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ON BASICITY OF PERTURBED SYSTEM OF
EXPONENTS IN LEBESGUE SPACES WITH
VARIABLE SUMMABILITY INDEX

Abstract

In this paper basis properties of some system of exponents in generalized
Lebesque spaces L,(x) are investigated.

Recently interest to studying of the various questions connected with Lebesgue
spaces with variable summability index has increased [1-3].

The monographs of Sharapudinov, Bilalov, Guseynov [4-6] are devoted to ques-
tions of basicity of a classical system of exponents, and also studying basis properties
of exponential system of the following type in generalized Lebesgue spaces Ly(x):

{ei(n—i-a-signn)a: }nEZ .

Investigation of basis properties of the following system of cosines and sines
{cos[\/nz—l—a'x}} U{sin[\/n2+a-x]} , (1)

n>0
where a € C'is a complex parameter, in connection with the application to a specific
problem of mechanics in different functional spaces is of special interest. The neces-
sary and sufficient condition to parameter «, when this system forms Riesz basis in
L,(—m+ 6,7+ ), where 6 € R is a real parameter, was found by Yu.A.Kazmin [6].
In the offered work we consider the following generalization of system (1):

n>0

1U {eztz' m\/Pm(n)m}neN (2)
in L,(x) spaces, where Py, (n) is an m-degree polynomial
P (n)=am -n"+ ...+ ao, am # 0,am; >0,

with complex a; € C,i = 0,m — 1 coefficients. %/z means the branch for which
V1=1.

We’ll always assume that the following condition holds:
P (n) #0,Yn € N P, (k) # Pp(l),k # 1. (3)

It should be noted that basis properties of system (2) in L, have been earlier
studied in [7].

1. Necessary concepts and facts. We will consider the Lebesgue measure
on R. Denote by meas{2 the measure of {2 C R. Let’s mention some facts.
Thus, let 2 C R be a measurable subset and meas{) > 0.

E = {u: Imeasu € Q}.
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Let p € E. Always assume that u € F and ¢(z, s) = sP@) Y e Qs> 0,

p(1) = pyioy (1) = / (e, [ul)dz = / () P dz,
Q

Q
Ly (Q)={uek: )\EH-}—O p(Au) =0, Lg(x)((l) ={ue E:plu) < oo,
L;(x)(Q) ={u€ E:YA>0,p(A\u) < oo}, LEQ) ={uec L(Q): essigfu > 1}
From properties of the function p(x, s) it follows that

Ly)(Q) ={u € E:3X>0,p(\u) < oo}.

Theorem 1. The following two conditions are equivalent:

1) p € LL(Q);

2) Ly () = Ly ().

Henceforth let’s consider a case when p € L1 (Q), iie. 1 < p~ < pT < 400,

where p~ = ess inf p(z),p" = esssup p(x).
€ zeQ
For simplicity we will write

Ep = Ly@)(2) = L),y (2) = Ly, (),

and call Ly, (2) a generalized Lebesgue space.
Norm |[ul|z, ., () in E, (denote it by [lul|,) is defined as follows:

. U
lullp = inf{A >0 p(3) <1},

and (E,, ||u||,) forms a Banach space.

Let ¢, (z,s) = ﬁ - sP(*) Then

o) = [ oyl ulo) )z,
Q
. u
[ullp, = inf{A>0: pp(x) <1
[ullp, is an equivalent norm on Ly,(,)(€2).
Then, the conjugate function for ¢, will be the function

(P;;(x75) = q(z) : )
1

where ¢(x) is a conjugate to p(z) function in the sense @ T ﬁ =1.
Obviously, (go;’;)* =, and q7, q" are conjugated to p—,p™", respectively.
Then

“(v) = L-v:vq(“”‘)ac: “(x, |v(x)])dx;
ph(o) Q/q(x)|<>| d Q/sop<,|<>|>d7

E, = {ve E: /\liglropp()\v) = 0}.
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We have:

B, = Lyw(®) = Ly = (v € B: [ [o(a) "z < oo).

Q
The following theorem is true.
Theorem 2. (L,;)(2))" = Ly)(2), i.e.
1) Yv € Ly(5)(2) function f defined as
f0 = [ ulw)ola)de Vu € Ly () (4

Q

is a linear continuous functional on Ly, ;) (Q);

2) For any linear continuous functional f on Ly () there erists a unique
element v € Ly(5)(Q2) such that f is defined exactly by the formula (4).

Theorem 3. Let u € E,, then:

1) llully < 1= 15> 1) & plu) < 1= ;> 1);

) - +

2) if lull, > 1, then H’ullﬁ+ < p(u) < fullp

3) if |lullp < 1, then [lully < p(u) < |lull; .

Under the class H"™ we‘ll understand a class of measurable on [—m, 7] functions
f(x) for which the inequality

N |

A
|f(z1) — f(z2)| < In—1_ |1 — 2| <

|1 —2]

18 fulfilled. A is a constant dependent only on f.

Theorem 4. Let 1 < p~ < p" < +oo. Then C%[—m, 7] is dense in L
particular, Cl—m, 7] is dense in Lyy).

In sequel, we‘ll need the following fact

Theorem 5. (Paley-Wiener). Let {x,}°2 forms a basis in Banach space X
with norm || - || and {x}}5°, C X* corresponding biorthogonal system. If 30 € [0, 1)
s such that for Va € X the inequality

1D (2 = yo)ay (@) < O]

holds for any finite sum Y, then the system {yn}>>, C X forms a basis in X
n

isomorphic to {x,}02 .

Let‘s prove the following lemma.

Lemma 1. Let the sequence {xy}nen forms a basis in some Banach space B.

Then, if M = card{n : x, # yn} < 400, where {y,} is some sequence, the
following statements are equivalent:

1) {yn}nen forms basis in B isomorphic to {xy}nen;

2) the system {yn tnen is complete in B;

3) the system {yn}nen is minimal in B;

4) {yntnen is w-linear independent in B.

Proof. Actually, consider the following operator:

Tx = Z T () (Yn — Tn).

neM
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It is clear that operator T is finite-dimensional and continuous, 7' : B — B.
Consequently, T" is a completely continuous operator. Therefore the operator
F =1+4T is a Fredholm operator, where I is a unit operator.
It‘s easy to see that
Fx, =y,,Vn € N.

If at least one condition from conditions 1-4 of lemma, 1 is fulfilled, then it follows
that the operator F' is invertible and as a result system {y, }nen forms basis in B
isomorphic to {zy tnen.

Lemma is proved.

2. Basic result. Consider system (2).
Without losing generality, we will assume that a,, = 1.
Let ap, =0,k =110, #0,1 <1 <m.

Then 1
P, m - -
[(Z)] =14 amy-n l+-.-+00'n m)l/m:
= (1+0(n™)Y™ =1+ 0(n™).
%/ Pn(n) =n[l + O(n™")],n € N.
Consequently,

Y Prn(n) =n[l+am_-nt+ 0N, n — o,

ie.
R/ Pn(n) =n+ apm_y-n'" +Q(n_l), n — o0o.
We investigate a case, when [ > 1, i.e. a;,,—1 = 0.
In this case ¥/Pyn(n) =n —1—2(%) = \,. Denote §,, = \,, — n.
It's obvious that |0,| < ¢- 1, where c is a constant.
Let’s estimate the following expression:

IAnT inz| _ | inx( i(An—n)z _ i An—n)z _ - (Zén)k k
e — ™| = e (e —1=le 1= TS
k=1

k=1 ’ k=1 ’ k=1

Denote by e, (z) = e** N/ Pu(n)a jf In| > ng and e, (z) = ™ if
kE=0;=%1;...;%£(ng — 1)
Then

len(z) — ™[l < . (5)

Let p: 1 < p < min{p~;2} be an arbitrary number. From the formula (5) it
directly follows that

> llen() — €™ |Jf < +oo.

n
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Let Vf € Ly(,). It's clear that f € L;,. Consider the following expression

> (enl) = ™) fa, (6)

n

where { f,}nez are the Fourier coefficients of the function f by the system {e®},,c.
Estimating (6) we have:

1S (ent@) = ™) fully < 3 llenla) = |, - [ful <

< Q0 lea(@) =™ )P (Y |l

From the Hausdorff-Young theorem we have:
1
O 1M < ml|flp,
n
where m is a constant dependent only on p. Thus,

I3 (ente) =€)l < (2 len(z) = I 111

From embedding L) C L, it follows that there exists a constant ¢ > 0:

1Fllp < el fll,-
Thus, for the expression (6) we have:
| Z en(@) — ™) fullp < em Z lew (@) = €™ 2)P - 11 £ - (7)

From the formula (7) it directly follows that (e, (z) — ™) f,, is some function

from Ly ,), since Ly, ) is a Banach space.
It‘s obvious that Ing € N:

; 1
Z ”en(fL') — ezanI; < (cm)p'

n>ng

Let’s introduce the function €,(z) = e,(x) if [n| > ng and €,(z) = &"* if
In| < no.
Define the operator T' in the following way:

Tf Z en ma: fm

where {f,}nez are the coefficients defined earlier.
It‘s clear that the operator T is correctly defined. Moreover, from estimate (7)
it directly follows that

ITFllp < Sl F 1
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where § = cm(3 ||én(x) — €™|5)1/P < 1, whence it follows that ||T|| < 1.

n
As a result, the operator (I + T) is invertible in L), where I is an identity
operator.
It‘s easy to see that

(I +1)[e™] = en(x).

Hence, the system {e,(z)};;2>° o, forms a basis in L, ) space.

To prove the basicity of the system {e,(z)}./>° ., owing to lemma 1, it suffices
to show completeness or minimality of this system in Ly, ,).

From the results of monograph [7] it follows that the system {e,(x)} is complete
in L,(—m,7),¥p:1 < p < +o0, and, in particular, in L, (-7, 7).

From the continuous embedding L+ C Ly, and density of C§°(—m,7) in Ly,
we have the density of L,+ in Ly ,).

From the last statement it follows that the system {e,(x)} is complete in L)

Theorem. Let p~ > 1,p € H"™ a,, = 1,am_1 = 0 and condition (3) hold.
Then system (2) forms a basis in generalized Lebesgue space Ly, (—m,m),Yay € C,
k=2m—2.
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