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Misreddin A. SADIQOV, Mehmet ACIKGOZ

THE PROPERTIES OF THE n—CONJUGATE
FUNCTIONS

Abstract

The conception of conjugate convex functions belongs to Fenxel (see [1,2]).
Later on, this conception was advanced to infinite dimensionality by Brennste-
dom and Morro (see [3-5]). The conception of n-conjugate functions is deter-
mined and its some properties are studied in the work. An existence theorem of
intervening B—affine functional is proved.

Let E;,i = 1,n be real vector spaces and B(FE; x ... x E,, R) be the vector
spaces of n-linear functionals from F; x ... x E, in R. For any (z1,...,z,) € E; X
... X E,, the mapping [ — [ (1, ...,2y) is a linear functional on B (E; X ... X Ey,, R)
- and it is easy to see that the mapping x : (z1,...,Zn) — U(a, .. &,) of the product
Eyx..xE,on B(E] X ... X E,, R) is n—linear, where an algebraic conjugate space
to B(E1 X ... x E,, R) is denoted by B (E; X ... x E,, R)*. The linear span of the
sets X (E1 X ... X Ep)in B (F; X ... x E,, R)" is denoted by E1®...® E,, (see [6]) and
are called tenzor product FE;, i = 1,n. The mapping Y is called canonical n-linear
mapping from Fy X ... X B, in B4 ®...® E,. An element u(,, .. from B3 ®... @ E,
is denoted by 1 ® ... ® xy,.

Let X;, i = 1,n, be real Banach spaces and ¢ : X1 X ... x X, = R = RU
{+o0}. If the functions x; — q(z1,...,2;,..., ) are positively homogenous and
q(x1,..0s 71,0, Zi41, ., xp) = 0 for i = 1,n, then the function ¢ is called n-
positively homogenous. If ¢  n-positively homogenous function and the func-
tions x; — ¢ (z;,...,x,) are convex, then the function ¢ is called n-sublinear. The
sets of the all continuous n-linear mappings from X; x ... X X,, in R denote by
B (X1 x ... x X, R). The tensor product of the spaces X;, i = 1,n, is denoted by
X1 ®...0 X,. Consider that X; ® ... ® X,, is supplied with projection topology (see
[6]). If the function x; — ¢ (x1, ..., x;, ..., Ty ) are convex, then the function ¢ is called
n-convex. If

q (.’131, ooy L1y Ly Lif-1y ooy Lj—1, L, Tj41, ...,$n) =
=q (mla vy Li—1y = Ljy Lif1y ooy Lj—1, =g, Tj41, ,.Tn)

for i,7 € 1,n, where i < j, then the function ¢ : X; x ... x X,, — R is called even.
If domqg = {(z1,....,xn) € X1 X ... x Xp : q(21,...,25) < +00} # @ and
x € B(X;) x ... x X, R), then we put

q* (z%) = sup {z" (x1,..cyxn) — q (21, ..., 20) },
(21,...,xn)€X1><...><Xn

T (1, xy) = sup {z* (1, .o, xn) — ¢ (%)} .
r*€B(X1x..xXn,R)
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As ¢* (2*) > z* (x1,...,mn) — ¢ (21, ..., 2p), then ¢** (21, ...,2,) < q(21,...,2,) for
(T1,...y ) € X1 X ... x X, Tt is clear that

q* (O) = sup {_q(xl)”wxn)}a
(wl,...,xn)EXl X.. X Xp

¢ (21, ey im1,0, 41, ooy ) = sup{—¢* (") :2* € B(X1 X ... x X;,, R)}.
The n—subdiferential functions ¢ at the point of (71,...,T,) € domg we call the
following set

Onq (T1,...,Tp) ={z" € B(X1 X ... x Xpp, R) : q (21, ..., xn) — q¢(T1, ..., Tpy) >

> (21, ey xn) — (T, ooy Tn) s (T1, 0, ) € X1 X o X X}

and if P: Xy x ... x X,, — R is n—positively homogenous function, then we put
OnP = {1'* S B(Xl X ... X Xn,R) : P(a;l, ,a;n) >

>a (x1, ey Tn), (@1, 2n) € X1 X o X X3}

Note that the function ¢ : X7 X ... x X,, — R is called proper, if domq # ©. Later
on, we consider that all the functions are proper.
Lemma 1. 1) If ¢1 > qq, then ¢ < qf;
2) If Y; are Banach spaces, A; € L(X;,Y;),i=1,n,q:Y; x...xY, — R,
A;, i = 1,n, are isomorphisms, A = (Aq, ..., Ap), A~} (Al_l, ...,Agl),
then (qo A)" (z*) = ¢* (z* - A™1);
3)If g(x1,...,zn) = q(A\21, ..o, Any), then g* (x*) = ¢* (A:.An)
for A1, .., Ay £ O
4) If g(x1,...;xn) = Aq (21, ..., Tp) and A > 0, then g* (x*) = A\¢* (%),

5)If g(x1, . tn) = q (21, oy ) + T (21,00 Tp) + @, T € B (X1 X ... x Xy, R),
then g* (z*) = ¢* (z* — T%) — a.
Proof.1) If ql( vy ) < @2 (%1, ey ) then ¥ (21, ., 20) — q1 (21, ooy ) >
¥ (x1, ey Tp) — .,xn) for (z1,...,2n) € X1 x ... x X,. Therefore ¢5 (z*) <
qi (z7).

2) If A = (Ay,...,A,) € L(X1,Y1) X ... x L(X,,Y,) is isomorphism, A~!
(A71, ..., A1) then

(go A)* (z*) = sup {z* (1, .0, xp) — q (A (21, ..y ) } =

(#1500 ) EX1 X oo X X7

- Sup {* (A7 (Y1, eosvn)) — a1y s tn) } = ¢ (250 A7)
(Y1yeeyYn ) EX1 X X X,

3) It is clear, that

g (z") = sup {z" (21, .0y n) — ¢ (M2, ooy A } =
(:Bl,...,wn)EXl X... X Xp,

w4 G k) et} = (575
= — e, — | — 1y ey Ty = .
(T1,e T ) EX1 X oo X Xy M An Al A\
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4) If g (x1, ..., zp) = A\q (1, ..., x,) and A > 0, then

g (z*) = sup {z" (21, .0y n) — Mg (21, ..y n) } =
(Il,...,xn)eXlX...XXn

1 x
=\ sup {x* (xl,...,:z:n)—q(:vl,.,.,xn)} :)\q* (l‘) .
(xl,...,l‘n)EX]_X...XXn )\ )\

5) If g(x1, .oy xpn) = q (21, .oy xn) + T (21, ..., ) + @, then

g (z*) = sup {z" (x1,.0yn) =T (21, ey ) — @ (X1, ey )} —
(Il,...,xn)EXlX...XXn

The lemma is proved.

If f: X; x...xX, xY] x..xY, — Ris a proper function, Y;, i = 1,n, where
are real Banach spaces and

q(z1, ey xy) =Inf {f (X1, iy Tny Y1y s Un) © Y1y ooy Yn) €Y1 X o X Y},

then

q (z7) = sup {o" (21, an) —q (21, 2n)} =
(1,0 ) EXT X X Xy

= sup {2 (21, ...y ) —
(21,...,xn)€X1><...><Xn

_ inf F (@1, ey Ty Y1y ey Yn) p =
(Y1,eesYn €Y1 X...X Yy

*
= sup sup {z* (z1, ...y Tp) —
("El,...,rn)GXlX..‘XXn (yl,...,yn)Gle...XYn

—f (1, Ty Y1y yn) = f7 (27,0)
Note that the some properties of n-conjugate functions are similar to properties
of conjugate functions (see [4,5]).
Lemma 2. If 0,q (T1,...,Tn) # @, then ¢** (T1,...,Tn) = q(T1, ..., Tn) -
Proof. From lemma 3.3 [7] it follows that T% € 0,q (%1, ..., Ty) if and only if,
¢ (@) +q (71, ...,Ty) = T (T1, ..., Tp) . Therefore

T (T1y .y Tp) = B(Xsup . {z* (T1, ..., Tp) — ¢ (%)} >
r*e 1X...XXn,

> T (T1,y ey Tpn) — T (T1y ooy Tn) + ¢ (T1y ooy Tny) = ¢ (T1y ey Tp)

ie. ¢ (T1,...,Tn) = q(T1, -, Tpn). As ¢ (T1,...,%Tn) < q(T1,...,Tp) then we get
that ¢** (1, ..., Tn) = ¢ (Z1,...,Tpn). The lemma is proved.

Corollary 1. If ¢ = ¢1 + 2, Onq1 (T1, ..., Tp) # © and Onq2 (T1, ..., Tn) # @,
then ¢** (Z1,...,ZTn) = ¢* (T1, .., Tn) + &* (T1, ..., Tp).
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Proof. Since 0,q1 (T1,...,Tpn) + Ong2 (T1, ..., Tn) C Onq (T1,...,Tn), then we get
that Onq (Z1,...,Tn) # @. Then from lemma 2 it follows that ¢** (Z1,...,T,) =
q (@1, @n), ¢ (T1y s @) = 1 (T4, ., Tn)y ¢F (Z1, ..., Tn) = q2 (T1,...,%Tn). Hence
we get that corollary 1 is true.

Let ¢ : X1x...xX,, — R be n-positively homogenous function 0,,q = dpq (0, ..., 0),
and

= inf {Zq (ajzl, ,x;) V= Zm’l ®..Q :Uil, (a:?l, ,a:ﬁl) € Xy x..x Xn}
i i

Easy to verify that (see [7])

Jq = { €EX1®..0X,) Zx 1, ) for

V= Zxﬁ ® .. ®xh, T € Ohq, (af,...,7h) € X1 x ... x Xn}
i
and

“(z*) = 0:z* € 0ngq 7 (%) = 0:2*€0g

a N —i—oo:x*é,éé?nq’q ] 4ozt ¢ 0g

Then we get that

g (3: ®..0x; ): sup 2° (11 ® ... @ xp) =
z*€dq

= sup =" (z1,...,2n) = ¢ (21, ..., Tp) .
T*EO0nq
If Ohq(x1,...;xn) # © for (x1,....,2,) € X7 X ... X X, then from lemma 2 it
follows that q (z1,...,xn) = ¢ (1, ..., xy) = sup{z™ (z1, ..., x,) : * € Ipng}.
If ¢g: X1 x ... x X;, = R is n-positively homogenous continuous functions and
g (0) =0, then from theorem 3.1 [5] and lemma 5.4 [7] it follows that

(21 ®..0x,) =7(11 @ ... ® ).

Therefore ¢** (21, ...,25) =7 (1 @ ... ® Tp).

Note that if ¢ is an even continuous n-sublinear function, then from theorem 2.4
[7] it follows that q (z1,...,xn) = ¢ (21, ...,25) and q (T1,...,zy) = (21 ® ... @ T,
for (z1,...,2y) € X1 X ... x X,.

As for any (z1, ..., x,) € X1 X ... x X, the mapping z* — x* (21, ..., z,) is a linear
continuous functional on B (X3 X ... X X,, R), then from definition it follows that
x* — ¢* (z¥) is a convex function.

An element 71 ® ... ® x, € X1 ® ... ® X, is called subgradient of the function
q* (z*) at the point T*, if

g (%) — ¢ (T*) > 2" (1, .0, xn) =T (21, ey Tp)
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for all z* € B (X; x ... x X, R), and the set of subgradients is called subdifferential
of function ¢* at the point Z* and is denoted by 9¢* (T*).
Let (21 ®...Q0xn), (11 ®...®yn) € 0¢" (T*), o € (0,1). Then

¢ (%) = ¢ (T") > a(z* (1, ..., xn) = T (X1, .0y p)) +
+ (1 =) (" W1, Yn) =T (Y155 Un)) »
ie. ar1 ® .. @z, + (1 —a)y1 ®... ®yn € 9" (T*), i.e. Ig* (T*) is convex set.

Further, an element z; ® ... ® z,, we identify with an element (71, ..., Z,).
Lemma 3. (71, ...,Ty,) € 0¢* (T¥) if and only if

¢ (T)+ ¢ (T1, ... Tp) =T (T1, ..., Tp) -
Proof. If (z1,...,Zy) € 0¢* (T*) , then from definition it follows that
T (T1, s Tn) — ¢ (T) 2 2" (T1, .., Tn) — ¢ (27)

for ¥ € B(X; X ... x X, R). Hence it follows that z* (71, ...,@,) — ¢* (T*) =
T (ZT1, ..., Tp)-
On the contrary, if ¢* (Z*) + ¢** (%1, ..., Tn) = T* (T1, ..., Tn ), then we get that
T (T1y . Tp) — ¢ (TF) = sup {z" (T1,....,@Tn) — ¢" (™)}
z*€B(X1X...XXn,R)

Therefore T* (%1, ..., Tn) — ¢* (T*) > 2* (T1, ..., Tn) — ¢ ()

for 2* € B (X1 X ... Xx X, R), i.e. (T1,...,Tp) € O¢* (T*). The lemma is proved.

Lemma 4. For any functions q : X1 x ... x X,, — R it is fulfilled an equality
g = ¢***.

Proof. As ¢** (z1,...,2n) < q(x1,...,2p) for (z1,....,2,) € X1 X ... X X,,, then
from 1) of lemma 1 it follows that ¢** > ¢*. On the contrary, from definition ¢** it
follows that ¢** (z1,...,xn) > ™ (X1, ..., zy) — ¢* (z*) for (21, ...,25) € X1 X ... X Xj.
Therefore

g (z%) = sup {z" (x1, .y xn) — ¢ (21, ey zn) } < g* (27).
(Z‘l,...xn)EXlX...XXn
As ¢*** > ¢* and ¢*** < ¢*, then we get ¢* = ¢***. The lemma is proved.

By analogy of lemma 3 we verify that, z* € 0,q(Z1,...,%T,) if and only if
¢ (2*)+q (T1, ...y Tn) = " (T1, .oy Tp); ° € Onq™ (T4, ..., Ty) if and only if ¢*** (z*)+
T (ZT1y .y @Tp) = 2 (T1, .y Tny)-

Hence it follows the following corollary.

Corollary 2. If q(Z1,...,Tn) = ¢** (Z1, ..., Tp), then

Onq (T1, .., Tp) = Onq™™ (T1, .., Tp) -

Corollary 3. For any functions q : X1 X ... X X, — R is x* € 0p,q (%1, ..., Ty it
follows that (%1, ...,Ty) € 0¢* (x*).
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Proof. Asz* € 0,q (T1,...,Tn), then we get ¢* (2*)+q (T1, ..., Tp) = * (T1, ..., Tn)-
Also by lemma 2 we get that ¢** (%1, ...,%,) = ¢ (T1, ..., Tp). Then

¢ (%) 4+ ¢ (Z1, ..., Tp) = ¥ (T1, ..., Tn) -

By lemma 3, hence it follows that (71, ...,%,) € 9¢* (x*). The corollary is proved.
The sets C1,Cy C (X1 X R) X ... x (X, X R) are called strict n-separable if there
exist ¥ € B (X1 X ... x Xy, R) and b, c € R, where (z*,b) # 0, such that

(T, ey Tn) + baq.ccay > ¢ > 2" (Y1, ooy Yn) + 00610,

for all ((xlval) g ey (xnaﬁn)) E 017 ((yhﬁl) PRERE} (yn76n)) S CQ'
Let fi: X1 x...x X, = R, fo: Xy X...XXn—>RU{—OO} . Put

Dy = {((x1,a1) U (xn,ozn)) S
E(X1 XR) X ..x (X xR): fi(x1,...;mp) < ag...an },

D2 = {((ylaﬁl) PEEE) (ynaﬁn)) €
E(X1XR) X ... x (XpXR): fo(yty ey yn) > BBt -

Theorem 1. Let domf; Ndom|fa] # @, D1 and Dy be strictly n-separable.
Then there exists B-affine functional b: Xq x ... x X,, — R such that

fi(x1,yxn) > b(x1, ..., xy) for all (z1,...,2,) € X1 X ... X Xp,

b(z1,...,xn) > fo(x1,...,xy) forall (x1,...,z,) € X1 X ... x Xp.

Proof. As Dy and D5 are strictly n-separable, then there exists
x* € B(X1 X ... x Xy, R) and b € R, where (z*,b) # 0, such that

(21, ey Tn) + baq.ccaty > ¢ > 2" (Y1, ooy Yn) + 00610,

for any ((Ilaal)w"v(xnwﬁn)) € Dy, ((ylaﬂl)a”w(yna/@n)) € D. By condition
domfi Ndom |fa] # @ we get that b # 0. Let (Z1,...,71) € domfi1 N dom|fa|. Then
bay...an > ¢ = bfy...0, for f1 (T1y oy Tp) < 1Oy f2 (Y1yeeey Up) > Bq---0,,- Hence
for @q...a, — +00 (or Bi...B, — —oo) we get that b > 0. Putting =* (21, ...,x,) =
—3Z (21,0 Tn), @1y = f1 (21,00, 2,) and 34,08, = f2 (y1,...,yn) We get that
J1(@1, e 2n) =T (21, s ) 2§ 2 f2 (Y15, Un) =T (Y1, -, yn) for all (z1,...,25) €
X1x..xXpand (y1,...,yn) € X1%..x Xy, If weput b (21, ..., 2n) = T* (21, ..., Tn) +7,
then we obtain that the theorem is true.

The teorem is proved.

Corollary 4. If f : Xy x ... x X, — R, (T1,...,Tn) € dom f, the sets
{((x1,01) 4 ooy (T, ) € (X1 X R) X oo X (X X R) = f (21,0, 2n) < 1.0} and
(1, f (Z1, .., Tn)) 5 (T2, 1), ..., (Tp, 1)) are strictly n-separable, then

Onf (T1,....,Tn) # @.
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Proof. Denote fi (z1,...,xn) = f (21,...,25) and

(@1, Tp) (21, ey ) = (T1y ooey Tp)
fo(z1,...,xn) =
—00 (X1, Tn) £ (T1y .y Tn)

Then by theorem 1 there exists B - affine functional b : X; x ... x X,, — R, where

b(x1,...,xpn) = x* (1,...,xy) + b, such that f(x1,...,2,) > 2™ (21, ...,2,) + b for all

(X1, .y ) € X1 X ... x Xy and z* (T, ..., Tn) +b > f (T4, ..., Tp). Summing these in-

equalities we obtain that f (z1,...,xn) — f (T1, ..., Tn) > 2* (21, ..o, ) —2* (T1, ..., Tn)

for (z1,....,xy) € X1 X ... x X, i.e x* € O, f (T1, ..., Tp).The corollary is proved.
Lemma 5. If ¢ =q1 + q2 and x* = x] + x5, then

¢ («") < inf  {g7 (21) + @ (22)} < g1 (27) + 2 (23),

z*:zi”rz;
" (z,y) > ¢ (2,y) + 65" (z,y).

Proof. If 2],z € B(X; X ... x X;,, R) and z* = 2] + 23, then

q* (z%) = sup {7 (x1, ..y xn) +
(11,...,xn)€X1><,...><Xn

+25 (21, ey Tn) — @1 (X1, ooy ) — @2 (X1, ooy ) } <

< sup {z] (1, ., xpn) — q1 (1, ooy xn) } +
(21, ) EX1 Xoo. X Xny
+ sup {25 (21, n) — @2 (w1, s 2n) } = a7 (21) + 65 (23) .

(xl,..,,xn)EXl XX Xn

Hence it follows that

¢ (z") < _inf {q7 (21) + a5 (23)} < g1 (1) + g5 (23) -

2 tz5=x
Therefore
(X1, xp) = sup {z* (1, .cc,n) — ¢ (%)} >
z*€B(X1X...xXp,R)
> sup {27 (@1, oy m0) + 25 (21,0 20) — qf (27) — @5 (23)} =
z],x5€B(X1X....x Xn,R)

= sup {27 (z1,s2n) — ¢f (27)} +
z]€B(X1x...xXn,R)

+ sup {l‘; (1'17"'71.71) —q; (xS)} =
x5eB(X1x....xXn,R)

=qi" (1, ey n) + G5 (21, 0y )
The lemma, is proved.
Let fi : X1 x .. x X, - Rand fo : X; x ... x X, — R. In lemma 5 it is

proved that (f1 + f2)* (a7 + %) < ff (x3) + f5 (z3). Let’s show that in some case
the inverse inequality is true is well.
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Put that (f1 + f2)* (#*) = d < +o0. Consider the sets
A ={((z1,01) ..., (Tp,0n)) €
E(XiXR) X .. x (X xR): fi(x1,.;p) < ap...an}
As = {((y1,81) s+, (Yn, 8,)) € (X1 X R) X ... x (X, X R) : f1...0,, <

<a*(z1, ., xn) — fo(x1, ... xn) — d}.

Show that Ay N Ay = @. It is clear that, if ((x1, 1), ..., (Tn,an)) € A1 N Ag,
then fi (z1,....,xn) < aq..apn < x* (21, ..., 2) — fo (21, ..., 2p) — d, i.e.

d<z* (1‘1, ,a:n) — f1 (l’l, 73377,) — f2 (:L'l, ,:Cn) < (f1 + fz)* (x*) =d

We obtained contradiction, i.e. A1NAy = @. If the sets Ay and Ay are strictly n-
separable, then there exists * € B (X X ... X X;;, R) and b € R, where (z*,b) # 0,
such that

¥ (x1,y ey @) + b -y > > (Y1, ooy yn) 061 -+ B,

for all ((z1,01),... (Tn, ) € A1, ((v1,081)- (Un,B,)) € Az. Put that
dom fiNdom fo # @. Then by analogy of theorem 1 we obtain that b > 0. Therefore

1, c 1,
—E:U (X1, ey Tp) — 1 -y < 3 < *ECU (Y1, s Yn) = By -+ By

for all ((x1,a1),..., (zn,an)) € A1 and ((y1,51) ;s (Un, 5,)) € Aaz. Having put
] = —%:z:*, we obtain

fi(@]) =sup{z] (z1,....,zn) — f1 (z1, .y zp) 2 (1, .y 2p) € X1 X o X X} =
=sup{x] (x1, .., ) —aq - apn: ((X1,00) .oy (T, n)) € A1} <
<inf{a] (z1,...,2n) —a1 - ap : ((x1,01) ooy (T, 0)) € Ao} =
=inf {z] (x1,....,zp) — 2% (21, ..., Tn) + fo (T1, ...y zn) +
+d : (21, ...y xp) € domfa} = —f5 (¥ — z]) + d.
From these relations it follows the following inequality
(fr+ f2)" (&) = fi (1) + f3 (2" — =]) .

By lemma 5, we get

(fi+ f2)" (27) < fi (2]) + f5 (& — 27).

Therefore we obtain that

(fi+ f2)" (27) = fi (1) + f3 («" — 27) .
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In particular, hence it follows that if z* € 0, (f1+ f2)(Z1,...,Tpn), then
x} € Onf1 (T1,...,Tp) and =* — xF € Op f2 (T1, ..., Tn).
Denote

g (@1, ., Tp) = {(2F, ) € XF X oo X X q (@1, 0y ) — q(T1y ooy Ty) >

> x] (x1) - xy, (xn) — 2] (T1) - - 2, (Ty) for (x1,...,mp) € X1 X ..o x Xp}.

n-sublinear function f (z1,...,xy) =  sup a7} (z1)--- 2} (z5), where D C X} X
(x’l‘,...,x,*i)ED

. x X*, we call canonical. Consider a subclass of n-sublinear functions of kind

ns
f(x1yeyxy) = sup xf (z1) - - - ) (zp), where Dy C XY, ..., D, C X}.
zi€Dy,..., x5 €Dy

Lemma 6. If ¢, : X1 — R,...,p, : X, = R are sublinear even lower semicon-

tinuous functions, then ¢y (1) ...p, (Tn) = sup xf (z1) - - - 2} (xy) for
27 €0P1,...,x5 €00,

x1 € X1, ...,xn € X,.
Proof. From the Hormander theorem (see. [8]) it follows that ¢, (z1) =

sup 27 (21) ..., 0y (zn) = sup z} (x,). As ¢q,...,, are even functions, then
xikea‘)ol ZB;E(?(,D.,L
from z7 € Opy, ...,z € Op,, it follows that —z] € Oy, ..., —x}, € Op,,. Therefore
p1(21) -y (wn) = sup fa7 (z1)] -+ sup  |ag, (2n)] =
7 €0, 3 €0,
= sup |21 (21)] - - - [, (2n)| = sup a1 (1) - - - () -
$T€6¢17---=$268¥’n xieatplv--wx;&zea(pn

The lemma is proved.

Note that if is 27 € Dy,...,x;, € D, it follows —x] € D1,...,—z;, € D,, then
sup x} (z1) -+ - x) (xg) = sup 7 (1) sup z}, (zy).
CETGDl,...,IfLGDn ITED1 x;‘LEDn

Corollary 5. Let ¢; : X1 — R, ..., ¢, : X, — R be sublinear continuos even
functions, X?, .y X9 be subspaces of the sets X1, ..., X,, respectively, linear func-
tions Tj : XY — R, ... 75 : XY — R be such that |75 (z1)] < 1 (21) 5.y [T (20)] <
On (Tn) for 1 € XV, ....x, € XU. Then there exist linear continuos functions
i+ X1 — R,..,x} : X,y — R, such that 27§ (1) = T} (1), ..., 2} () = T, (xp)
for x1 € XV, ..z, € XU and |23 (z1) - 2k (z0)| < @1 (21) - - 0, (2) for 21 €
X1,y € Xy

Proof. By the Hahn-Banach theorem there exists linear functions z7 : X1 —
R,....,x} : X, — R, such that =7 (1) = T} (z1), ..., 2} () = T}, (xy,) for z1 €
X9 nxn € X0 and |75 (21)] < @1 (1) 50y [T (20)] < 0y, (w00) for 71 € X1, .00y €
Xy. From continuity of ¢4, ...,¢, follows that z7 : X3 — R,...,z} : X,, — R is
continuos. It is clear that |z} (x1) - - -z} (xn)| < @1 (21) - - - @, (xy) for (21, ..., 2,) €
X1 X ... x Xj. The corollary is proved.

Let f: X x...x X, — R. Put

n—epf ={((z1,01),.., (Tn,n)) €
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€ (X1 XR) X ... X (anR):f(xl,...,a:n) Sal---an}

The set C C (X1 xR) x ... x (X;, x R) is called B-convex, if for any
((1,01) 5oy (T, ) ¢ C there exists * € B(X; X ... x X;;, R) and b € R such,
that o* (21, ..., xpn) —baq -y < * (T, ..., Tp) —ba1 -0y for ((z1, 1), ..., Tpy o) € C.

The set C' C (X1 x R) X ... x (X, X R) is called strongly B-convex, if for any
(Z1,@1) ooy (Tn, ) ¢ C, there exists z* € B(X; x...x X,,,R), b € R and
e > 0 such, that z* (z1,...,zy) — bay - - -y, < 2*(T1, ..., Ty) — by - - - @, — € for
(z1,01) 5 oory (Tnawy)) € C.

Theorem 2. If n—epf is B-convexr and domf = X1 X ... Xx X,,, then f* = f.

Proof. Let ((z1,a1),...,(Tn,an)) ¢ n —epf. Then by definition of B-convex
sets there exist * € B (X3 X ... x X, R) and b € R, that 2* (z1, ..., x,) —bay -, <
x*(ZT1y ..y Tp) — by, ..., ap for ((x1, 1), ...y (Tn, an)) € n—epf. Putting oy -+ - o, =
f (Z1,...,T,) we obtain that z* (Z1, ..., Tn) —bf (T1, ..., Tn) < *(T1, ..., Tn) —bay O,
ie. b(f(Z1,....,Tp) — @1 -+ - @p) > 0. Hence it follows that b > 0. Then we get that
F (21, oy Tn) — 1 - Oy < 328 (F1, o, TBy) — Q- O for (1, 00) 5 ooy (T, o)) €
n —epf. Putting aq - -y = f (21,0, Tp), T (21, oy ) = %x* (1, .y zp) - Tt is
clear that T% (z1, ..., zp) — f (1, .0y xn) < T (T1, ..., Tp) — Q71 - - - Oy for (21, ..., 20) €
X1 X ... x X,.

Therefore sup {Z* (21, .0y n) — (21, 0y 2p)} <
(:cl,...,acn)EXl X..XXn

-, le. (T <7 (T1,...,Tp) — Q1 @p. Thenay @, <7 -
@) < f*(x1,...,Tp). We get that ay - - - @, < [ (T1,...,Tn) < f(T1,...,Tn).
Therefore f** (71, ...,%n) = f (T1, ..., Tn). The theorem is proved.
Theorem 3. If n—epf is strongly B-convex and dom f # @, then f** = f.
Proof. If (Z1,a1) , ..., (Tp,@n)) & n—epf, then by definition of strong B-convex
sets there exists x* € B (X1 X ... X X;,, R), b € R and € > 0 which that

8|
*
—
8
—
8
3
~—
|

¥ (x1,y ey ) —bay -+ -y < & (Ty,y .y Tp) — by - O — €

for ((x1,0a1), ..., (Tn,an)) € n—epf. Putting (z1,...,xy) = (Z1, ..., Tn) € dom f and
f (&1, @n) < i - ap, then for ag - - - @, — +00 we get that b > 0.

If b > 0, then by analogy of the proof of theorem 2 we get that T* = %x* € dom f*
and f** = f. Also by analogy of the proof of theorem 2 we get that b > 0 for
(ZT1y ..., Ty) € dom f.

Let (Z1,...,Tpn) ¢ dom f. If b > 0, then we get that f** = f. If b = 0, then
x* (z1, ., xpn) < 2" (Z1,...,Tpn) — € for (z1,...,2p) € dom f. Let T¥ € dom f*. Then
=) >z (71,...,Tn) — f (21, ...,25). Therefore

T (21, ey ) + p® (21, ooy ) — (21,0, 20) < f5(TF) + pa™ (Th, ..., Tn) — pe
for ;1 > 0. Hence it follows that

P&+ pa®) < 7 (TF) + pa” (T, -, Tn) — pe,
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which we can write in this form

T (T, ooy ) Fpe—f* (T°) < (T° + pa™) (T, oo, Tn) — (T + px™) < f*(T1, ..., Tn)

a+ f* (") -7 (Z1,...,Tn)

Putting here p = . , we get that a < f** (7y,...,T,) for
sufficiently large a. Therefore f** (Z1,...,Z,) = +00. The theorem is proved.

If n — epf is B-convex ( strongly B-convex) set, then f is called B-convex
(strongly B-convex ) function. It is easy to verify that sum of finite number of
B-convex functions is also B-convex. Therefore , if f is B-convex function and
z* € B(X1 X ... x Xy, R), then f 4 z* is also a B-convex function.

If f € ABy (X x ... x X,), i.e. there exist the set I that, f (z1,...,2,) =
sup (2% (z1, ..., Zn) + Co), where x} € ABy (X1 X ... X X3, R), ¢o, € R and dom [ #
acl

@, then g (v) = sup (sz (24, ....ah) + ca>, v=>Y12\®..®z, is a proper convex
ael % 1
lower semicontinuous function on X; ® ... ® X, and g (1 ® ... ® ) = f (z1, ..., Tp)

for (xz1,...,xn) € X1 X ... X X,,. Therefore from ((T1,a1),...,(Tp, @) ¢ n —epf it
follows that ¢ (T1 ® ... ® Tp,) > @y - - - A, l.e.

(T1® ... Tp,a1...ap) ¢ epg = {(r,a) € (X1 ®...0 Xp) X R:g(v) <a}.

Then by theorem 2.9.2 [6] (T ® ... ® Tp, @1...a;,) and epg is strong by separable.
Hence it follows that n — epf is strongly B-convex, and by theorem 3 f** = f. We
get that the following Corollary is true.

Corollary 6. If f € ABy (X1 X ... x X,), then f** = f.
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