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ON SOLUTIONS OF A NONLINEAR BOUNDARY
VALUE PROBLEM FOR DIFFERENCE EQUATIONS

Abstract

We study a boundary value problem (BVP) for second order nonlinear differ-
ence equations. A condition is established that ensures existence and uniqueness
of solution to the BVP under consideration.

1. Introduction
Let Z denote the set of all integers. For any l, m ∈ Z with l ≤ m, [l,m] will

denote the discrete interval being the set defined by

[l, m] = {n ∈ Z : l ≤ n ≤ m} = {l, l + 1, . . . ,m} .

Throughout the paper all intervals will be discrete intervals.
In this paper, we consider the nonlinear boundary value problem (BVP)

∆2y(n− 1) + f(n, y(n)) = 0, n ∈ [a, b], (1)

y(a− 1) = y(b + 1) = 0, (2)

where a, b ∈ Z with a ≤ b; y(n) is a desired solution defined for n ∈ [a− 1, b + 1]; ∆
denotes the forward difference operator defined by

∆y(n) = y(n + 1)− y(n)

so that
∆2y(n− 1) = y(n− 1)− 2y(n) + y(n + 1);

f : [a, b]× R → R (R denotes the set of all real numbers) is a given function.
The main result of this paper is the following theorem.

Theorem 1. Suppose f : [a, b]× R → R satisfies the Lipschitz condition

|f(n, ξ)− f(n, η)| ≤ L |ξ − η| , (3)

for all n ∈ [a, b] and ξ, η ∈ R, where L > 0 is a constant (Lipschitz constant).
Suppose further that

L < 4 sin2 π

2(b− a + 2)
. (4)

Then the BVP (1), (2) has a unique solution.

Problem (1), (2) under the Lipschitz conditon (3) was earlier studied in [2,
Chapt.9] where it is proved that if

L <
8

(b− a + 2)2
, (5)

then the BVP (1), (2) has a unique solution.


