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WELL-POSEDNESS OF THE CAUCHY PROBLEM
FOR HYPERBOLIC EQUATIONS WITH

NON-LIPSCHITZ COEFFICIENTS

Abstract

In this paper we prove the well-posedness of the Cauchy problem for hyper-
bolic equations with anisotropic elliptic part and some non-Lipschitz coefficients.

Let’s consider the Cauchy problem for a second order hyperbolic equation:

utt −
n∑

i,j=1

aij (t) uxixj +
n∑

j=1

bj (t) uxj + c (t) u = 0, (t, x) ∈ [0, T ]×Rn, (1)

with initial conditions

u (0, x) = u0 (x) , ut (0, x) = u1 (x) , x ∈ Rn, (2)

where

a (t, ξ) ≡
n∑

i,j=1

aij (t)
ξiξj

|ξ|2
≥ λ0 > 0. (3)

It is known that if a (t, ξ) satisfies the Lipschitz condition and bj (t) , c (t) ∈
L∞ (0, T ) , j = 1, 2..., n, then for any u0 ∈ Hs (Rn) , u1 ∈ Hs−1 (Rn) the problem
(1), (2) has a unique solution

u (·) ∈ C ([0, T ] ; Hs (Rn)) ∩ C1
(
[0, T ] ,Hs−1 (Rn)

)
,

where s ≥ 1 (see [1], c.3). From here follows that the problem (1), (2) is well-posed
in C∞ (Rn) .

If we reject the Lipschitz condition then this result generally speaking, stop to
be valid (see [2]).

In the paper [3] it is proved that if a (t, ξ) ∈ LLω (0, T ) , i.e. if a (t, ξ) satisfies
the logarithmic Lipschitz condition:

|a (t + τ , ξ)− α (t, ξ)| ≤ c |τ | · |log| |τ | · ω (|τ |) ,

where ω (|τ |) monotonically decreasing tends to zero, and |log| |τ | · ω (|τ |) tends to
infinity, then the solution loses some reqularity then there exists δ > 0 such that,
for all u0 ∈ Hs (Rn) u1 ∈ Hs−1 (Rn) the problem (1),(2) has a unique solution
u ∈ C

(
[0, T ] ,Hs−δ

(Rn)

)
∩ C1

(
[0, T ] ,Hs−1−δ

(Rn)

)
(this behavior goes under the name of

loss of derivatives). But in this case the problem (1), (2) is well-posed in C∞ (Rn).
In the paper [4] it is considered the case when ai,j (t) = 0, i 6= j and one a part of

coefficients belongs to the class LLω (0, T ) and other part of coefficients satisfies the
Lipschitz condition. It is proved that the loss of derivatives occurs in those variables
xk for which appropriate coefficient akk (t) belongs to the class LLω (0, T ).


