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UNIQUENESS OF THE SOLUTION OF THE
INVERSE SCATTERING PROBLEM FOR

DISCONTINUOUS STURM-LIOUVILLE OPERATOR

Abstract

In the paper we obtain the basic equation of the inverse problem for discon-
tinuous Sturm-Liouville operator and prove uniqueness of the determination of
the potential by the scattering data.

Let’s consider a boundary value problem generated by the differential equation

−y′′ + q (x) y = λ2y, 0 < x < +∞, (1)

boundary condition
y (0) = 0, (2)

and discontinuity conditions at some point a ∈ (0,+∞)

y (a− 0) = αy (a+ 0) ,

y′ (a− 0) = α−1y′ (a+ 0) , (3)

where α > 0, α 6= 1, q (x) is a real-valued function satisfying the condition

+∞∫
0

x |q (x)| dx < +∞. (4)

In the paper [4] it is shown that under condition (4), the boundary value problem
(1)-(3) has a restrictied solution for λ ∈ R \ {0} and λ = iχk (k = 1, 2, .., n) ,
moreover, as x→∞ these solutions satisfy the asymptotic formulae:

u (x, λ) = e−iλx + S (λ) eiλx + o (1) (λ ∈ R \ {0}) , (5)

uk (x, iχk) = mke
−χkx (1 + o (1)) (k = 1, 2, .., n) . (6)

A totality of quantities {S (λ) , χk,mk} is said to be scattering data of problem
(1)-(3).

Thus, the scattering data completely determines the behavior of the normed
eigen functions of problem (1)-(3).

The inverse scattering problem for boundary value problem (1)-(3) consists of
reconstruction of the function q (x) by the scattering data.

In the present paper we obtain the basic equation of the inverse problem and
investigating this equation we prove the uniqueness of the restoration of the function
q (x) by the scattering data.

The case α = 1 was considered in the paper [1] (see also [2]).




