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MATHEMATICS

Akbar B. ALIEV, Famil V. MAMEDOV

GLOBAL SOLVABILITY AND BEHAVIOR OF
SOLUTION THE CAUCHY PROBLEM FOR THE
QUASILINEAR HYPERBOLIC EQUATION WITH
ANISOTROPIC ELLIPTIC PART AND INTEGRAL

NONLINEARITY

Abstract

In this paper we investigate the Cauchy problem for a quasilinear hyperbolic
equation with anisotropic elliptic part and integral nonlinearity. The theorem on
global solvability is proved. The decrease order of solutions and their derivatives
are obtainet as t — oo.

1. Statement of the problem.

We consider the Cauchy problem for the quasilinear hyperbolic equation
utt+ut—|—2 ’al “)D%u—() t>0,x € R, (1)

with initial datas
U(O,Q?> = @(m% ut(ovx) = ¢<$), HAS Rn (2>

2
dl‘, ﬁzk € R.

where l1,l, ...l € {1,2,...}, [u];; = Zﬂik / ‘leu

k=1

In the paper [1] the solvability of a mixed If);oblem for quasilinear Kirchoff equa-
tions in Gevrey classes is investigated. But in the paper [2] a class of quasilinear
Kirchoff equations, for which the corresponding mixed problem with initial data
from Sobolev space have a global solution, is chosen. Further, the quasilinear hy-
perbolic equations with integral nonlinearity are investigated in the papers of the
other autors (see [3], [4])

In this paper we investigate the global solvability of the problem (1), (2) with
small initial datas in the anisotropic Sobolev spaces.

Suppose that the following conditions are satisfied:

1) a;(t,€) = 14 a14(t,§) are defined for all (¢,&) € [0,00) x (—b,b) and contin-
uously differentiable with respect to ¢,£. The function a’h-6 (t,€) are continuously
differentiable with respect to ¢, where b > 0.

2) For any t € [0,00), £ € (—b,b) the following inequalities are satisfied:

‘ali(t7€)’ < C\§|p7 |a1it(t7£)‘ < C’é‘pﬂ

dhic(£,6)] < cleP™?
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where p > 1 and ¢ > 0 some constants.
By W3Y(R,) r=1,2,... we denote the anisotropic Sobolev spaces:

||u||w2”(Rn) = <U7U>W2rl(Rn)a

where

(u, V) wri(r,) = /u(:):)v(:):)dx—l—Z/D;?u(m)D”iv(x)dx
g =1
=1, lp), 7l=(rly,...;7l,), at =0 WO(R,) = Lay(R,).

By H, = WQ(TH)l(Rn) x Wi (R,,) denote the Hilbert space with the scalar prod-

uct:

<w1’w2>Hr _ <u17u2>W2(T+l>l(Rn) + <Ula”2>wgl(Rn)

L ul u?
and the corresponding norm ||-|| = (-,-); , where wh = <v1>’ w2< 2), r=0,1.

By Us we denote the ball of radius § > 0 in the space H,, i.e.

The main results of this paper is the following theorem on global solvability and
asymptotic behavior of solutions at t — +o0.

Theorem. Suppose that the condition 1), 2) are satisfied. Then there exists
a real number 69 > 0, such that, for any (¢,V) € Ulsl0 the problem (1), (2) has a
unique solution u € C([0,00):W2H(R,)) N CL([0,00); Wi(R,)) N C2([0,00); La2(Ry))

which satisfies the estimates

1D u(t, M 1y, < o1+ )71

Qp

where a = (aq, ..., ), ai,...,a, € NU{0}, ‘%‘ = %

1 .
+ ...+ ,Cso > 0 is some
1

In

constant independent of t > 0.
Proof of the theorem. By substitution v;1 = u, vo = us we can reduce problem
(1), (2) to the Cauchy problem

w' = A(t,w)w (3)

w(0) = wo (4)

A 0 1
t,w) = n '
( ’ ) <_ Z(—l)liai(t, [U1]z,i)D§ii . I>

1=1
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In the space Hy we introduce the system of bilinear form

<h1,h2>H(t7w) = ailt, [vl]l,i)/Dﬁgihi~D§;Z_h;dx+/hi~h5dx+/h§-h§dm,
=1 R,

n Rn

, hi
where t € [0,00), w = <v1> ey, n = < !
U2 iy

By 2) it follows that the following inequalities is valid

>6H0, i=1,2

p

n
I—c Z |Bir| - 1wl g 17/l 7y < HhHH(t,w) S
ik=1
" P
< Ll D Bl -l | | 10, -

i k=1
w e Ug’ te [0,00), h € Hy, HhHH(t,w) = <h7 h>H(t,w)'

Further by embedding theorem ( see [9 pp. 137-158] ) it follows that for the
sufficiently small §' € (0,6) the following inequalities is having

c1(8) 1l gy < NP prpay < €2(0) 1Pl »

where w € U, 0 < ¢1(8") < ¢2(8') independent from w, h and ¢ > 0.

Taking into account the conditions 1), 2) we have that the bilinear form (-, ) 7 )
define the system of equivalent scalar products in the space Hy (see [6]). Denote by
H(t,w) the space Ho with the scalar product (-, -) g -

The following lemma obtained with use conditions 1), 2).

Lemma 1. For any h € Hy the mapping (t,w) — |[hl g4 [0, 00) X U —
[0,00) satisfies the local Lipshitz condition, i.e. for any t1,t2 € [0,00), w', w? € Us
the following inequality is fulfilled

1z oty = WPl reg ity | < €300) - (12 = ol + (| = w?| | Il

where c3(8) > 0 is independent of t1,ts,w,w? and h.

From definition of A(t,w) and the scalar product in H(t,w), and also from
condition 1), 2) follows that the next lemma 1 is hold.

Lemma 2. There exists §" € (0,0') and w > 0 so that for any w € Uy the
operator A(t,w) + wl generates the strong conditions contraction semigroup in the
space H(t,w) where I-is a unique operator in H(t,w).

Lemma 3. The mapping (t,w) — A(t,w): [0,00) x U} — L(Ho; Hy) satisfies
the local Lipchitz condition, i.e. for any (t1,w'), (ta,w?) € [0,00) x Us and h € H;
the following inequality is fulfilled

[t w" — Atz w?] Bl| ;. < ea(6) [ytl — by + ||w! — UJQHHJ g,
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where L(Hy, H1) is the set all bounded operator from Hoto Hy, ca(d) € C(Ry; Ry).
Thus from Lemmas 1-3 and results of paper [6], there exists d; € (0, 6”] such that

for any wo € Uy, the problem (3), (4) has a unique solution w(t) € C([0, To}; Hy) N

C([0,To]; Ho) where Ty = Tp(wp) some positive number depend on wg and 9;.

Now we prove following statement:
There exists such dy € (0,071) that for any wg € U(%O the problem (3), (4) has a
global solution
w(t) € C([0,00); Hi) N C*([0,00); Ho)

The solution of the problem (1), (2) can be represented as the following form:

u(t,z) = ui(t,x) * p(x) + ua(t,x) * P(x) + /ug(t —T,2)X
0

Zaz lz Dzll (T .%')

where u; = F~[u;], i = 1,2. Here F~! is a inverse Fourier transformation, * is

dr, (5)

convolution to x, uy(t, z) and uy(t, x) are solutions of the following Cauchy problem
Leuy(t,6) =0, u1(0,6) =1, u,(0,£) =0, (6)

L5a2(t7€) =0, iL\Q(O,f) =0, ﬂgt(O,f) =1, (7)

n
Leti(t, &) = e (t,§) + (£, €) + > &1t ).
i=1
Using the Fourier transformation, Plancherel theorem and Hausdorf-Young in-

equality we have

| Dg(u1(t, z) * o(x)| + Z | DL, (ua (t, ) * o( HLQ(Rn) =
1=1

o1+ 1) ZI!D Dy + 1@ |
| Dyua(t, ) * (x)]| + Z || DE (ua(t, ) * 9 (x HL2 (Ro) =
i=1

< c(1+ 67 (@) o,
Let [0,7”) be a maximal interval of existence of solutions w(t) € C([0,T"); H1) N
C*([0,T"); Hyp), for the problem (3), (4).
Taking into account (8), (9) from (5) we obtain that

<c(l4+t)7t

2 Rn)

lus(t, )2, , +ZHDZ (),
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x [Z |Phe@)], )+ Ie@rarn + 19 ryn, | + (10)
i=1
t n
+e [(1+t—71) -1 a;(T ‘ dr,t € [0,7.
J > alr “ur, )], et € OLT
0 =
Further taking into account condition 2) from (10) we have
l;
DDt )y, < O+
i=1
n ot
< [Ielhwginn + 1lwgnn) +r Y- f@+e=n )
=17
p
Zsz/)D ‘ dz HDgiiu(T, -)HL2(Rn) dr,t € [0,1"].

- Ry

Denoting by

E(t)=(1+1)

iHDﬁu(t,.)HLZ(Rn + e, ), Rn)]

n
Ey (t) = HD%‘ t,- ’ HD’? t,- ’ e 0,17),
() ; [ w0y PR 10,7
we can rewrite the inequality in following form
¢
Ei(t) < e1 [Jwoll g, + ca(1 /1+t—7 (147)"2x
0 (12)
X E{P (1) By (7)dr,t € [0,T").
Since 2p > 1 then
¢
1-|—t/1+t—7' (14 7)%dr < ¢3,t > 0.
0
Taking into account the last inequality from (12) we have
(1) < ex lwoll g + cacsé” (8)éx (1), t € [0,T) (13)

where

‘gl(t) = sup EI(T)7 §2l(t) = sup E2I(T)7t € [O7T/)
0<r<t 0<r<t
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n

Multiplying the both hand sides of (1) by Z(—l)l’cD%llfut and integrating the
k=1

both hand sides respect domain [0,7] x R™, where t € (0,7"). After simple trans-

formation we obtain identity

Z/’D utj dx+22//‘D ! dwdrt

*Rn 1o Ry
n

1 SPTATIRY AT AT

ik=1 R i=1p

(14)

n
2
+ 3 ail0.leh) [ [Dh Do) dot
ik=1 B
t

o[ [ 32 (et o]

Taking into account the condition 2) we can easly note that

p

<cZﬁm/‘Dl’“ u(T, ) da: +

n

2

d
d l'L

—i—cz Zﬂik/Dé’“ku(T,:c)-DékkuT(T,x)dx X
i=1 B

p—1

X ﬁzk/D u(r, x)?dx X

x S el+7)7% x [GP(r) + 67 (P)u(n)]

Analogously
p

S i, [uli) 1—CZ|@,€\ /‘D ura)ds| | 21-aP@).  (16)
k=1

i,k=1

holds.
From (14)-(16) it follows that

t
&51(t) < co€(0) + Clgl &5 (t) + 02/ (1+7)"%Px
0
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< [67(r) + € (gw(n)| Ei(r)dr < o)+

t
kP OO + e [ OG0 + P 0640 [+ 1) e,
0
that is
(1) < 03 (0) + ea (7 (D) + €77 (1) (1)) (17)
We denote by Y (t) = &,(t) + £3(t). From (13) and (17) it follow that
Y(t) < esY (0) + cgY2PT2 (1) + e VP (1),

dp+1
dp + 2

1
On the other hand Y2p+%(t) <e+eYPH(), e = - [e(dp + 2)] T |

hence
Y (t) < (e5Y(0) + coe + (c5Y (0) + ce + ¢7) Y2p+1(t).

From its follows that for the sufficiently small ¢5Y (0) 4 cge
Y(t)< M, tel0,T)

holds, where M > 0 independent of ¢ € [0,7").
Consequently
Ex(t) <M, te0,T), (18)

E(t) <M, tel0,T). (19)

It follows from (18) that 7" = +oc.
Indeed, let 7’ < 400 and w(t) € C([0,7"); Hy) N C1([0,T"); Hy be a solution
t
of problem (3), (4). Then it is obvious that w(t) = 5((7; a;))>, where u(t,z) is a
t\by
solution of problem (1), (2).

From (18) it follows that
u(t, ) € Loo(0, T"; WH(R,), us(t, ) € Loo(0,T"; W(R,)),

U € LOO(O, T,; LQ(RH)) (20)

Using conditions 1), 2) and traces theorem (se [5, ch.I |) from (20) we have that
the function ay(t) = ax(t, [ulpx) k = 1,2,...,n are defined on [0,7"] and satisfy the
Lipchitz condition. Then by virtue of theory solvability of Cauchy problems for the
linear hyperbolic equations we have

u(t, ) € C (10,7 Wh(Ry) ) 1 C([0,7")s La(Rn)), (21)

(see [5, ch. 3, 8, ch. 9].
It follows from (20) and (21) that w(71”) € Us,.
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On the basis of above mentions, the Cauchy problem
7(t) = At 2))2(t),  2(T") = w(T") (22)
has the solution
z(t) € C([T",T"); Hi) N CH([T',T"); Hop), (23)

where T € (T",+00) depends on w(T").
Thus in view of (21) and (22) the function

~ w(t), 0<t<T
t) =
U)( ) {Z(t), T <t< "

belongs to the class

C([0,T"); Hy) n C'([0,T"); Ho).

The function w(t) is a solution the definition of 7".
Thus there exists such dp > 0 that at any dp > 0 the problem (1), (2) has a

unique solution
u(t, ) € C([0,+00); W5' (Rn)) N C(Rp; W3(Ry)) N C([0,00); La(Rn)),

and in view of (19) for the function u(t,z) the following estimates are valid

- 21; )
> [Pt ], <20 e 000 (24)
et Mooy + D 1Dt )|y g,y < MA+67E, € [0,00), (25)
1=1

where M depends only on rg = ||g0HW21(Rn) + HwHLZ(Rn).
Taking into account conditions 2) from (1), (10), (24) and (25) we obtain that

u(t, M Lyr,) < s |:||(70HL2(Rn) + ‘|¢‘|L2(Rn):| + ues )N py(r,y +

p

3 [l (R/ PR R Y P

dr <
Lo(Rn)

(26)
+

< C9 [Z HDlZ(')DH[Q(Rn) + HSDHLQ(R,”) + ||w||L2(Rn)
=1

t
—|—610M/(1 —|—7’)_2pd’7' < Crg)
0

where ¢, depends only co = [[ollyz(g,) + 1Vl 1, r,)-
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Further using the multiplicative inequality for anisotropic Sobolev spaces (se [9,
s. 245-246] ) we obtain

(=1
1

1D u(t, Moy < Miso(1+ )7 1T,

n

where a = (aq,...,a),a; € NU{0},i=1,2,...,n, ‘%‘ = — <1, Mi,,

depends only on 7g.
Remark. Analogously we can prove that

0o € WS w e Wil(R,)
then
u(t,z) € C([0,00); WEHDYR,) N CY([0, 00); WS (Rn)) N C2([0,00); La(Rn))

and
o
l

1D u(t, Mo,y < cr(1+ )15

o
where ’7’ <'s, ¢, depends on 15 = HUOHWQ(S“”(Rn) + Hu1|]W;z(Rn).
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