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Mahir M.SABZALIEV

ON A BOUNDARY VALUE PROBLEM FOR
SINGULARLY PERTURBED QUASILINEAR
ELLIPTIC EQUATION IN CURVILINEAR
TRAPEZOID

Abstract

A boundary value problem for an elliptic type quasilinear equation of sec-
ond order containing a small parameter for heigher derivatives is considered
in a curvilinear trapezoid. Asymptotic expansion of generalized solution of the
considered problem is constructed to within any power of small parameter and
remainder term is estimated.

Let © = ¢, (y), © = ¢y (y) be sufficiently smooth functions determined in [a, b]
and satisfy the following conditions:

L ¢y (y) <y (y) for y € [a, b;

IL ¢y (y) <y for y € [a,b], vy (y) >y, y € [a,b];

IL. p; (a) = a,py (b) =b

IV. ¢ (y) < 1,5 (y) < 1 for y € [a,b)].

Introduce the denotation:

Di={(z.y)z=9, ), a<y<b}, To={(z,y)|le; ) <z<py(y), y=>},

Ds={(z,9)lz=py(y), a<y<b}, Tu={(2,9)lv1(y) <z <py(y), y=a}.

InQ={(x,y)|¢v; (¥) <z <py(y), a<y<b}weconsider the following bound-

ary value problem
a (OUNF a9 [(oU\’
LU=—&|—|— —-— -
V= [03«"(0%‘) +3y<3y)]

ou oU
U’F =0, (2)

where € > 0 is a small parameter, p = 2k + 1, k is an arbitrary natural number,
'=Tyulul’suUly, F (z,y,U) is a given smooth function satisfying the condition

OF (z,y,U)

oo 277 >0 for (z,5,U0) € (\{(z,y) € 2z = y}) x (—00,+00). (3)

It is assumed that F (x,y,U) may depend on U both linearly, i.e. F(x,y,U) =
d(z,y)U — f(z,y),d(z,y) > ~+* > 0 and non-linearly.
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It is known that for each fixed ¢ there exists a unique generalized solution of
1

problem (1),(2) in space W, (©2) . Obviously, if F' (z,y,0) = 0, the problem (1),(2)
has only a trivial solution. Therefore, assume that

F(z,y,0) 0 for (x,y) € Q. (4)

Asymptotics of the solution of boundary value problem for a second order quasi-
linear elliptic equation in n-dimensional bounded domain with smooth boundary is
constructed in the paper [1]. In the paper [2], a boundary value problem is investi-
gated for equation (1) in a rectangular domain.

Our goal is to construct asymptotic expansion of the solution of boundary value
problem (1),(2) in small parameter £ > 0.

In the connection, we’ll conduct iteration processes.

In the first iteration process, approximate solution of the equation is sought in
the form

W =Wy+eWi+...+" Wy, (5)

and the functions W; (z,y);i =0, 1,...,n will be chosen so that
LW =0(g"). (6)
From (1),(5) and (6) we get the following equations:

oW oWy -
37+Ty+F($7y7WO)—07 (7)

8WZ‘ + 8WZ + oFr (:L',y, W())
Ox oy Wy

where the functions f; depend on Wy, W1, ..., W;_1 and their derivatives. Boundary
conditions on the lines I'y, ' that are parts of the boundary I' of domain Q will be
used for equations (7),(8). Then boundary condition (2) may not be fulfilled on the
lines I'y and I's. The boundary layer type functions should be constructed near I'o

Wz:fla Z:1>2>7na (8)

and I's in order to compensate, the lost boundary conditions.
As it was noted above, we’ll solve equations (7),(8) under the following boundary

conditions:
Wilyep ) =0, (a <y <b);

. (9)
Wi|y:a = 07 (()Dl (CL) S z S ') (a))7 1= 07 17 cey T

Problem (7),(9) (for ¢ = 0) will be called a degenerated problem corresponding to
problem (1),(2).

It holds the following

Theorem 1. Let F (z,y,U) € C™ (2 X (—o0,+0)), the function F (z,y,U)
satisfy conditions (3),(4) and the condition

Of (x,y)

endy | _ =0; y€la,b], i=1i1+1i i=0,1,...,m, (10)

Y
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in the case of linear dependence of F from U, the conditions

F(z,y,U)l,—, = 0; y € [a,b], U € (—o00,+00), (11)
0 f (x,y,0) ' S . L
mx:yzo, ye[a,b], Z:7,1+12+Z3, ZZO,I,...,m, (12)

in the case of nonlinear dependence of F on U (m is an arbitrary natural number).
The degenerate problem has a unique solution, moreover Wy (z,y) € C™ () and

aiI/VO ($7 y)

i 0y =0; y€la,bl, i=1+i2 i=0,1,....,m. (13)

=y

Proof. The characteristic line of equation (7) passing through the origin of
coordinates divides the domain €2 into two parts:

0 = {($7y)| (.’L’,y) €, y> .’L‘} and ly = {(CC,y)‘ (.T,y) €Q, y< ‘T}
We can look for the solution of the degenerate problem in the form

W for (z,y) € O,
Wo = (14)
W for (z,y) € D,

moreover Wo(l) and WO(Z) are the solutions of the following Cauchy problems:

ow M . owh

+F (ary Wél)) =0, (z,y) €

Ox 0
y (15)
WY =0, y € [a,0],
x=p1(y)
ow®  ow® (2)
O o)
(16)
W(](Z)‘y:a =0, z € [p; (a), 3 (a)].

When F (z,y,Wy) depends linearly on Wy, the obvious representation of the
solution of degenerate problem is of the form

1 3
/ f(& &+ y1)exp /d(T,T+y1)dT d¢, ¥, =
¥(y1) Z1

=T, Yy1=Y—T,Y >,

Y1 13
/f(x1+§,§)exp /d(:x1+7,7)d7 d¢, 1 =

1

\ :x_y7y1:y7$>y7
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where x; = ¥ (y1) is a solution of the equation x; = ¢, (1 + y1) with respect to
x1. Using formula (17), it is easily proved that if condition (10) is fulfilled, then
Wo (z,y) € C™ () and condition (13) is satisfied.

In the case of nonlinear dependence of F' (z,y, Wy) on Wy, the problems (15),(16)
are reduced to the following Cauchy problems for ordinary differential equations:

awg" W) )
O N I AT A N —0, 18
dz (1 L 0) O |oy=(y1) (18)
(2)
awy™” (2) (2) _
= F(leryl,yl,WO ) w?| =0 (19)

Existence of local solutions of problems (18),(19) is obvius. Using condition
(3), we can get a priori estimations for these local solutions. Possibility of contin-
uous continution of local solutions on €2 and €9 follows from the obtained a priori
estimations.

In order to study differential properties of the solution of the degenerate problem,
in the non-linear case we reduce this problem to the following non-linear integral
equations:

1
— / F(r,7+ 1, Wo (r,7+y1))dr,
¥(y1)

T = x, =y—x,y>x,
Wo (z,y) o n=ymny (20)

—/F(ml +7,7, Wy (x1 4+ 7,7))dr,

a

rp=r—-Yy, N1=Y, >y

Using formula (20), we can prove that if conditions (11), (12) are satisfied, then
Wo (x,y) € C"™ (D) and (13)is satisfied. Theorem 1 is proved.

The problems (8),(9) for ¢ = 1,2,...,n wherefrom the functions Wy, Wy, ..., W,
will be successively determined, and linear. We can write the solutions of these prob-
lems in the obvious form by formula (17). Notice that the functions W; (z,y); i =
1,2,...,n will also vanish for y = x together with their own derivatives.

If in theorem 1 we take m = 2n + 2, then from this theorem in the case of linear
dependence of F'(x,y,U) on U it follows that W; € C2(n—i)+2 (Q); 1 =0,1,...,n.
Hence and from (5) we get W € C?(Q) for each fixed value of € € [0,50]. Conse-
quently the operator L. may operate on the constructed function W.

Thus, we constructed the function W that is an approximate solution of equation
(1) in the sense of (6) and satisfies the boundary conditions:

W|F1 - O, I/I/h-\4 - O- (21)

In order to construct a boundary layer function near the boundary I's, at first
we should write a new decomposition of the operator L3 near this line. Make change
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of variables: ¢y (y) —x = e7, y = y1. Consider the auxiliary function

n+1

=3 ()
j=0

where r; (7,y1) are some functions determined near the line = ¢, (y). Consid-
ering this change, substituting the expressions r in Lcr, expanding the function
F (¢y (y1) — €7, y1,7) and other nonlinear members in power of €, after certain trans-
formations we get a new decomposition of the operator L.r in the coordinates (7, y1)
in the form

are\ 2 0?r, 0?r
— -1 2 0 2 0 0
Lea=e {—lﬁ@oaT(aT) FR ) T i 20|+

n+1

- 0 oro\ ¥ or 0%r; or;
Z Jl_ 2 0 J | _ 52 J 52 J
+ = 3 [ (2k + 1) 61 (yl) or << or ) or ) 62 (y1> 87'2 53 (yl) or +

—|—hj (’r'o, T1y ooy T’jfl)] +0 (€n+2)} . (22)

Here hj, are the known functions dependent on 7,y1,70,71,...,7j—1 and their first
and second derivatives. The functions 8% (y1),63 (y1),03 (y1) are determined by the
following formulae:

5 () = 1+ [h (0], ) = [L+ 05 (0)]", ) =1- ¢ ().
We'll look for a boundary layer type function near the boundary I's in the form
V=Vo(r,y1) +eVi(r,y1) + .. + " Wit (7,11), (23)
as a solution of the equation
Ley(w+V) =Ly W =0 (") (24)

Before we substitute expressions (5), (23) in (24), we should expand each func-
tion W; (pq (y1) —e7,y1) by Taylor formula at the point (¢, (y1) y1) and get a new
expansion in powers of ¢ of the function W in the coordinates (7,¥1). A new expan-
sion of the function W is of the form

n+1
W = Z elw;(T,y1) +0 (5””) , (25)
j=0

where wo (7,y1) = Wo (9 (y1) y1) is independent on 7, the remaining functions wy,
are determined by the formula

1) o'W :
wp = Z ( ) ‘7(@2 (y1)7y1)7_l; k:1,2,,n+1

. ;
1. XT
i+j=k ?



140 Transactions of NAS of Azerbaijan
[M.M.Sabzaliev]

It follows from (22) — (25) that the functions V; contined in the right hand side
of (23) are the solutions of the following equations:

8 (V! &V OV,
B g (0] + 83 G0 + 8 G o (26)
O Mar o (22) L] 21,
or ) (5 i
(27)
oV,
432 ) 27 = H, (r.)

where Hj; 7 = 1,2, ...,n+1 are the known functions dependent on 7, y1, Vo, V1, ..., Vj_1,
wo, w1, ...,w; and their first and second derivatives.

Boundary conditions for equations (26), (27) are obtained from the requirement
that the sum W 4 V should satisfy the boundary condition

(W+V)[p, =0 (28)

Substituting the expressions for W and V' from (5) and (23) , respectively to (28)
and considering also the fact that we look for Vj,j = 0,1,...,n + 1 as a boundary
layer type function, we have

‘/0‘7—:0 =90 (yl) , lim Vo =0, (29)
T—+00
Vili—o =95 (Y1), TETOOVj =0,j=12,...,n+1 (30)

where g; (y1) = =W (@2 (y1) ,41) for i = 0,1, ..., n; gnt1 (y1) = 0.

The following thorem is true.

Theorem 2. For each fized y1 € [a,b], problem (26),(29) has a unique solu-
tion which s differentiable with respect to T and has continuous derivatives up to
(2n + 2) —th order inclusively with respect to yi, and the function Vy (1,y1) and its
derivatives exponentially tend to zero as T — +o0.

Proof. At first we prove uniqueness of the solution of problem (26), (29).

If VO(I) (ty91), 0(2) (7,y2)are two solutions of problem (26),(29), we integrate
by parts and get

+o0 %41 +00 2

v v v v

52 0o _ 0 d 22k+252 / o _ 0 dr <

ey / ( or or T 1 (o) or or 70,
0 0

hence VO(I) (1,y) = V0(2) (1,y) follows.

Passing to the proof of the existence of the solution of problem (26), (29) , we note
that the variable y; plays as a parameter in this problem. Since Wy (¢, (a),a) =
Wo (¢4 (b) ,b) = 0, then for y; = a and y; = b the function Vy = 0 will satisfy
problem (26),(29) . It follows from uniquenes of the solution of the problem that in
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the cases y1 = a and y; = b the solution of problem (26),(29) is predetermined by
an identity zero.
We should prove the existence of the solution of problem (26), (29) for y; € (a,b) .
In a similar way as it was made in [3], we can prove that for each y; € (a,b) the
solution of problem (26),(29) in parametric form has the view:

2k + 107 (1) (Lon o 83 (y1) . |to
= 2k — 2k 4 In|—2, 31
i 5 () a0 3y
2 2
Vo = _5% (yl)tQk—i-l _ 5; (y1) _ (32)
43 (y1) 03 (v1)

Here t is a parameter, o (y1) is a unique real root of the algebraic equation
ot +to + 9o (1) = 0. (33)

Using the obvious form of the solution of Vj, we can prove that the function Vj
is infinitely differentiable with respect to 7 and the estimation

62 (y
< cexp [— 3( )
63 (y1)

IFV,
ork

T],(C>O); kE=0,1,.. (34)

is valid for all y; € [a,b].

Investigate the behavior of Vj (7,y1) with respect to y;. At first, note that as
equation (33) has a unique real root tg (go (y1)) for all y; € [a,b] and the function
go (y1) € C?"*2[a, b], then the function ¢ (go (y1)) also will have continuous deriva-
tives up to (2n + 2) order inclusively. Hence and from (31),(32) the smoothness of
the function Vp (7, y1) with respect y; follows.

Now estimate as 7 — 400 the derivatives with respect to y; of the function

% (7—7 yl) . a
v
The function z = — satisfies the equation in variations that is obtained from

Y1
equation (26) by differentiating with respect to y; :

0 0z 0z
e PGP E TUAP R (39
where
9 o\ |
A(r,y1) = (2k + 1) 67 (11) B + 05 (Y1) (36)

2k+1 2
o (rn) = 5] 5 (52) -~ o) 58 - Bl G2 6D

Obviously, the function z should satisfy the boundary conditions:

m z=0. (38)

li
T——+00

2|—o = 90 (1),
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The solution of problem (35), (38) is of the form

. &
z = /‘1>2 (&1,y1) exp |63 (nn / dé,+
0
+96 (1)} exp | =63 (1 /A €l (39)
0
where -
1
P - | ® ) 4
o (ron) =~ [ (o) de (10)

T

Using (36),(37),(39), (40) and estimation (34), from (39) we can get the fol-
lowing estimations:

oV,
2] = | 52| < (C+ Car)exp (—7) for 63 (y1) =03 (y1), (41)
Vo [ 8% (1) }
z| = |=—| < Csexp |— | +
‘ | ’ayl 3P 53(91)
(42)

2
+Cyexp [ :533 EZIST] for 5:25 (y1) # 5% (y1)

where C1, Cy, C3,Cy are positive constants.

We can establish estimations for the next derivatives of Vj with respect to
and for mixed derivatives in a similar way. Theorem 2 is proved.

Now construct the functions Vi, Vs, ..., V41 that are the solutions of equations
(27) satisfying boundary conditions (30) for j = 1,2,...,n + 1. Equations (27) and
(35) differ only by the right hand sides. Therefore, the functions V1;5 =1,2,...,n+1
will also be determined by formula (39), only changing the functions ®5 (£, 41),
g6 (y1) by another appropriate functions. Using the obvious forms of the right hand
sides of equations (27), we can prove validity of the estimation of the form

ﬁkV (T,91) i+l ) )
7(97,“ By Z C;tt exp (—7) for 65 (y1) = 95 (v1), (43)
0"V; (r,1) - { 53 <yl>]
C )71 ) exp |- +
e (Z P
+ ; i T | eXP _53 (1) or 03 (y1) # 03 (y1) (44)

where k = k1 +ko, ko+2(j — 1) =2n+2;j=1,2,....,n+1; C’i,Ci(l),Ci@) are positive
constants.
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Multiply all the functions by V;;j = 1,2,...,n+ 1 a by smoothing multiplier and
leave previous denotation for obtained new functions. Note that at the expense of
smoothing functions, V' doesn’t violate fulfilment of the first condition from (21),
i.e. the sum W 4 V| in addition to condition (28), satisfies the condition

(W + V), =0. (45)

But the function V' may violate fulfilment of the second condition from (21) for
the sum W + V. In order the condition

W+ V), =0, (46)
be fulfilled, all the functions V; for y = a should vanish, i.e.
Vj‘y:a:O; j=0,1,...n+1. (47)

Obviously, condition (47) is fulfilled for j = 0. Assume that the function
F (z,y,U) satisfies the condition

9" f (93 (a),a)

Gk oy =0; k=ki+ko; k=0,1,....2n+ 1, (48)

in the case of linear dependence of F' on U, the condition

akF (@2 (a’) y @y 0)
Oxk19yk20UF

=0; k=ki+ka+ks; k=0,1,....2n+ 1, (49)

in the case of nonlinear dependence of F' on U. Then condition (47) will be fulfilled
forall j =1,2,....,n+ 1.

Thus, the constructed sum W4V will satisfy the boundary conditions (28), (45) , (46).
But generally speaking, this sum doesn’t satisfy the homogeneous boundary condi-
tion on I'y. Therefore, it is necessary to construct the boundary layer type function

n=1g+en + o+, (50)
near the boundary I's that should satisfy the fulfilment of the boundary condition
W +V +n)l, =0, (51)

Therewith, the equations whence the functions 7;;j = 0,1,...,n+1 are determined,
are obtained from the equality

Leo(W+V +n) = Lo (W+ V) =0(e"M), (52)

where L. 5 is another decomposition of the operator L. near the boundary I's.
Here, change of variables near the boundary I's is conducted by the formula:
r = x,b —y = e£. Expanding each function W; (z,b—¢e€) and V; (7,b—¢e€) by
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Taylor formula at the points (z,b) and (7,b), from (52) we obtain the following

8(87]())2k+1+82770+877():
¢ \ 0§ a¢gr - 0¢ 7

8 87’0 2k+1 B A
ag{[(ag) et T

where Gj;7 = 1,2,...,n + 1 are the known functions.

equations:

Comparison of obtained equations with equations (26) , (27) shows that the con-
struction of the function 7; in the right hand side of (50) will very little differ from
the procedure on finding the functions Vj;j = 0,1,...,n + 1. Therefore, we’ll not
stop on constructions of n;:

Multiply all the functions by 79,7y, ...,m,+1 by the smoothing functions. At
the expense of smoothing multipliers the functions n; vanish on I'y. Therefore, in
addition to condition (51) the sum W + V + 5 satisfies the condition

(W+V +n)|p, =0. (53)

Using the conversion to zero of the functions W; (z,y); ¢ = 0,1,...,n and their
derivatives for x = ¢, (b) ,y = b, we can prove

Milamp iy =0 3 =0,1,on+ 1.

Hence and from (28) it follows that the sum W4V +n satisfies also the boundary
condition
(W+V+n)p, =0, (54)

Assume that the function F (x,y,U) satisfies the condition

0" f (1 (b),D)

kalayk2 =0; k=ki+ko; k=0,1,...,2n 4+ 1, (55)

when the function F' linearly depends on U, the condition

akF (801 (b) 7bv 0)

8xk18yk28U’f3 =0; k=ki+ka+ks; k=0,1,....2n+ 1. (56)

when F' nonlinearly depends on U. Then along with boundary conditions (51), (53) , (54)
the sum W + V + 5 will also satisfy the boundary condition

(W+V +n)p, =0. (57)

Thus, we constructed the sum U = U+V +1 that following (51), (53), (54) , (57)
satisfies the boundary condition
=0. (58)

Summing up (6), (24) , (52) we have that U satisfies the equation

LU =0(e"1). (59)
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Having denoted U — U= z, we get the following asymptotic expansion in small
parameter of the solution of problem (1), (2) :

n ' n+1 . n+1 .
U:ZsZWH—ZéVmLZ»EJnj+z, (60)
=0 i=0 =0

where z is a remainder term.
It follows from (2) and (58) that the remainder term z satisfies the boundary
condition
z|lp =0. (61)
Subtracting (59) from (1), multiplying the both hand sides of the obtained equal-
ity by 2 =U — U and integrating the obtained expressions on domain €2, allowing
for condition (61), after certain transformations we get the estimation

a2\t a2\ 92> 92>
p o= el hd hutad
. //[(m) (o) e [[(52) +(5) [ oo
Q Q
+C // 2drdy < Coe? ), (62)
Q

where C7 > 0,Cy > 0 are the constants independent of e.

Combining the results obtained above, we arrive at the following statement.

Theorem 3. Assume F (z,y,U) € C?"D) (Q x (—00,)), the conditions (3) , (4)
and conditions (10), (48), (55) are fulfilled in the case of linear dependence of F on
U, the conditions (11),(12),(49), (56) in the case of nonlinear dependence of F on
U. Then for generalized solution of problem (1), (2) it is valid asymptotic represen-
tation (60), where the functions W; are determined by the first iteration process,
Vj,n; are the boundary layer type functions near the boundaries I's,I'y that are de-
termined by appropriate iteration processes, z is a remainder term and estimation
(62) is valid for it.

Remark. We can reject from conditions III imposed on ¢; (v), s (y). Then
instead of conditions (10) — (12) for y = x, appropriate conditions for y = = +
¢1 (a) — a should be taken.
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