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ON CONGRUENCE SCHEMES AND COMPATIBLE
RELATIONS OF ALGEBRAS

Abstract

By using congruence schemes we present a new characterization of algebras
with modular congruence lattices. Then we prove new properties of compatible
reflezive relations for k-majority algebras (in other terminology, for algebras
having k-ary near unanimity operation among its term operations, k > 3).
For algebras in congruence n-permutable varieties we show that every binary
(n — 1)-pretransitive compatible relation is symmetric. Then we obtain some
consequences for some special types of relations.

Congruence scheme is a very important idea in the study of congruence lattices of
algebras (see [1] — [5]); in particular in [6] we find some properties of varieties with a
finite number of congruence schemes and relationships with first order definable prin-
cipal congruences. In the present paper by using congruence schemes we formulate
new characterization of congruence modular algebras and find some new properties
of k-majority algebras, in other terminology, algebras having a k-ary near unanimity
term operation. Then we show that every binary compatible (n — 1)-pretrasiitive
relation defined in an algebra belonging to a congruence n-permutable variety is
symmetric. As a corollary we obtain that every compatible reflexive relation in an
algebra from permutable variety is a tolerance relation. The next corollary is related
with a quasiorder relation. Then we introduce so-called right #-bound for relation 6
and a pair (a,b) and we establish a property of algebras having all right -bounds.

1. Congruence modularity. Let Con A denote the congruence lattice of
an algebra A = (A, F') . It is well-known that Con A is a complete algebraic lattice
with 0 = A (the diagonal relation) and 1 = V (the total relation), see [7]. If for all
0,p,1 € Con A, with < ¢, oN (0 V) =0V (pN1) then Con A is called modular.
Recall that a lattice is nonmodular iff it contains “pentagon” N5 as a sublattice.

SCHEME-MOD
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Theorem 1. The congruence lattice Con A of an algebra A = (A, F) is modular
if and only if for each 6, ¢, € Con A with Ny < 0 < ¢ and every a,b € A and for
all sequences of elements c1,...,c,. € A, k > 1the following SCHEME-MOD holds:

Proof. (=) Suppose that Con A is modular and for 6, p,¢ € Con A, we have

eNY <0 <¢& (a,b) € v & abcipcabcs...cr—10ckb.

Then, by modularity (a,b) € N (@ V) =0V (pN1) =0, so (a,b) €0, as required.

(«=) Conversely, assume that an algebra A satisfies SCHEME-MOD, but Con A
is not modular. Then, as it noted above, C'on A contains a sublattice isomorphic to
“pentagon” Nj :

Obviously here ¢ N1y < 0 < . Take any (a,b) € ¢. Then (a,b) € V1) and con-
sequently there exist ¢y, ...,cx € A such that (a,c1) € 0, (¢1,¢2) € ¥, (ca,c3) €0, ...
.oty (¢, b) € Y. Applying SCHEME-MOD we get (a,b) € 0, implying ¢ < 0, —— a
contradiction. Thus Con A must be a modular lattice.

2%, On k-majority algebras. A term function m (z1,...,x;) of an algebra
A = (A F) is called a k-majority term (or sometimes, k-ary near unanimity term;
see [8], p.34) if m (y,z,z,..,x) = m(z,y,x,2,....,2) = ... = m(x,..,z,y) = x holds
for all z,y € A. Clearly, 3-majority term is exactly the majority term. Algebras
with a k-majority term are called k-majority algebras. We mention that various
characterizations of majority algebras is given in [5].

Let us consider the following conditions.

(a) A is a 4-majority algebra with a term function m (x1, ..., x4),

(b) A is a 5-majority algebra with a term function m (x1, ..., z5),

(c) For every a,b,c,e € A and any compatible reflexive relations «, 3,d,v on A
the following SCHEME-4 is satisfied:

(d) For every a, b, c,e,d € Aand any compatible reflexive relations «, 3, 4,7, p on
A the following SCHEME-5 is satisfied:
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(e) Any compatible reflexive binary relations «, 3,9,7 C A x A satisfy
an(Bodoy)C(and)o(aodNdoa)o(any);
(f) Any compatible reflexive binary relations a, 3, 9,7, p C A x A satisfy
an(Bodoyop)C(and)o(doyoandoaoyNaodoy)o(anp).

Proposition 2. Let A be an algebra. Then the following assertions hold:

(i)(a)—(c)—(e), and(ii)(b)—(d)—(f).

Proof. (i).(a)—(c). Suppose (a,b) € a, (a,c) € 3, (c,e) € § and (e,b) € 7,
where a,b,c,e € A and «,3,0,7v € A x A are compatible reflexive relations of
A. Take di := m(a,a,c,b) and ds := m(a,b,e,b). Then we obtain: (a,d;) =
(m(a,a,a,b),m(a,a,c b)) € fand (a,d;) = (m(a,a,c,a), m(a,a,c,b)) € a.

So, (a,dy) € an (. Similarly, we get: (da,b) = (m(a,b,e,b), m(b,b,e,b)) € «
and (dg2,b) = (m (a,b,e,b), m(a,b,b,b)) € ~.

So, (da,b) € an~. It is also clear that (di,c) = (m(a,a,c,b), m(c,c,c,b)) € B,
(e,dy) = (m(a,e,e,e), m(a,b,e b)) €,

dy =m(a,a,c,b)6 m(a,a,e,b)a m(a,b,e,b) =do

and dy =m(a,a,c,b)a m(a,b,e,b)d m(a,b,e,b) =dy. So, (d1,d2) € doaNaod.
(c)—(e). Take (a,b) € an(Bodory). Then there are c¢,e € A with (a,c) € 3,
(c,e) € § and (e,b) € 7. As (a,b) € «a, by applying SCHEME-4 we obtain (a,b) €
(anpB)o(doanNaod)o(an-y). Hence the inclusion in (e) is proved.
(73).(b) — (d). Let (a,b) € o, (a,c) € B, (c,e) € 6, (e,d) € v, and (d,b) € p;
herea, b,c,e,d € A and o, 3,0,7v,p C A x A are compatible reflexive relations. Take

dy :=m(a,a,a,c,b)

and
dy :=m(a,b,b,e,b).

Then we have:

(a,dy) = (m(a,a,a,a,b), m(a,a,a,c,b))€pf
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and

(avdl) = (m (CL,(I,G,C, a)a m(avaa a, c, bv)) € a.

Thus (a,d;) € anN B. Then we obtain:
(d2,b) = (m(a,b,b,d,b), m(a,b,b,b,b)) € p

and
(d27b) = (m ((176, ba d7 b)a m(bu b7 b7 da ba)) € a.

So, (dab) € aN p. Similarly, it is clear that
(d1,c) = (m(a,a,a,c,b), m(c,c e e b)) €S,

(d7d2) - (m (a, d,d,d, d)v m(a7 b,b,d, b7)> € p.
di =m(a,a,a,c,b)d m(a,a,a,e,b)y m(a,a,a,d,b)ama,bb,db)=ds,
dy = m(a,a,a,c,b)d m(a,a,a,e,b)a m(a,b,b,eb)ym(a,bb,db)=ds

and
dy =m(a,a,a,c,b)a m(a,b,b,c,b)é m(a,b,b,e b)y m(a,b,b,d,b)=ds.

So, (d1,d2) € doaoyNdoyoaNaodonr.
The proof of implication (d)—(f) is similar to that of (c)—(e) and is omitted.

3%, On compatible relations. Recall that Hagemann and Mitschke proved
that a variety V is n-permutable (n > 2) if and only if there are ternary terms
P1, ..., Pn—1 Such that V satisfies the identities
(%) {x—pl(x,z,z), pn(2,1,2) = 2

pi (z,x,2) = piy1 (z, 2, 2) Vi.

Well-known permutability is just 2-permutability (it implies congruence modu-
larity) and n-permutability implies (n 4 1)-permutability, of course.

Definition 3. Let 6 be any binary relation which is compatible with the all
operations of an algebra A = (A, F). If the relation " =0 ofo...00 (n times) is
contained in 0, 0™ C 0, then we will say that 0 is n-pretransitive relation of A. Of
course, every relation is 1-pretransitive.

Theorem 4. If A is an algebra in a some n-permutable variety then every
(n — 1)-pretransitive relation of A is a symmetric relation.

Proof. Let (a,b) € 6 and 6 is an (n — 1)-pretransitive (compatible) relation
of A. Assume that there exist (6-preserving) terms py,...,p,—1 on A satisfying the
identities (*) above for n-permutability. We must show that (b,a) € 6. Indeed, by
(*) we have:

b=pn-1(a,a,b)8 pp_1(a,b,b) =pn_2(a,a,b)d p,—2(a,b,b)=..

. =pa(a,a,b)0 ps(a,b,b) =p1(a,a,b)l p(a,b,b) =a.
As 0™ C 60, we have (b,a) € 0, as required.
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Corollary 5. (see [11]). If A is an algebra in a permutable variety then every
compatible relation of A is a symmetric relation. In particular, every compatible
reflexive relation of A is a tolerance relation.

Recall that I. Chajda [10] proved for a variety V : V is congruence permutable iff
V is tolerance trivial (i.e. for each algebra A € V, Tol(A) = Con(A)). Consequently
the next corollary is true (a well-known result of H.Werner).

Corollary 6. (see [11]). If A is an algebra in a permutable variety then every
compatible relation of A is a congruence relation.

Recall also, that a quasiorder of an algebra A = (A, F) is a reflexive, transitive
binary relation which is compatible with the operations F' of A. Let Quord(A)
stands for the set of quasiorders of A. It is easy to see that (QuordA,C) is an
algebraic lattice where the meet operation is the usual set-theoretic intersection of
binary relations.

Corollary 7. If A is an algebra in any n-permutable variety then every qua-
siorder of A is a congruence of A, so Quord (A) = Con (A).

Definition 8. Let 0 be a binary relation on a set A. If for a pair (a,b) € Ax A
there is an element ¢ € A such that (a,c) € 0& (b,c) € 0 then we will say that (a,b)
has a right 0-bound.

Lemma 9. Let a binary relation 6 is compatible with the operations of an
algebra A and let p: A3 — A be a term of A satisfying the identity p (z,z,y) = y.
If (a,b) € A x A has a right 8-bound then for all z € A p(a,b,z)0z.

The proof is obvious: indeed, let ¢ be a right #-bound for (a,b) in A. Then for
all z € A we have:p (a,b,2)0 p(c,c,z) =z, s0 p(a,b,z)0z.

Lemma 10. Let a binary relation 6 is compatible with the operations of an
algebra A and let p: A3 — A be a term of A satisfying the identity p (x,z,y) = y.
If every (a,b) € Ax A every has a right 0-bound then p (z,y,z) 0z for all x,y,z € A.

The proof follows directly from Lemma 9.

Now we immediately obtain the next result, but firstly we recall the Maltsev
condition given by H.-P. Gumm: a variety V is congruence modular if and only if
for some n > 1 there exist 3-ary terms dp, ..., d, and p such that V satisfies

(G1) do (2,y,2) = =,

(G2) d; (z,y,z) = x for all i,

(G3) d; (z,z,y) = dit1 (z,x,y) for i even,

(G4) di (2,y,y) = diy1 (z,y,y) for i odd,

(G5) dn (z,9,y) = p (2,9, ),

(G6) p(z,z,y) =y.

These identities reduce to Jonsson’s identities for congruence distributivity when
we have p (x,y,y) = y.

Proposition 11. Let a binary relation 6 is compatible with the operations of
an algebra A and assume that every pair (a,b) € A x A has a right 6-bound. If the
variety var(A) generated by A is congruence modular then A satisfies the above-
mentioned equations (G1)—(G4) and the relation (G5 )Vz,y d, (z,y,y) 0y.
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Note. In a special case when 6 is an compatible ordering relation, congruence
modularity implies congruence distributivity (see[9]).
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