2
0, £¢D
du(z)
/ pr. 81/,,0 8:):2 /&ClAu ) cos(v, zo)dx+
r
oU [0%u 9%u
+ O [OmQ cos(v,x1) — 9210 cos(v,x9)| dor =
r
du(§)
, €D,
3]
1 _
0ull) ¢er, 0,  ¢¢D

2 9¢,
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Finally, for the second derivatives we get:

@Au(x)cos(,/ x )dx—/ ﬂ@+@ 9%y
Ox? 2 Ox10xy 023  0z% 0Ox10z9
r r

] cos(v, x1)dz+
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+/ o*U 0%u +62U 9%u
0x10x9 0x10x9 8m§ ('31‘%

r
65% b )
= (4.4)
1 0%u(€)
— , el’, 0, D
a2 £ ¢
[EU D () [Py P ] P,
Ox2  Ov \ Ozs 3 COSIY T2 011022 COS, T2 021029
r r
2
Ou) ¢ cp,
&5
_ 2
— 1611(25)7 ceT, (4.5)
2 083
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0102 Ovy Oxoy 021019 2 Ox3 2 ord
r
9%u
¢ a¢ GDa
o€,06,
={ 1 9% (4.6)
-, el’, - ’
206,06, ©
0, £¢ D

This establishes the following statement:

Theorem 1. Let a plane bounded domain D be convex in xa, the boundary be
Lypunov’s T'-line, then each solution of equation (2.1) determined in the D satisfies
the basic relations (4.1)-(4.6).

Now, considering that for x € I'y

dxi = dx cos(x1,71),
cos(vy1, 1) = sin(xy,71),
cos(vy,x2) = —cos(x1,71)
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and for x € I'y
dxy = dx cos(x1,T2),

cos(va, 1) = —sin(x1, 72),

cos(ve, x2) = cos(x1,T2).

from (4.1)-(4.6) we get:

WL (€)= s K= 12 & € (arb) o
du(§) =..., k=12, & € (a1,b) (4.8)
852 &=k (€1)
au(f) = ..., k= 1,2, §1 € (ahbl) (49)
23} §o=71(61)

where the dots denote the sums of non-singular addends. Taking into account that
necessary conditions obtained for a second order derivative contain singular integrals,

here we give their expressions in detail.

by
1 02u(¢) U
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§o=7k(61)
o
+/a2 Au(x”a:zi"/z(fﬂl) dl‘l_
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/ o%U 9%u +
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333233:7(90)83:8:6 ro=71(x
Hlommie) )
by
N / _0U O*u +
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02U O*u /
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B
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_ / U Ou +
LU Pu dar1 +
a(l)% 2=, (21) 81’% z2=",(x1) 1

Eo=71(§1)
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A I S
0?U o2
+ W (1) 871; ] dCC17 k= 1,2; 51 = (alabl) (410)
Ty |T2=72(71) O _
2 52:’713(51) Lza=ry,(21)

Similar to the one mentioned above we also have:

by

1 93 /32U 0 ou dzq n
9 a¢2 = 9.2 a9 . 9. e (e )
2 862 Eo=7,(§1) a1 8:62 xo2="1(71) (91/1 8$2 z2=71(z1) cos ($1,7'1)
Ea=71(§1)
by
vl 0 o da
a1 81‘% T2=75(21) Ovy Oz wa=,(x1) €08 (.731,T2)
&2=71(&1)
by
+/ 82U ) + 82u ] U -
2 1 1 Zo— = 1—
J 03 |y ey (20) 021022 |4,y ()| 021072 522;/2&11)
b1
- "l o(T1 ool 1
J 023 |y (1) 021022 |, (o)) | 011022 6;:32&)
k=12, & € (al,bl) (4.11)
Finally, for the mixed derivative we have:
1 d%u B o*U i % dzq
2 0&,06, =) 011079 ermys (1) vy  Oxo oy, (1) COS (x1,71)
&o=71(&1
L[ ov o o dn
J O0x10x2 22mya(a1) vy  Oxo wamryy(21) COS (x1,72)
&=, (1)
b1
/ 02U n 0%u o (1) o*U d+
N ox2 11 2 lz9=v,(x !
g L1002 oo O laamy o) Sl
b1
+f i o )| 2Y di
01102 |y (1) OB gy 2| OB a2l
al 2=, (61
k=1,2; 51 € (al,bl) . (412)

Thus, we establish the following statement:
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Theorem 2. Let D be a bounded palne domain convex in the direction xo with
Lyapunov’s T'—line. The boundary values of each solution of equation (2.1) deter-
mined in domain D satisfy the necessary conditions (4.7)-(4.12), where v, (z1) k =
1,2; x1 € (a1,b1) are the equations of the part Ty (k= 1,2) of the boundary T' of
domain D that are obtained under orthogonal projection of this domain onto the azis

x1,

Y1(21) < vo(w1), 21 € (a1,b1).

Remark 1. Integrating equation (2.1) with respected to the variable xo from
ve(z1) (k=1,2) to xo, we have the following necessary conditions are easily ob-
tained also from (4.10), (4.11):

Au(z) = Au(x)] )y = Au(z)| x1 € [a1,b1]. (4.13)

2=, (%1 x2=75(x1)

Remark 2. The obtained conditions (4.7)-(4.9) don’t contain singular integrals,
i.e. these conditions are regular.
Remark 3. Necessary conditions (4.10)-(4.12) are not regular, i.e. they contain

singular integrals.

5. Regularization of singularities in necessary conditions
On the base of (3.2)-(3.7) we get the formulas (5.1)-(5.4) and considering them

we will not need to differentiate these expressions. Substitute in them (z; — &;)? for

|21 —51‘23

#U L mg
Oa3 |r2=mp(@1) 21 (g —£)2 — (my — &)
52:7,3(51)
/
_ i ) ’Yp (TP (‘Tla€}2)) : (51)
2 (21— &) [1 4+ (7p)]
02U e(z1—&) . lz1 — &4 _
0210 |T2=7p(x1) T 21 — &2 4 (29 — &)2 |m2=7,(21) N
52:72(51) =& (2 = 6) 62175(61)
1 1
=" ) (5.2)
2 (21— &) [1+ (1p)]
0*U 02U
6733% 2=, (1) =0 (v —&)e (’Yp(xl) - ’Yp(f1)) - Tx% ——— =
52:71;(51) 52:"/;;(51)
1 Vp (Tp)
=——"- , 5.3
2 (o1~ €) [L+ 25 ()] >3
0*U
8717% z2=7p(21) =d6(z1—§&)e (Vp(xl) o ’yq(gl)) -

£2:’7q(£1)
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_i . ’Yp(xl) 77(1(51) )
27 (21— €)%+ [rp(x1) — 7€)

Proceeding from these expressions, necessary condition (4.10) for £ = 1 takes

(5.4)

the form:
0%u(8) 0%u(€) 0%u(€)
2 - 2 - 2 -
851 &o=71(£1) 851 £2="2(&1) 862 §2=72(¢1)
T o%u(x) d
Ty
= 5.5
a1 axlaxQ x2="1 ( 51 ( )
Exactly in the same way, from (4.10) for & = 2 we have:
0%u(8) 0%u(€) 0%u(€) _
2 o 2 o 2 -
0€; £2=72(61) 43 &2=71(61) 98, £2=71(61)
1} o d
= ugc) RENNT (5.6)
al 1o z2="75(z1) L= §1
From (4.11) for k = 1 we have:
2 o
0u(e) 1 [ Put) doy .
2 B 010z 1 — & '
2 1&y=m1(&1) a1 1552 lag=ryy (1) 71 7 51
also for k = 2 from (4.11) we have:
2 e
0u(6) 1 Pl _do .
85% §2a="72(&1) o 0103 T2="7, —&
In the same way, from (4.12) we have:
02 1} d
u(®) _ 1 P 0o, 59
851862 &=71(&1) Wal axQ z2=7( 51
02 1} d
u(€) . ugf) REN (5.10)
e A I

ai

Taking into account the first two boundary conditions from (2.2) in the expression
(5.9) and (5.10) we have:

0%u(g)
9,106,

+

2=, (1)

/{ZZ%” o) aij)

p=1 j=1

§2= ’Yk(ﬁl)
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2 2

—|—Zakp 1'1 l’l 7p :El +22/akjp 5517"71 8(77) dn1+
el 5 Tpy=r,(m)
2 by d$1
Z akp (T1,71) ("717712(771)) dm + fi(@) 1 —& "
k= 1,27 61 S [ahbl] (511)

a pair of regular relations. Really regularity of the last summand in the right hand
side (5.11) in brackets is given under the restriction [12]

fk(.%'l) S C(l) (al,bl), fk(a1> = fk(bl) =0, k=1,2, (5.12)

As for regularity of the second and third summands from the end of (5.11) in brack-
ets, then under regularity the kernels ag, (1,7;) and ayj, (1,7,) are obtained after
substitution of integrals.
Finally, as for the first two summands in the edge part of (5.11), for regularization
of these expressions it suffices to substitute
ulwr, (1)) 8;;? L opi=12

r2="p(x1)

from (4.7)-(4.9) and then change the order of integrals obtained after substitution.
For that, it suffices the kernels axy, (1), and agjp (1), k,j,p = 1,2 be non-
singular.

After regularization of above mentioned necessary conditions(5.5)-(5.8) we have:

Au ()| = Au (z)|

za=, (1) Ta="75(z1)

If we consider the boundary condition (2.2)in the obtained expression, we have:

0?u(x) _ O%u(x) N 0?u(x) B 0?u(x) _
Y P S PO SR P S 5 P
S ou(z 2
= Z ZCLS]P (1) o + Z azp (z1) u(z1,7,(71))+
p=1j=1 I lze=y,(z1)  p=1
oS du(n)
+ZZ/G3JP x1,M1) B dn,+
p=1j=1, " Na="p(M)
2 1
Z azp (v1,m1) w(ng, v,(1))dn,+
2 2 2 ()
+Z( ZZak]p (1) D +Zakp (z1) u(z1, vp(21))+
k=1 p=1 j=1 J 2=, (1)
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Transactions of NAS of Azerbaijan

du(n)

dni+
772=’Yp(771)

2

b1
+3 / arp (1, my) iy, v (my) )y + fk<x1>} , (5.13)
p=1;

by this for the second derivatives we get six regular relations. Further, from (4.7)

we have:
b1

w (€ el6r)) = —2 / U (21— €1m(1) - 7(60)

al

0%u(r)

dr1—
896%

za="1(z1)

by

9 / U (01— &,71(21) — 7(61)

ai

by

49 / U (21 — &1, 7(x1) — 1(61))

ai

by

49 / U (21— €. 7a(21) = 714(1))

ail
T ou
9 | 2=
/ O

ou
81‘2

o
83:2

o
8332

+2 / w (21,71 (21))

al

by

+2 [[ula o)

ai

8562

z2="5(%1)
&o=71(&1)

0 oU

(k:172);£1 €

x2=71 (71

xo2="1 (71

xT2="5(T1

T2="72

vy Oxy

0
3V2 81:2

0%u(x)

— d
ax% xr1+

x2="v1 (1)

0?u(x)

—— dr1+
Ox?

x2=Y5 (1)

0?u(x)

dri—
Ox2 o

T2="9(T1)

cos (v1, xl)dxl—
) cos(x1,71)

cos (v1, x2)dx1—
) cos(x1,71)

cos (va, xl)d:zl—
) cos(x1,72)

cos (va, x2)

dxi1+
(1) COS(21,72)

d[L‘l

z2=71(21) cos(xy, 1)

2=k (61

dzrq

x2=75(z1) cos(x1,T2)
£2="1(£1)

[al, bl].
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As for remaining regular relations, they are obtained from (4.8) (4.9) if instead of
the second derivatives we put the obtained regular relations.

This establishes

Theorem 3. Under condition of the Theorem, if all the data ( both the coef-
ficients and the right hand sides) of the boundary condition (2.2) are continuous
functions and conditions (5.12) are wvalid, then the boundary value problem (2.1)-
(2.2) is Fredholm.

Really, obvious expression for boundary values of the second derivative are ob-
tained from boundary values of minor derivatives. For the boundary values of minor
derivatives we get a system of second kind Fredholm integral equations of normal
form, where the kernels of these integrals do not contain singularity. They are
obtained similar to (5.14).
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