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ON SOME SPACES OF GENERALIZED
SMOOTHNESS

Abstract

In the paper we consider genetralized smoothness spaces determined in the
Fourier-Bessel transforms terms. We find sufficient conditions for these spaces
to be normed rings and also the conditions for their continuous imbedding into
the space of continuous functions.

Let Rn (n ≥ 1) be an n-dimensional Euclidean space, R+
n = {x ∈ Rn, xn > 0} .

L2,γ (R+
n ) be a space of functions that are even with respect to xn and integrable

in the square on R+
n , with weight xγn (γ > 0) ; µ (x) = µ (x1, x2, ..., xn) be a weight

function [1], i.e. continuous in R+
n and satisfying the condition µ (x) · (µ (x))−1 ≤

C (1 + (x− y))l for any x, y ∈ R+
n , with constants C and l that depend only on the

function µ (x) itself;

T yx f (x) = cγ

∫ π

0
f
(
x́− ý,

√
x2
n + y2

n − 2xnyn · cosα
)

sinγ−1 α dα,

c−1
γ =

π∫
0

sinαdα, x́, ý ∈ Rn−1, be a generalized shear generated by the Laplace-

Bessel differential operator;

(f ∗ g) (x) =

∫
R+
n

T yx f (x) · g (y) · yγndy (∗)

be a convolution in the space L2,γ (R+
n ) .

By Lµγ (R+
n ) we denote a set of functions f (x) measurable on R+

n , such that
f (x) · µ (x) ∈ L2,γ (R+

n ) .
Theorem 1. Let µ (x) be a weight function. It there exists such a function

µ̃ (x, y) > 0 that
T yx µ̃

2 (x, y) ≤ µ2 (x) , ∀y ∈ R+
n ; (1)

µ2 (x) ·
∫
R+
n

(
µ̃2 (x, y)

)−2
(µ (y))−2 yγndy < C2 <∞, (2)

where C is some real number, then for any f, g ∈ Lµγ (R+
n ) , f ∗ g ∈ Lµγ and

‖f ∗ g‖Lµγ ≤ C · ‖f‖Lµγ · ‖g‖Lµγ .
For the proof of the theorem we’ll need the following.
Lemma A. Let f2 ∈ L2,γ (R+

n ); then

(T yx f (x))2 ≤ T yx f2 (x) . (3)

Really, applying the Holder inequality, we get

(T yx f (x))2 =

cγ π∫
0
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