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THEOREMS ON CONTINUATION OF FUNCTIONS
BELONGING TO W—-SPACES TYPE GENERAL
SPACES

Abstract

It is constructed a W -spaces type generalized space of functions f = f (x) of
points © = (x1;...;%s) € By, ok = (Tk15-; Tk m,) (K=1,2,...,8), determined
in domainG C E, = Ep, X .. X E,_ (1 <s<n=ny+..+n,) satisfying the
Yo— semihorn” condition.

The conditions under which theorems on continuation of functions f = f (x)
beyond the domain G C E, with preservation of appropriate smoothness prop-
erties are found.

1. Construction of W-spaces type functional spaces of functions
1.1. By Q denote a set of all possible vectors i = (i1, ..., 45) with coordinates

ir€{0,1,2,...,n;} (k=1,2,....s). (1.1)

The amount of elements of the set Q) equals

S

Q=TT (1 +m) (1.2)

k=1
Consequently,
n+1)<|Q|<2"(n=n1+ ...+ ns), (1.3)
moreover
|Q=n+1 (in the case s =1),
(1.4)
Q| =2 (in the case s =n).
By means of the set () we determine a collection of the following vectors
ro= (1 earl) (= (2, i) €Q), (1.5)
with coordinate vectors
7"2’“ = (r;’“; 77";"%) (k=1,2,..,9)
moreover ‘
200G =12ng) (F=1,2,..,5). (1.6)

Assume that the collection of vectors (1.5) satisfies the "« - arrangement condi-
tion”, i.e. assume that

el = Suppr;;k O{ir} (k=1,2,..,s) (1.7)

Consequently, 4
7“2’?8 >0(k=1,2,...,8) (1.8)
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for each i = (i1, ...,15) € Q.

1.2. Now, by means of the collection of vectors (1.5) we determine appropriate
collection of ”integer non-negative” vectors

[ri] = (M - [r;'s}) (i = (i1, ...,75) € Q), (1.9)

] = ([rin] s s [risn]) k=129 (1.10)

i.e. such that '
[r’,j.] >0(j=1,2, ..., 1) (1.11)

for all k =1,2,...,s and for each i = (i1, ...,15) € @, moreover [rzkj} is an entire part

of appropriate coordinate T’ij, for j =1,2,...,n, (k=1,2,...,s) from the collection
of vectors (1.5), consequently

0< r,ikj _ {ri;kj} <1 (G=12..,n k=1,2,..,5). (1.12)
Notice that
€k = Supp (Ti’“ - [TZ’“D (i = (i1, ris) € Q) (1.13)

is a set of indices j € {1,2,...,nx}, for which r,i’“ — [r,i’“} > 0, consequently, e’ &

is a set of indices j € {1,2,...,nx} for which rfjj are non integral for appropriate
k=1,2,....,sand i = (i1, ...,15) € Q.

1.3. Let ' ' '
W= (wll’“; ...;w?) (i = (i1,...,15) € Q) (1.14)

be a collection of ”integer non-negative” vectors with coordinate vectors

i _ k. .,k —
Wy = (wl ,...,wkmk) (k=1,2,...,9),

where 4 '
wzfj =1or waj =0 (j=1,2,...,n%)
forall k=1,2,...,s and i = (i1, ...,i5) € Q.
Assume ‘ 4 ' '
sup pwF = ef, = supp (7“2’“ - [ri’“D (1.15)

(k=1,2,...,8),i = (i1,...,15) € Q.
This equality (1.15) means that
1 for Jj€E ei’“k
Wik = | (1.16)
0for je{l,2,...,nk}— ei’fk
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forall k =1,2,...,s and ¢ = (i1, ..., i5) € Q.
Let

A,lw (thj) g Gy ) =g (o +tig, ) — g (s T g, - (1.17)

be a finite difference of first order functions g = g (z) in the direction of variable
xy j, with step t; ; for appropriate j = 1,2,...,n, (k=1,2,...,5).

Then
N 7] _ Al 7]
W) DU () =< [ Ay tteg) p DU F (g, ), (118)

jee*,k

where . .
a[rk'fl] 0 {’“Ifw]

= ) e ...8 e

Tr1 kg

A () DIy () = { T A% (1) ol ol ey o)
kee}
for each i = (i1, ...,15) € Q.
Let domain G C E,, then
A (1;6) DI (@) = 2% (1) DI () (1.20)

if a mixed difference of the function is constructed by the vertices of a polyhedron
wholly belonging to domain G, otherwise, we assume

A“ (t;G) D"l f (2) = 0. (1.21)

1.4. Cite generally accepted denotation

P

1/l = 11l () = / f (@) da
G

for 1 <p < o0,

[flloo.c = 112 ) = vraisup | (z)]

for p = oo.
Give a semi-norm of functions f = f (x) by the equality (for each i = (i1, ...,15) €

Q)

P 1/p
A (@) DI dt
HfHL<ri> A ( ) i (z)k iy (1.22)
P ’(Gf ) r _—{r ] t
B || I TT [t U8

keel jeel G
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for 1 < p < oo where

dt dtr.
T II 11 tk,jj

kegl jeel

o B =1 11 {tes € B}

kegl jeel

therewith A A
g={ke{l,2,.. s}iel, #0}.

In the case p = oo we assume

A (e plMy ()

I, <ris = vraisup . v (1.23)
LS 7 ,(Gss) . e _lptk
teE‘w’| H H |tk7j|rk’] [Tk,j]
kegl jeet e
for each i = (i1, ...,15) € Q.
Definition. The space ,
W =)L (G;s) (1.24)

1€Q
is a closure of the set of sufficiently smooth and finite in E, functions f = f(x)
with respect to

Z HfHLFTi>(G;S) < 007 (125)
i=(11,..,15)EQ

where the sum is taken over all possible vectors i = (i1, ...,15) € Q with coordinates
ir€{0,1,2,...,n,} (k=1,2,...,5).

Notice that the functional space (1.24) is a generalization of the known spaces
Wyt "™ (@) of S.L. Sobolev - S.N. Slabodetskiy in the case s = 1. In the case s = n,
these spaces (1.24) are generalizations of spaces S;W (G) of S.M. Nikolskiy cited in
the papers of S.M. Nikolskiy, P.I.Lizorkin, A.J. Jabrailov and others.

1.5. Let the vector 6 = (d1;...;05) with coordinate vectors 6 = (0,15 .5 Ok,ny)
(k=1,2,..,s) be such that

5/6,]' = +1 or 5743,] =—1 (J - 1727 7nk)

forall k € e, = {1,2,...,s}.
Let the vector ¢ = (01;...;05) with coordinate vectors o = (0% 1;...; 0k n,)

(k=1,2,..,s) be"positive”,i.e. o4 ; >0(j =1,2,...,n;) forallk € e, = {1,2,..., 5}
By Rs(o;h) (see [4]) we denote a "o - semihorn” with a vertex at the origin of

coordinates

< Yk, Ok

) < oFF

y € En;c, < ¢

7j - .
B - i

Ofgéi?k (J=1,2,..,nk; k=1,2,...,9)
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Then it is obvious that
x+ Rs (o3 h) (1.26)

is a "o - semihorn” with a vertex at the point = € F,,.
Definition. A subdomain Q C G is said to be a subdomain satisfying the "o-

semihorn” condition, if
x4+ Rs(o;h) CG

for all x € E,, (see [4]).
Definition. A subdomain 2 C G is said to be a domain satisfying the "o -
semihorn”condition if there exists a finite collection of subdomains

Q1,0,...,0y C G, (1.27)

P

satisfying the condition of appropriate "o - semihorns” covering the domain G, i.e.

such that
N
U =c¢. (1.28)
pn=1

Definition. A domain Q0 C G satisfying the "o - semihorn” condition is said
to be a domain satisfying the condition of “strong o - semihorn”, if alongside with
condition (1.27) it holds the condition

N
Uu.=¢ (1.29)
pn=1

for some € > 0 where
Qu,s = {y € Qu;p(y; G/Qu) > 5}

is a set of all possible points y € Q, lagging from G/Q,, at a distance more than e.

2. Basic results. The basic results of the paper are given in the form of
theorems.
Theorem 1. Let

fe [ Ly (G, (2.1)
i=(i1,...,is)€EQ

where 1 < p < oo. It is assumed in (2.1) that
1)the collection of vectors

rt = (r?; ...;7“25) (i = (i1,...,15) € Q) (2.2)

are ” x - arranged 7, i.e. the coordinate vectors

rfj = (r,i’“; 77“2’“%) (k=1,2,...,9),
for each i = (i1, ...,is) € Q are subjected to the conditions

supprz’“ D {ix} (k=1,2,...,5s). (2.3)
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2) domain G C E,, satisfies the "o - semihorn” condition.
Let the given ”integer non-negative” vector v = (v1;...; vs) with coordinate vec-
tors

v = Vk15 V) (BE=1,2,..,5),

)

satisfy the ” % - agreement ” condition with vectors of the collection (2.2) for each
i = (i1,...,15) € @ in the form

vy 2 1h; (7 =1,2,..,nk) (case i, = 0),
Vk,j > Tlic]fj (] 7é zk) (24)

‘ ,  (case i #0)
Vi < T'Izckzk (J = ix)

for all K =1,2,...,s. Moreover, let

; 1 1

(k=1,2,..,5). (2.5)

for each i = (i1, ...,is) € Q where
lok| =01+ ...+ 0k, 1 <p < g < o0,

ng
(Vg, o)) = Z Vi ok (k=1,2,..,5).
j=1

Then there exists a generalized derivative
D'f e Ly (G;s), (2.6)
and it is constructed a function f, = f,, (x) determined on E,, such that
fole =DV f, (2.7)
and the integral inequalitics
s
1l S ¢ D (H hf’”k) 1ol s> gy (2.8)
i=(i1,.-,i5)€Q \k=1
are valid, where c is a constant independent of the function f = f (x) and the vector

h = (h1,...,hs).
Theorem 2. Under conditions of theorem 1, let a "non-negative vector”

p= (P13 Ps) s (2.9)

with coordinate vectors

Pr = (Pk,l? "'?pk,nk) (k=1,2,..,9),
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be such that
(pk70k) < Ok, iy, (k =12,., S) (210)

for each i = (i1, ...,i5) € Q (see. (2.5)).

Then, assuming that domain G C FE, satisfies the ”strong condition of o -
semihorn”, we can construct the function f, = f, () determined on the E,, such
that

folg =D, (2.11)

moreover, the integral inequalities

: Rk,i —(Pr:0k)
HfV||Lq<p>(En;s) <c Z H hkk &~ (Pr:Ok ||quL§p>(G;s)’ (2.12)

i=(i1,...,1s)€EQ k=1

are valid, where C'is a constant independent of the function f = f (x) and the vector
h = (hi,...,hs).

The proof of basic results cited in the theorems are proved by the integral rep-
resentations method worked out by the academician S.L. Sobolev, new integral rep-
resentations of the functions f = f (x) given in the monograph [4] of A.J. Jabrailov
are used. The function f = f () may be assumed to be sufficiently smooth, conse-
quently integral representations of this function is written in the form

D'f(x)=> Aisf(x (2.13)
1€Q

where integral operators

Aisf (z) =C H hy, 0 | x

ke€es/et

x/h 1+aw /dz/ Aw ]f(ery} O, 5 () dy. (2.14)
ok

e Bl En
Here, in (2.14)
ago = |og| + (vi, 0k) (case i = 0)
iy = okl + (Vs %) — [’”JZJZJ ki + Ok (case ip = 0)

forallk=1,2,..,s
A collection of auxiliary functions f, , = f, . (x) coinciding on , . + R, (o; h)
with the function D” f (x) is determined by the equality

fop(@)=> Asf( (2.15)
1€EQ

moreover, the integral operators standing in the right hand side of equality (2.15)
are of the form:

dipes@=c( IT / I

kees /el kEel
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/ dz/ (2;Que + Rsn) D [ri]f(x+y)} ;51 (-) dy (2.16)
Plai - Fn

forall u=1,2,...,N.
We construct the desired function f, = f, (z) by the equality

Z”u ) fou (x (2.17)

n (2.17), the collection of functions

N, =1, () (p=12,..,N)
determines a unit expansion, in domain G C E,, in covering
{Que} (k=1,2,...,N).
By means of reasonings cited in [5], [6], we see that
‘|fV7NHLq<p>(En;3) S C (n) Z HfHLETi>(Q#,€+R(;/L;S) (218)
i€eQ

Then it is obvious that

[l = € M s i S €M
8 =14i€Q 1€Q

that proves the results of theorem 2, and theorem 1 is proved by the similar but
more simple reasonings.
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