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Amiraga M. SHYKHAMMEDOV

ON BASICITY OF DOUBLE AND UNITARY
SYSTEMS OF FUNCTIONS

Abstract

In the paper the unitary and double systems of functions that are generaliza-
tions of classic systems of exponents, cosines and sines are considered. Relation
between basicity of these systems in Lebesque spaces is established.

Under the bases properties of systems in Banach spaces we understand the clas-
sical notion as completeness, minimality and Shauder’s basicity. It is well known
that the basicity properties of the exponent system {emt}n ez (Z is a set of integers)
in L, (—m,m), 1 <p < +oo, are equivalent to the corresponding basis properties of
the system of sines {sinnt}, . and cosines 1U{cosnt}, . (N are natural numbers)
in Ly, (0,7). About these questions we can consider the monographs [1-4]. In the
present paper we suggest some generalizations of these results.

Let’s consider unitary systems of the form

IEW) =at)w (t)£b(t)w, (t), n€N.

Without losing generality, we’ll assume that {19?5 (t)} is determined on the

neN
segment [0, a].

We’ll assume

a(t), tel0,q],
At) =
b(—t), t € [~a,0),
wh(t), tel0,d,
Wy (t) =

wy, (—t),t € [—a,0).
Let

We’ll denote
Vo= (AW, (1);0); V= (0 A(—t) Wy (=)

It is absolutely evident that the minimality of the system {Vium },,...c v in Lp (—a, @)
1 1
is equivalent to the existence of the system {h};h; },cn C Lg(—a,a) : =+ - =1
p q
(for p =1 we’ll assume that ¢ = co)

<hE Vb >=6pm; < b,V >=0;

<h ,Vt>= 0; <h , V= >=dnm,

my» ' 'm ny» 'm
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where < f,g >= f g (t) f (t)dt, dnm -is a Kroneker symbol, () is a complex conju-

gation.
Prior to the statement of basic results we’ll give definition of basicity of a double
system.

Let X be some Banach space with the norm |[|-|| and {x;};z, } C X be a

nen
double system.
Definition. The system {x};x; },.c,, is called a basis in X, if for Vo € X there

exists a unique sequence of the complex numbers {)\+ A, }nen

m
x = lim Z)\ T+ lim YNz
m—o0,, m—o0, "1

This is a usual definition of Shauder’s basicity for a double system.

Under the basicity of double system we’ll understand the basicity namely in this
sense. Unconventional basicity has the analogous definition.

We'll need the following easily proved lemma.

Lemma 1. 1) If {h};h;, }k:eN C L, (—a,a) is a biorthogonal to

WVantpen C Lp(—a,a), 5 + 5 = 1 system, then the system {ﬂg}keN C
Ly (0,a) ({ﬁ_}keN CL (0,a)> is biorthogonal

to {Q9+}keN C L,(0,a) ({19 }neN C L, (0, a)), where
vii () = b () + i (=t). (v}, (t) = hy, (—t) — hy, (1)) ,Vk € N. (2)

2) If {ﬁi}neN C L, (0,a) and {vp}cny C Lp(0,a) are biorthogonal, then
{Vam}nen C Lp (—a,a) and {h;; hl;}keN C Ly (—a,a) are also biorthogonal, where

vi (t) = (3)
i (1), t € (—a,0).

Theorem 1. The double system {Vin}, oy forms a basis (unconditional basis)
in Ly (—a,a) iff each of unitary systems {ﬂ,f}neN and {19,:}716]\, forms a basis
(unconditional basis) in L, (0,a).

Proof. Let {Vy;n},, oy form a basis in Ly, (—a,a) and {h;}; hy; },cn € Lg (—a,a)
be the corresponding biorthogonal system, i.e.,

1
5 [5nk + 5nk] y

JA@ W 01 ()t = 5

[ A(—=t) Wy, (—t) his (t)dt = = [0k F Onr] , ¥, k € N,
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We have
a 1
[A(=t) W, (—t fA t) hiy (—t)dt = 3 (Onke T Ok »

From uniqueness of biorthogonal system to the complete system from the pre-
vious relation we obtain that h, (t) = h} (—t). Let’s take Vf € L, (—a,a) and
consider (||-||,, is an ordinary norm in L,):

L(nfa,a) —

ILH (Dt (2) W (@) + ] 1 (&) i ()t (=) Wi (=) | =

—f @), -

By the lemma 1, the systems {ﬁf}n ¢y are minimal in L, (0,a) and the systems
biorthgonal to them and to {V;. },,c - are connected by the relations (2), (3). Taking
into account these relations we have:

We’ll denote

a

= [ F () 7 ()dtA (2) W () = Z [f (&) + f (=t)] vt (t)dtA (x) Wy ();

= [ (07 (OatA @) W) = [ 1F () = £ (1) ic (e () W ()

Adding these relations we obtain:



168 Transactions of NAS of Azerbaijan
[A.M.Shykhammedov]

1). Let x € (0,a)

I (z) + I3 (2) =

Iy (x) + If (x) =

2). Let x € (—a,0). We have:

I3 (z) = ,Of (&) + £ (~) vk B)dta (—2) w} (~2);

I} (x) = = [ [f () = f (=8)]vn (t)dta (~z)wy; (—2).
Absolutely analogously, adding these expressions we obtain:

O%

(=t)] v (t)dtd;) (—=);

Iy (x) + I (z) = —Zf [f (&) = f (=) v (t)did,, (—z);
Finally we have:

e =

1m 4 p
LSS R @ - s @) do-

n=1k=1

J

—a

_TIs ()\pd:v+f\S 2)|P dz, where Sy = S + S:-.
0
_ () + I3 (x)  f(z)+ f(—2)
S = S AOIEE T T, (@)
oy B @)+ () f(z)-f(-2)
S (v) = -2 5 47 _ 5 , (5)

Further, taking into account the inequality |a + b|” < 27 (Ja|’ + [b|") , we obtain:

F 1S @) da < 27 [ff 1S5 (@) de + [ |55 <x>\pdx]
0 0 0
0

0 0
Fisawrar <z §si@pas | sope] -

—a

_ o [} s (—x)|pdx+}‘5m(—x)]pdx] _
0 0
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a _ — —X) — T P
O g @y LS @ dx]
0

2

Now we’ll assume that the systems {ﬁ,jf}neN form the bases in Ly, (0,a).Then
a

from the previous relations it immediately follows that [|S,, (z)|Pdz — 0,
0

>

n=1

=]

a)

0
[ 1Sm (2)|P dz — 0 as m — oo, and so 15 = 0 as m — co. Thus the biorthog-
—a

onal series of arbitrary function f (t) from L, (—a,a) by the system {Vun}, -y
converges to it in L, (—a,a), and as a result the system {V,.,}, ., forms a ba-
sis in Ly, (—a, a). The fact that from unconventional basicity of each of the systems
{ﬁf}n ey i Ly (0, a) it follows the unconventional basicity of the system {Viin}, o
in L, (—a,a) is proved by the analogical scheme.

Now we’'ll assume that the system {Vj,.n}, . forms a basis in Ly, (—a,a). Let’s
take Vg € L, (0,a). We’ll continue this function evenly (odd) on the whole segment
[—a,a] and denote it by f*(z)(f (z)). Let’s consider the expression
Sy () = St + S, (), Ym € N, where Sit (z) are determined by the relations
(1), (5).

At first let’s consider the even case. In this case it is easy to see that
(x) =0, Ym € N.
We have

g

m

‘Iﬁn—a,a)

a 0 a
p:f‘S,;t (:E)‘pdl'—i— i ’S%(:L’)‘pda::2f‘5$(x)|pdx, Vm € N.
0 —a 0

From the basicity of the system {Vin},.n in Ly(—a,a) it follows that
a

15 0, m — oco. As a result, 1S (2)[P dz — 0, m — oo i.e., the biorthogo-
0

nal series of arbitrary function g (¢) from L, (0,a) converges to it in L, (0, a), since

+ +(_
[T @)+ 7 (=) = g (z). By this, the basicity of the system {ﬂ:}neN in L, (0, a)

is proved. Analogously, we consider the odd case and with this the basicity of the

system {197{ }n ey in Ly (0,a) is proved. By these considerations it is proved that
if the system {V;;;n}, cy forms on unconventional basis L, (—a, a), then each of the
systems {ﬂz}neN is also form the basis in L, (0,a). Theorem is proved.

By the same way we prove the following theorem.

Theorem 2. The double system 1 U {Vyn}, oy forms a basis (unconditional
basis) in Ly (—a,a) iff each of the system {ﬂ;}neN and 1U {ﬁz}neN forms a
basis (unconditional basis) in Ly, (0,a). In particular, if in the place of w (t) =
eiOnttpn), w, (t) = e Anttin) op [0, 7], from these theorems we get the following
statement.

Corollary 1. Let {An; fin}ren
ponent system {ei(’\”t+“n3ig"t) }nEN forms a basis (unconditional basis) in L, (—m, ),
1 < p > +oo, iff each of the systems of cosines {cos(Ant + pi,)},cn and sines
{sin (Ant + p1,) },,en forms a basis (unconditional basicity) in Ly (0,7), respectively.

be some sequences of complex numbers. The ex-
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Corollary 2. The system of exponents 1U {eﬂ()‘"t*“"“g”t)}ne]v forms a basis
(unconditional basis) in Ly (—m,m) iff each of the systems of -cosines
L1U{cos (Ant + p1,) }en and sines {sin (Ant 4 ) ey forms a basis (unconditional
basis) in Ly (0, 7), respectively.

It should be noted that some variants and particular cases of these corollaries
were considered earlier in [5;6].

We pass to the question on Riesz basicity in Ls. Let’s remind that the system
{z},cn C X in the Banach space X with the norm |[|-|| is called almost normed if
0< 1nf |z < sup |zn]| < +00. We need the following Lorch theorem [7].

Lorch theorem In order a basis in Hilbert space be the Riesz basis, it is
necessary and sufficient it be unconditional and almost normed.
Relative to the Riesz basicity the following theorem is true.

a

Theorem 3. Let the condition lim [a (t)b(t) w} (t) - w (¢) - wn (£)dt =0 hold.
nHOOO

Then the system {Vpn},cy forms the Riesz basis in Lz (—a,a) iff the systems
{ﬂf}neN form the Riesz basis in L2 (0,a).

Proof. Let {Vi.n},cn form the Riesz basis in Lz (—a,a). Then by theorem 1
the systems {ﬁf}n ¢y form the unconditional bases in Lo (0,a). We have:

7\ﬁ$(t>\2dt fIA t) £ A(—t) Wy, (—t)[*dt <
0

<2 fflA(t)Wn () dt + [A (—t) Wy, (1) dt zzf A ()W, (t)]*dt.  (6)
0

—a
It is evident that 0 < inf ||V ||y < sup||[Viunlly < +o0c. Then from the previous
n n

inequality it follows that sup HQ?;EHQ < +00, where
n

95 = Wchummb fn@n )12 dt.

We'll show that inf HqﬁHQ > 0. It suffices to consider the case of the system
n
+
{19 }nEN

9515 = f\A £ A(—t) Wy (—8)[2 dt =

[A () Wi (£) + A (=) Wa (=) - [AOWo (&) + A(—DOWs (=) dt =

o~—2

o~—2

|A@W@@Fﬁ+7M«ﬁm&«ﬂﬁw+fAeﬂwaewZ®ﬁ7®m+
0
LA W () A(—OW, (—t)dt f AW, (5 dit
0

+ A W (8) A=DWy (=0)dt = V(|3 + T, where
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it follows that hm Jn = 0. Then from equality H29+H2 > 0 we directly obtain
1nf Hvﬁ‘ H2 > 0. Analogously, it is proved that mf Hv“ H2 > 0. As a result, by the
Lorch theorem the systems {19” }n ¢y form the Rlesz basis in Lo (0, a).

Now, let the system {192[}71 < form the Riesz basis in Ly (0, a). Then by theorem
L system {Vy.5},,c  forms the unconditional basis in Lz (—a, a). From inequality (6)

we directly obtain that inf [Viinlly > 0. From equality HﬁiH; = ||Vanll3 + Jn and

from relation lim .J,, =0 1t follows that sup |V,iFlly < 4+00. Analogously, it is shown

n—oo

that sup ||V, ||, < +o00. Further ones follows from the Lorch theorem.

n
The theorem is proved.
The same assertion holds for the system with a unit.
a

Theorem 4. Let the lim [a(t)b(t)w) (t) - wn (t)dt = 0,hold. The system
n—oo 0

LU{Vin},en forms the Riesz basis in Lo (—a,a) iff the systems 1U {19+}n€N and
{ﬁ;}neN form the Riesz basis in Lo (0,a).

From these theorems we obtain the analogous assertions for the system of expo-
nents

{etiOnttp,signt) }nGN’ cosines {cos (Ant + pt,,) },,c p and sines {sin (Ant 4 ) e -

The author expresses his deep gratitude to prof. B.T.Bilalov for the problem
statement and attention to it.
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