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ON ASYMPTOTIC ESTIMATION OF
APPROXIMATION OF FUNCTIONS BY GENERAL
MELLIN TYPE SINGULAR INTEGRALS

Abstract

In 1972 Kolbe and Nessel used the Mellin transformation method and deter-
mined the classes of saturation of a Mellin type singular integral in metric of
the space LP (0,00), (p > 1). Futher, R. G. Mamedov and his followers studied
the classes and orders of saturation of Mellin convolution type m-singular in-
tegrals [6]. The present paper is devoted to investigation of asymptotic order of
approximation of a family of general integral operators to the functions whose
differential properties are characterized by M-derivatives. Furthermore, it is
shown construction of new linear aggregates on the basis of the given linear op-
erators of Mellin convolution type that represent a higher order of approximation
of function.

Notice that the obtained results contain appropriate results of Kolbe, Nessel
and R.G. Mamedov as special cases.

Asymptotic equalities for approximation of functions by linear positive operators
were obtained in many papers [1,2,3,4,5] and others.

Let f (r) be a real function determined and measurable on RT = (0, +00). As-
sume [2,6]

00 1/p
<f|f(r)|pcﬁ> for 1<p<oo
0
[l zerry =

ess sup |f(r)] for p=o0
0<r<oo

By LP (R*) we denote a space of functions f (r) for which ||f|| Lr(r+) is finite.
Let C'(R™) be a space of bounded and continuous on R functions f (r) for which
[6]

11)1_{% 1f (rp) = f (")llerey =0,
with the norm

up |f(r)].

S
<r<oo

Il =,

In the sequel, under X (R") we’ll understand the space LP (R') (1 < p < oo) or
C (R") and

L (RY) = { f € L(RY) /f(r)‘f:1 ,
0

L** (RT) =< f/f(r)>0on R* and/f(r)cir—l ,
0
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Lo (RT) ={feL®(R")[f(r)=f()}.
Let f € X (R") and K, (r) € L*! (R"), then the expression

TN
M= [ S r dp

I=1
is said to be a general N-singular integral of Mellin type [8], where A changes on

N
some totally disconnected set D,)\o is a limit point of this set and > a;(A) = 1
=1

N
for each A € D, > |a;(N)| < C < 400, where C is independent of A, b; (A) >
=1

0 (l =1-N;\e D) and sup {b; (\)} = b < +00, moreover for natural n
LA

>q > 0.

N
Zal (A" (A)
=1

Notice that for K (p) = AK (p*), (1) is said to be a general Mellin type N-
singular integral with Fejer type kernel [8] and is denoted by

BN (f:r _/\/ [Zal ( bl(A))]K<p>‘>Ci)p (2)

In the case when

0, >N
I,1<I<N
b (V) {O >N

from (1) and (2) we get

o0 -N -
INT (p.y e[ N T dp
(f,T)_{_lZ;( 1)! 1( z )f(pl> K (p) o (3)

o0

M(fir) = )\/ i(—l)“ ( ]ZV ) f (pl> K (") dj (4)
=1 _

o Li=

(3) is called Mellin’s N -singular integral, (4) is said to be Mellin’s N singular integral
with Fejer type kernel [6,10].
Introduce the denotation

(A;mf)M (r) = (A?f)M (r) + (A?—lf)M (r) (5)
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where
(B7£) 3 () = D (-1 ( " ) (%)
=0
is Mellin’s m-th finite difference of the function f at the point r [6].
The expression EW f (r) = —rdfd—(:) is called M-derivative of the function f at
the point r [6].
Let
f(r) for 1 =0,
EVf (r) =
EM (E(l_l)f) (r) for 1>1.

EWOf (r) is called l-order M derivative of the function f at the point 7 [6].
Definition. 1) Let the function f (r) be determined in the vicinity of the point
ro. If there exists the limit
A T
lim—( p f)M( 0),
p—1 2 lnm P
then it is called Riemann’s general M -derivative of order m of the function f (r) at
the point ro and is denoted by E1™ f (rg).
2) If for the function f € X (RT) there exists a function g € X (R") such that
it holds the equality

p—1
X(R1)

then g (r) is said to be Riemann’s strong general M -derivative of order m of the
function f in the space X (R1) and is denoted by E}{(T?I]%ﬂf (r).

The present paper studies asymptotic order of approximation of a family of inte-
gral operators (1)-(4) to the functions whose differential properties are characterized
by M-derivatives.

Theorem 1. Let f € L™ (R") have 2n-th a order finite M -derivative EC™ f (r)

[e.e]

at the point r = rg, Ky (p) € L* (RT) and T[>\2n+a] = [In*"" oKy (p) % < +o0.
1

Then if the condition

lim (7773 =0 (6)

is fulfilled for one value of o > 0, then it holds the relation

)\h_{l)} N 1 {A[)\N] (f;ro)—f(ro)—Qg:al (\) x
S )
=1
n—1 b2k ()\) (2K B ) )
< 0} = G )
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Proof. Since

. w=2 g6 ¢
(i) = Fo+ £ L ot s

=1

E®) b (\) In
f (7"0) "(;g;'( 1 ( ) p) bl2n ()\) 1n2np
and 2n—2 k (k)
f (Topblo\)) (7“0) + Z ( ) Ek / (TO) béc ()\) In® o+
(2n) no
(BB o) +aa (W) 43 on (®)

(2n)!
then we have
(2k)

f ( ) ) + £ (rop V) =27 (ro) + 23 E@k)()b%k (N % o+

k=1

ar (by(A) Inp) + ag (b (A) Inp~?)

+ 2n)!

b (AN In*p (1=1,N)

n ~1ER) £ (y %
AN (i) = £ o) =28 S0 s E E bt o) [ e
R T 1
a1 (b (A) Inp) + as (bl (M) In p_l) y2n
(2n)! !
where ay (b (A)Inp); az (b (A\)Inp~!) tends to zero as p — 1+ uniformly with
respect to [ and A for some constant Mi; |oq (b (A)Inp) 4+ az (b (\)Inp™)| <
My (p S R)
Consequently, by (1) we find

N n (2"3)
AE\N] (f;r) = f(ro) —2 {lzlal (A) - kZiE 26)! } /K/\

N p (1=TN).

(X . ECOf (o) [ o dp
=2 {l;al (\) b7 ()\)} (%)!OZW p- Ky (p) o + Ry, (9)

where -
N 0 l
Ry = l;al ()\)Z |:f <pbl( > + f (ropb (/\)) _

n1ECR) f (1g) B2k

—2f(7"o)—k:1 o)) z()\)lﬂ%P] Kx(p)ci)p

Hence we have )

2 Sami )

X
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n— (2k) r
AR i) 5 00) — 25 ) 5 BT | =
=1 k=1 (2]{7)
- <2i>!E(2”>f (ro) + = (10)

[ﬁal () b2 <A>} 2]
=1

Considering (6), passing to limit as A — Ao , by

Ry=0 { Léal (A) b2 ()\)} T[f”]} . A=A

we complete the proof of the theorem.
Corollary. Let f € L™ (R") have a finite M - derivative of 2n-th order E?™ f (r)
at the point r =1y, Ky (p) € L*3 (RT). Then it holds the relation

2n N
lim A [BLN] (Fir0) = (r0) = ()

n=1p2k ()) 72K 2
L p(2k) - (2n)
S A T O] ()| = s B (o). (11)
i particular,
' )\211 n—1
jp— 2l (o) = £ 00) ~ 2 8 ) x
Ty (1) < ];f ) [2n =
=1

L2k B2R) £ ().
« (j:ZNI (1) ( n ) l%> N : <2zf>$ 01 - (2i>!E(2n)f o

where 712" < 400 and 2N <n.

Theorem 2. Let f(r) € L (R") and K\ (p) € L*3 (RT) satisfy the condition

: [N+a] ; [N]| _
s [P o o

oo
even if for one value of a > 0, where TE\NJFO‘} = [T pK, (p) d—pp < +oo. It there
1

exists Riemann’s general finite M -derwative EWN} f (r) at the point r = rq, then the
asymptotic equality

T (fi70) = £ (ro) = ()N BN £ () 70 40 (1Y) (14)

s true as A — Ag
Proof. Since

5V} [TA[N} (f570) = f (ro)| = (=D)N*T EANVI £ () =

T
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1+6 00
. N+1 A*Nf ( )
— {N}
[N] (/ /) 2" — BV f(ro)| x
1 146
d
x InpK) (p) ?p =Li+ Lo (15)

for any, then from 6 > 0,
(A;Nf)M (ro) = 21n® pEWNf (ro)+0 (lnN p)

as p — 140 it follows
Ly =0(1) (16)
for A — .
Furthermore, for all § > 0

L] < 2{ (2% = 1) 1 ey + 1 (o)l 0™ (1+8) + [ BV £ (1)}

Therefore, by (13) we find
Ly =0(1) (17)

as A — Ag.
(14) follows from (15), (16) and (17) . The theorem is proved.

Corollary. Let f(r) € L> (R") and TE\N] = [In" pK (p) % < 400 (N >0).
1

If Riemann’s general finite M -derivative EXNYf (rg) is at the point r = rq, then the

asymptotic equality

()M EWIF () . (18)

_
=
| —
A
>
—~~
Th
=
(=)
N—
~~
—
3
(e}
N—
| I
I

18 true.
Theorem 3. a) Let f(r) € LY (RT) (1 <p < o) and Ky (p) € L(RT), then

N
|42 5], ey < €1ty 1K D (19)

where C' is some positive constant.

b) Let f(r)e X (R'), K\ (p) € L** (R") and

146 oo
Algglo(/+/)m<p> o _

0 1+

for any 6 € (0,1), then

- rw|, =0 (20)

A— Ao X(R+)
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Theorem 4. Let f(r) € X (R'), K\ (p) € L** (R") and satisfy condition (13)
of theorem 2. If the function f(r) has Riemann’s strong general M -derivative of
order N in the space X (R"), then

— BN () = F )| = ()M B £ ()

i —0. (21

X(Rt)

Corollary. Let f(r) € X (R") and Ky (p) € L*(R). If the function has
Riemann’s strong general M -derivative of order N in the space X (RT), then

A
Jm | [#0 (i) = £ 0] = M B
A

= 0. (22)
X(R+)

Notice that some conditions in the formulated theorems may be weakened.
Let K (p) satisfy the conditions:
1°0 Ky (p) = Kx (p7') on R

0 i dp __
0
3%, For K, (p) there exists a non-negative majorant K (p), |Kx (p)| < K3 (p)
and K} (p) € L(R™).

Assume
x

A = [ o3 () L.
1
Theorem 5. Let f € L®(R") have a finite M-derivative of 2n-th order
ECM) £ (1) at the point r = ro and the function K (p) satisfy the conditions 1°—3°.
If
iy 15708 = 2
A— Ao
even if for one a > 0, relations (6) hold, where 7'[)\2"] #£0 and T;[znﬂl] < +o00.
Theorem 6. Let f € L (R") have Riemann’s general finite M-derivative of
N-th order EXNYf (r) at the point r = ry. If

. * N+« N
lig [RYY] =0 =

even if for one value of o > 0, it holds relation (14), where T[)\N} £ 0 and T:[N+a] <

+00.

Theorem 7. Let f(r) have Riemann’s strong general M -derivative of order
N in the space X (RT) and the function K (p) satisfy conditions 1° — 3°. Then
condition (24) holds and relation (21) is true.

Finally notice that the obtained theorems are applicable to operators (1) ((2)-
(4)) generated by Mellin type Picard kernels, Mellin type Gauss-Weierstrass kernels,
Mellin type Jacksoin’s kernels and others.
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