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Rabil A. AMANOV

ON SOME NONUNIFORM WEIGHTED
EMBEDDING THEOREMS

Abstract

Sobolev and Poincare type weight spaces containing different weight functions
each derivative Ou/Ox; are proved

The paper is devoted to stydying weight variants of Sobolev Poincare classic in-

equalities containing different weight functions in front of each derivative
ou

8:31-

weak solutions of degeranating elliptic equations of the form

0 ou
oz (aij (x) 83:]> =0,

where A = ||a;; ()] is a symmetric matrix such that 3 € (0,1] for V€ € Ey;

(i =1,2,...,n). Such inequalities may be useful while investigating regularity of

usz §Z<A§5<ulzwz )&

=1

when they are studied by a general scheme (see. fi. [1,2,3]). This case has been
studied relatively little in comparison with the case of equal weights (wi (x) = w(a:) ;
1=1,2,..., n) that are mentioned for example in [4, theorem 5].

Let E, be n - dimensional Euclidean space of points x = (z1,x2, ..., Zp), n > 1.
Suppose that the vector o = (01,039,...,0,) has positive components. Introduce
quasimetric in £, by the formula

p(CC y) - IEZaX {‘xl yi|1/0i}a T,y € En

Assume p (z) = p(z,0), Z] 119 Let Q% ={yveE,:p(z,y) <R}

be a quasiphere with a center at the point x of radius R in a quasimetric p.
By [; (Q) we denote the length of the j-th rib of a quasihere Q, ie. 1;(Q) =
sup{|z; —y;| : z,y € Q}, 7 = 1,2,...,n. |E| denotes Lebesgue measure of the set
E C E,. For an integrable function f and a set E we accept the denotation:

=E[f(m)da:; ff(x)dxﬂé,b/f(@dx

By L, (D) we denote a space of measurable functions f : D — R with finite

norm
1/p

£l = /If(fv)!pV(fv) de | 5 flpp = Iflphs p= 1L
D



20 Transactions of NAS of Azerbaijan
[R.A.Amanov]

It is will not lead to misunderstanding, instead of || f|, , we'll write Hf”pD,z/' Denote

Fup= (D) [v(e) f @)z Fp=Frp.
D

We get the following main results.

Theorem 1. (Sobolev type inequality). Let 2 < q¢ < oo, Qo = Q% be some
quasisphere, the non-negative functions V, wj_l € Lijoe (j=1,2,...,n). Assume
that V € Ax (Qo, p, dx): there will be found such C,n > 0 that for any quasisphere
Q = Qf where x € Qo, t € (0, R) and it is subset E, it is valid

V(E)/V(Q) <C(lE]/|QN". (1)
Further, let the conditions:

1/2

@I V@) | [wt @i | <Ay <o, @)
Q
be fulfilled, 7 = 1,2,...,n for any quasisphere Q = Qf, where x € Qo,t € (0, R).
Then there exists a positive number Cy dependent only of n,q and C,n from the

condition V € Ax (Qo, p, dx) such that for any function f € Lipg (Qo) vanishing on
the boundary Qo the inequality holds

1/q 1/2

[irv@as| <oty d | [osan| 3)

Qo =1 \Qo
Theorem 2. (Poincare type inequality). Let 2 < q < 0o, Qo = Q% be a fived
quasisphere, the non-negative functions V, w;l (4 =1,2,...,n) belong to L jo.. Fur-
ther, let the conditions Ao (p, XQo> d:z) be fulfilled: there will be found C;n > 0 such

that for any quasisphere Q = Qf where © € Qp, t € (0, R) and measurable subset
E C Q, the estimation

V(ENQo) (EOQ|)”.
viena) = “\lgnqi) @
be wvalid, for any quasisphere Q@ = Qf x € Qo, t € (0, R)
1/2
LRI v@i)” | [ Wl | <ay<oe @
QNQo

be fulfilled, where j =1,2,...,n and the constant Ay, is independent of Q and j.
Then there exists a positive number Cy dependent on n,q and C,n from the
condition (4) such that for any function f € Lipg (Qo) the inequality

1/q 1/2

/ [ = Fonl"V(@)de ]| <CAzy} / wjfajde ()
Qo 7= \Qo
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1s valid.
As application of general theorems 1,2 we give the following two examples.
Example 1. Let a = (a1, ag, ..., ay,) be a vector with non-negative components,

6 > 0 such that
11;1];2(”04]' < (kzl Qg +n(5>/2,

are the components of the vector o = (01,079, ...,0,), where

aj+5_

1 1 1)
a—§+7n:0- (7)
5n+2ak
k=1

Then there exists a positive constant C' (n, d, a) dependent on n, ¢ and the vector
a a such that for any function f € Lipg (Q%) equal zero on the boundary of a
quasisphere Q% it holds the inequality

1/q 1/2

Flran| <o) RS | f Ll | (8)
Q%

—
J Q%

Example 2. Let o = (a1, o, ..., ay,) be a vector with non-negative components,

6 > 0 such that
n
Bax a; < (;a/ﬁ—nd)/z

are the components of the vector o = (01,079, ...,0,), where

oj+0 .
oj = j2 ;i =12...n

determine the quasimetric p (z,y). Let further ¢ be found from the condition

1 1 0
¢ 2t
on + Zak
k=1

Then there exists a positive constant C' (n,d, «) dependent on n,d,« and such
that for a function f € Lip (Q%) the inequality

$lr-Tas

Qk

1/q 1/2
"] <cmsa Ry fpcg‘“f 2 d ()
Jj=1 QGR

is valid.
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Proof of theorem 1. Let f € Lipy (Qo), assume QF = {z € Qo : f (z) > 0},

Q, = QO\@SF. Let D' (i =1,2,...) be some connected component Q7. We denote
for it

Dg={xz €D’ f(z)>p3}, B>0.
Let 3 be such that Dj 5 is non-empty. Then for any fixed x € Dy g we can find
Q% .-
(z)

‘Qf(z)\Dﬁ} =7 ’Qf(x) ; (10)

where 0 < v < 1 is a number independent of 3, x, r (x) will be defined later. Really,
in order to show (10), it suffices to assume

r(x) =sup{t > 0:|Qp\ Dg| = v|Q¢[}-

For simplicity of denotation, for the fixed x € Dy g we put @ = Qf(x).
If 1)
[D2p N Q| < v1QJ, (11)

then by 1) we have
V(D NQ) < CHVIQ). (12)

Further,
V(Q)=V(QNDg)+V(Q\Dg) <CyV(Q)+V (QN Dy)

by 1) and (10). Choosing v from the condition C° < 1 we’ll have

1
<
V(Q) < {= gV (@NDy).
therefore, by (12) we’ll get
V(@nDu) < L v(QnDy) (13)
28) =7 — (o Al
If 2)

D2 N Q| = 7[QY, (14)

then by (10),(14) we have
/ /dy dr > +*|Q,

A B

where A and B denote Q\ Dg and @ N Dog respectively. Let z € A, y € B be
arbitrarily fixed. It is clear that the straight line connecting the point x with y will
remain in () and necessarily intersect the surface {z : f (z) = 8} and {z : f () = 206}
at the points 2’ = x+t; (y — x) and 2" = z+1t2 (y — ), where t3 > ¢; > 0 are some
numbers dependent on z,y. Then f (z') = 3, f (z") = 23, therefore

9 (A2 |f (") — f(2")]
1Q| 3/ / Ay ) aa.

A B
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then
tg(&?,y
1
’YQ‘QPS[}/ / / ‘ {(x—i—t(y ))‘dt dy | dx.

Hence by the Foubini theorem we get

Y| / | |Eeri-a)

J=1 A 0  \{yeB:ux+t(y—z)eG}

dy | dt | dz,

where G = QN (Dg\ Dog). Make substitution y — z by the formula z = 2 + (y — x)
in the inner integral. Then

1

" 1(Q) of dt
’Y’Q|_Zl 3 8xj()dz o dz
J= A 0 {zGG:%Jr:JcEB}
Applying the Foubini formula, we get
Q) [ [lof d
; t
21012 < N / / =<
Q| _Z 5 7, dx | dz =
j=1 0 \G (2] — 2| <t (Q).j=1,2,....n}
~ Q| (Q) / of
< 2 [ =|d
- Z ﬁ aZj =
Jj=1 G
whence
~ (@) [|of
1< J ——|dz,
B ; QI8 [0z
G
then

of

8Zj

—

J=1

) (nﬁnle /
G

From (15), by Holder inequality we get

. ”q";llj(Q) —1
s [t | (

7=1

From (16) condition (2) we get

" a/2
Z ( Eo wjdz) : (17)
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Then
qa/2
V(Qn Dy < A s / O | . (2)d (18)
— ——|w;(2)dz .
2B = 2934 ~ 9z |7
From (13) and (18) it follows
CH?
q/2
nd < of
tra D / ‘ wj(z)dz| . (19)
72116(1 st @Zj

QN(Ds\Dap)

A system of quasisphere {Q = fo(x) ix € Dgﬁ} forms a covering for Dyg. On
the basis of Bezikovich’s lemma for quasimetric spaces [5] from the system {Q} we
can isolate a sub-covering {Q;}:;°, covering Dys and having finite multiplicity i.e.

> o (2) < Ca, (20)
=1

where X, are quasicharacteristical functions of quasispheres @);, Cy, is a constant
independent on ¢, z. Summing over 7 all the inequalities

q/2

C? nd 2
obtained from (19) for @Q = @; and considering (20), we get
q/2
CnCv = CundAj, of |2
Dp\D2p
Integrate (22) in the interval (0, c0):
/V Dyg) dp? < / (Dg) dp+
0 0
q/2
" Cynd [ dj of |
+; T /6 / a2 | @i (2)dz | . (23)

0 Dg\Dag
Whence allowing for the fact that

o

/V(DQB )dp? = /f )V (x

0
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7V (Dg)dp? = /f )1V (z) dx
0

by means of Minkowski inequality we’ll have

1 C,C°
<2‘1_ 10?5>/f($)qv(x)dx§
Di

f(
S| [l |
I EC
f(2)/2
whence choosing v so small that
1 C,C~° 1
20 1-—Cq%  20t1

from (24) we get the inequality

/f (2)?V (x)dx < coqu
Dt

/f )V (2) dz < coAl zn:/

Similar inequality holds for the function f (x

/(f())qv dx<coAqZ/

Qo

Inequality (3) follows from (26), (27):
/ @IV (@

n

8 2
S 2C0qu Z / %
7= \Qo

Theorem 1 is proved.

83:]

q/2

a/2
x) dm) ,

where the constant ¢y depends on v,n,q and C,n from condition (1).
Summing all the inequalities of (25) over all D?, we get

wj (z) dx

)in Qq:

q/2

q/2

wj (z) dz

q/2

/f 1V ( >dx+/< F @)V (@) d <

(24)

(27)

25
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Proof of theorem 2: There will be found A € R such that

]acer:f(x)>A\g%]@dg\ero:f(w)sz.

Assume QfF = {z€Qo:f(x)> A4}, Qy = {zr€Qo: f(x)<A}. Let D!
(i = 1,2, ...) be some connected subset of Q¢ . Denote , Dg = {3: eD :f(r) <A+ 5},

1 1
B> 0. Then |Qo\ Q"] > 3 |Qol, |Qo\ Q™| > 3 |Qo|. Let B > 0 be such that Dag is
non-empty. For any fixed € Dog there will be found a quasisphere Q;’f( E

‘ (Qf(x) N QO) \ D,B‘ =7 ‘Qf(x) N Qo

: (28)

1
where 0 < v < = is a sufficiently small number whose value will be defined later.

Indeed, It suffices to choose r (z) from the condition
r(x) =sup{t >0:[(Qf NQo) \ Dp| <~[QF N Qol} -

Fix some quasisphere Q) = fo(x) from the system {Q = fo(x) tx € Dgﬁ}. Then,

ifa) [Dag N Q| < v|Q N Qo| then V (Q N Dyg) < C~y°V (Q N Qo) . On the other hand
by (28) and (4)

V(QNQo) =V ((QNQy)\Dg)+V(QNDg) <
<CY’V(QNQo)+V (QNDg),

whence, if we choose 7 from the condition C~? < 1 we get

V(QNQ) £ 15V (@N D).
then
V(QnDay) < —CL v (Qn D) (29)
T 1-CH? h
now, if now b)
|Dag N QI >7|QNQol, (30)

then all the reasonings of theorem 1 are repeated. In this case (30),(28) yield the
estimations

[D2s N Q| >ev|Q, [QNQo\Dg| > ev]Ql, (31)

where ¢ € (0,1) is a number dependent on n. Reasoning as in theorem 1, as a result
we get the estimation

1/q 1/2
/ |f (z) — A|V (z) dz < oAy Z /wjfgjda: . (32)
Qo 7= \Qo

It remains to show the estimation

If = FraollZy <207 = 415y (33)
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By Minkowskii inequality

1 = TFralley < 1F = AISY + [Fuq — AV Qo) (34)

and the Holder inequality

1
Jran = Al V(QO)Q/ £ () = AV (@)dz < (V Qo) I~ 41Ty

whence by (34) we get (33).
Proof of statement of example 1. Apply theorem 1 in the case

V() = Lwj(x) = |l 05 =

It suffices to verify condition (2) (condition (1) is obvious). Let’s consider two
cases: 1) p(a) < CR; 2) p(a) > CR, where C > 1 is sufficiently large number
independent of R, a.

In the case 1) for any quasisphere Q = Q7, where x € Q%, r < R two cases are
possible: a) p(z) < Cr; b) p(a) > Cr; (C is the some as in 1)).

If 1) and a) hold, we verify condition 2) for j =1,2,...,n:

1/2 1/2
WV @)11Q1™ 1, (@) / wldy | <1Qei e / wivdy| . 35)
Q QE

1
Notice that — |y|, < p(y) < |y|,, then
n

n

O —Qy

/ yl, dy/p(y)_aj dy < Crk=t ,
Qz Qx

i+ 0
therefore, by the choice o; = ) 2+ the right hand side of (35) doesn’t occur

QZak n QZak n
QF | k=t /(220k> =C|Q?| k=t /(220k> <C.
k=1 k=1

If 1) and b) hold, then for the left hand side of (35) we have the estimation

. 11 %
r7|Qrla 2 |zl 2

<C

by the fact that
vl
2

lz|, 2 < p(ac)_o‘j/Q < Oyr—i/2,
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Case 2) is similar to case b) for any quasisphere Q¥ where = € Q%, r < R the
left hand side of (35) is estimated by the expression

ClQz|i 2 RO /2 < ¢

All the conditions of theorem 1 are fulfilled. It remains to apply this theorem to
the function f € Lip, (Q%):

1/q 1/2
Juras| <o | [ |
O S

where C'is independent of n, «, § whence by condition (7) we get inequality (8).

Proof of the statement of example 2. Apply theorem 2 to the case V (z) = 1,
Q; +0

wj(z) =z, 05 = . It suffices to verify conditions (4),(5). Condition (4) is

obvious, condition (50 is shown in example 1.
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