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Abstract
In this work we describe all normal extensions of a minimal operator gen-

erated by linear differential-operator expression for second-order with normal
operator potential in the Hilbert space of vector-functions in finite interval.
Later on, we investigate discreteness of spectrum and asymptotical behavior
of s-numbers of the inverse of the Dirichlet extension.

1. Introduction
A densely defined closed operator N in a Hilbert space is called formally normal if

D(N) ⊂ D(N∗) and for all f ∈ D(N) holds ‖Nf‖H = ‖N∗f‖H . If a formally normal
operator has no formally normal non-trivial extension, then it is called maximal
formally normal operator. If a formally normal operator N satisfies the condition
D(N) ⊂ D(N∗), then it is called normal operator [1]. The densely defined closed
operator N is normal if and only if NN∗ = N∗N [2].

The first results in the area of normal extension of the unbounded formally
normal operators in a Hilbert space are due to Y. Kilpi [3-5] and R. H. Davis [6],
furthermore, E. A. Coddington [1], G. Biriuk and E. A. Coddington [7], J. Stochel
and F. H. Szafraniec [8-11] established and developed it as a general theory. However,
applications of this theory to the theory of differential operators in Hilbert space
have not received the attention it deserves (see [12-24] and their references).

Let H be a separable Hilbert space, let L2 = L2(H, (a, b)) be the Hilbert space
of vector-functions from the finite interval [a, b] into H and let W 1

p (H, (a, b)),
◦

W 1
p(H, (a, b)), p, 1 ≥ 1 be the Sobolev space of vector-functions from the finite

interval [a, b] into H [25, p.50].

2. Description of normal extensions
In the space L2 consider differential-operator expressions of second-order in the

form
1(u) = −u′′(t) + Au(t), (1)

where:
(1) A is linear normal operator with domain D(A) in H, that is, ARA1 =

= A1AR (for the theory of unbounded operators in Hilbert space see [26, chapter
XII);

(2) Real part AR of the operator A is a lower positive definite self-adjoint operator
in H. For simplicity it is assumed that AR ≥ E, where E always denotes the identical
operator in the corresponding space;

(3) The resolvent set ρ(A1) of the imaginary part A1 of the operator A is non-
empty, ρ(A1) 6= ∅, and for simplicity it is assumed that 0 ∈ ρ(A1) (in the case
A1 = 0, can be put arbitrary other point λ 6= 0).

It is clear that formally adjoint expression of (1) in the Hilbert space L2 is of the
form

1+(v) = −v′′(t) + A∗v(t). (2)




